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Abstract:

In this present paper, we obtain some differential subordination and
superordination results, by using generalized operators for certain subclass of
analytic functions in the open unit disk. Also, we derive some sandwich results.
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1. Introduction:

Denote by Y= Y(X) the class of analytic functions in the open unit disk K = {Z € C : |Z| < 1}.
For /4 a positive integer and a € C,

let Y [a, 4] be the subclass of the function f € Y of the form:

f(Z)=a+ay2%+a,, 2 +..(@aeCAEN={123...}). (11

Also, let D be the subclass of Y consisting of functions of the formula:

f(2)=2+ ) a, 2*. (1.2)

Several authors studied class of univalent functions fE)r another conditions, like, [1,2].
If f € D isgiven by (1.2) and 4 € D given by

() =2+ Z bz ",
A=2
The Hadamard product (or convolution) of f and # is defined by
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FeD@) =2+ ) aphpZ* =G+ ().
=2

For two functions 4 and f are analytic in ), we say that the function f is subordinate to 7 in X,
written f < 4, if there exists Schwarz function w, analytic in X withw(0) = 0 and |w(2)| <1
in I such that f(2) = j(w(2)),2Z € XK.
If 4 is univalent and #(0) = f(0), then f(¥) c £(¥).
Let yr: C? x X - C,and h is univalent in X with M € Q, where Q is the set of all functions f that
are, injective and analyticon X /E(f)
such that ' (§) # 0 for &€ 0 K \E(f) and E(f) = { € 0K:limz ¢ f(Z) = o } (see[3]).
Let y: C2x XK — C, and h is univalent in X with M € Q. Miller and Mocanu [4] consider the
problem of determining conditions on admissible functions s such that
Y(p(2),2p'(2); Z2) < h(Z) (1.3)
implies p(2) < M(Z), for all functions p(2) € Y [a, A]that satisfy the differential subordination
(1.3). Moreover, they found conditions so that M is the smallest function with this property, called the
best dominant of the subordination (1.3).
Let @: C? x K — C, and M € Y[a, 4] with h € Y. Recently Miller and Mocanu [5,3] studied the dual
problem and determined conditions on @ such that
h(2) < 8(p(2),2p'(2); 2) (1.4)
implies M(Z) < p(Z), for all functions p € Q that satisfy the above superaredination. They also found
conditions so that the function M is the largest function with this property, called the best subordinant
of superordination (1.4).
Using the results, Bulboaca [6] considered certain classes of first- order differential superordinations
as well as superordination preserving integral operator [6] .Ali et al.[7], have used the results of
Bulboaca [8] to obtain sufficient conditions for normalized analytic functions to satisfy:
Zf'(2Z)
My(2) < 5= < My(2),
where M; and M, are given univalent functions in K with M;(0) = M,(0) = 1.Recently, Al-
Ameedee et al. [9, 10] and Atshan with several authors (see[11 — 17]) studied sandwich
theorems results for another classes of analytic functions .
Swamy [18] defined a new generalized operator FJ's on D as follows: For § = 0,m € Np=NU
{0}and v a real number with v+ § > 0. Then for f € D, the operator F;s is defined by
Fys f(2) = f(2),
1 _vf(@)+ 62f'(2)
Fv,S f(Z) - v+ 6

)

Fls £(2)=Fy,s (FI5 1 £(2)).
We observe that F)'s : ® — D is a linear operator and for f given by
(1.2), we have

C AS\™
Fosf(2) =2+ Z (i:r 3 ) ay 2" (1.5)
It follows from (1,5) that "=
Fof(@) = f(@), (1.6)
W+ OFFA(Z) = vFIsf(2) + 62 (FIsf(2)) 6 >0,
and

Fos (Fr2£(2)) =Foz (Fiaf(2)), for allmy, mj € No.

We note that

1) FPLf(Z) = Ff(Z),v > —1 (see Cho and Srivastava [19] and Cho and Kim[20]).
2) Fils5sf(2) =D3f(2),6 20 (see Al-Oboudi [21]).

3)Fliissf(2) = F5f(2),1>—1,8 = 0 (see Catas[22]).
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4) F{%f(Z) = N'§f(Z),is an operator defined by (see[18]).
o (1+A5\™

NTF(2) = Z+35.,(55) as Z4(f € D),

Patel [23] defined an integral operator I;)'s on D as follows:

For m € Ng=NU {0}, § = 0 with v +4 > 0 and v a real number.

Then for f € D, we define the operator 15 by

105£(2) = f(2)

e/ (@) = (25 5)z1‘<%

t(v?)_z f(tdt, Z e K.

13,5]0(27) _ (v + 5)Zl_<v;5)

(v+ 5)_2
5 t\ 8 )T L sf(Ddt, ZEX.

myr2) = (222) 2%

_ 11 4 1 4
= ls ( 1—2) *Ips ( 1-2

Z (v+ 6)_2
ft 5 s f(tdt, ZeX.
0

)t lhs () F@

m-—times
We observe that I3's: © — D is an integral operator and for f given by (1.2), we have
o, +6 \M
IMsf(Z) = Z + X5 () as 2%(Z € K. (L.7)

It follows from (1.7) that
I50f (2) = f(2),

W+ OITsf(2) = viTF f(2) + 62 (1557 £(2))

. (1.8)
We note that
1) I £(Z) = T"(2) (see [18,23]).
2) 1751 f(2) = TRF(2),8 > 0 (see [23]).
) ILfZ) =THf(Z),v>0 (see[23]).
In this paper, we study some properties on differential subordination and superordination of univalent
functions defined by generalized operators.
2. Preliminaries:
In order to prove our subordinations and superordinations results, we need the following lemmas and
definition .
Definition (2.1) [4]: Denote by Q the set of all functions g that are injective and analytic on
K \ E(M), where K=K U {Z € 0K }, and

EM) = {§€0X : limzg_ M(Z) = o} (2.1)
and are such that M’ (&) #0 for £€d K \ E(M). Further, let the subclass of Q for which M(0) = a be
denoted by Q(a), Q(0) = Q, and Q(1) = Q;.
Lemma (2.1) [24]: Let M(Z) be convex univalent function in X , let B € C /{0},a € C and

suppose that

rel1 ZM" (2) Re (& 0

e{ + M'(2) }> max{ e(B), }

If p(Z) is analytic function in X, and ap(Z) + BZp’'(Z) < aM(Z) + BZM’(Z), then p(2) <
M(Z) and M(Z) is the best dominant.
Lemma (2.2) [4]: Let M(Z) convex univalent function in K and M(0) = 1. Let B € C ,that Re
(B)>0 . If p(2) € Y[M(0),1]n Q and p(Z) + BZp'(Z) is univalent in K, then M(Z) +
BZM'(Z) < p(2) + BZp'(Z), which implies that M(Z) < p(Z) and M(Z) is the best
subordinant .
3- Main Results :
Unless otherwise mentioned, we shall assume in remainder of the paper that m € Ny ,Z € X
and the power are understood as principle values.
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Theorem (3.1) : Let M(Z) be convex univalent function in X with A€ C*,M(0) =1,k > 0,5 >
0, v real number such that v + § > 0 and suppose that

M’ (2) k(v+5)
Re ({5 + 1} > max{Re (222,03, (3.1)
if f(Z) € D satisfies the subordination
B(m, 4, k,v,8) < M(2) + +6)ZM (2), (3.2)
where @(m, A, k, v, §) is given by
FL“af(Z)) (F,‘,’,‘gf(z)) (Fm“f(Z))
O(m, A, x,v,8) = (1 — A)( a2 e (3.3)

Fuisf(2) k
then (T) < M(Z), and M(Z2) is the best dominant.

Proof: Let
p(2) = (F‘S—f(z)) . (3.4)

Logarithmic differentiation of (3.4) with respect to Z, and use of identity (1.6) in the resulting
equation, yields

z0'@) _ , (v+8) (Fos f@) _ )

p(2) k( 5 ) ( FSF(2) 1

and which can be written as

) F £(2)\* (FR £(2
k(v + 6) z Fils f(2)
Thus, the subordination (3.2) is equivalent to

p(2) + Zp'(Z2) < M(2) +

Applying Lemma (2.1 ),withy =

AS
—_ ——ZM'(2).
k(v + &) k(v + 6) @)
A8
k(w+68)’
the proof of Theorem(3.1) is complete.

Taking the convex function M(Z) = iigg in Theorem (3.1), we have the following corollary.

Corollary (3.2):Let A,A,BEC,B #A,|B| <1,,k>0,Re(1) >0,6 >0andv real number
suchthatv + 6 > 0, if f(Z) € D satisfies the condition:
1+ AZ A8 (A+B)Z

JAJ ) ’6 < ’

O(m, 4, 1,v,0) < 37 k(v+ 5) (1 + BZ)?
o v'sf(z) 1+AZ

where (Z)(m A, k,v,8) is given by(3.3), then ( = ) 1782

nd

Taklng m 0 in Theorem (3.1), we obtain the following result.
Corollary (3.3): Let M(Z) be univalent function in X withM(0) =1, A€ C"x >0,5 >
0, v real number suchthatv+ 6§ >0 and suppose that (3.1)holds. If f(2) € D satisfies the

1s the best dominant.

subordination condition: @,(0,4,k,v,6) < M(Z) + pre +5)ZM (2),
where (2)1(0 A, K, v,8) is given by
f(2) f@\* (Fosf(2)
o0hxnsr =12 4212 (B2

then (f(z)) < M(Z) and M(Z) is the best dominant.

Taking v =6 = 1 in Theorem (3.1), we obtain the following result.
Corollary (3.4): Let M(Z) be univalent function in X with M(0) = 1, 1 € C*,k > 0 and suppose
that (3.1)holds. If f (Z) € D satisfies the subordination

FILf(2) FPLf @\ (FI /(@)
0,(m, 4,1, 1,1) = (1 - 1) (B2 ) +a (@) (Fr&ﬂz)), (3.5)

then (F“Tf(z)) < M(Z) and M(2) is the best dominant.
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In a manner similar to that of Theorem (3.1), we can easily prove the following theorems taking
the identity (1.8).

Theorem (3.5): Let f €D, A€ C,d >0,vER, v+ 3§ >0, let the function p be univalent in K
and assume that it satisfies:

zM"'(2) k
Re (1+ e )> max{o, —Re (5)},2 € X. (3.6)
If f(Z) € D satisfies the subordination
W(k m,v,8, 1) < M(Z) +22ZM'(2), (3.7)
v+ 8\ (s 1f(2) v+ 8\ (los F@\ [ Lnsf(2)
where W(k,m,v,8,2) = (1 - 2) (22 )(T) +/1(T)< K ) (Ime(Z)) (3.8)
S1r(2) . .
then ( ) < M(2), and M(Z)is best dominant.
Proof: Let
Im+1f(z)
p(2) = ( ) . (3.9)

Logarithmic differentiation of (3.9) with respect to Z, and use of identity(1.8) in the resulting
equation, yields

2p'(@) _ , (v+8) (s @

@ K ( 5 ) (I,‘,‘};lf@) 1)’
and which can be written as

6 m+1 pA m z
2p'(2) = F@)\" +1f( ) _1)
k(v + &) Z s f(2)
thus, the subordination (3.7)is equivalent to

p(2) + %Zp’(Z) < M(2) + %ZM'(Z).

Applying Lemma (2.1) with = %,
the proof of Theorem 3.5 is complete.

By using § = 1in Theorem 3.5, we obtain the following corollary:
Corollary (3.6): Let M(Z) be univalent function in X with 1 € C*,M(0) = 1,k > 0 and suppose
that (3.1) holds. If f(Z) € D satisfies the following subordination:

W, (k, A, v,1,8) < M(Z) + EZM'(Z), where

M) M rN© (1 f(2)
Y10, 4,0,1,8) = (1 - D+ D (BLD) 42w + 1) (D) (I?;{f(z)), (3.10)

then < M(Z) and M(Z2) is the best dominant.

The next theorem is a result concerning a differential superordination.
Theorem (3.7): Let M(Z) be convex univalent function in K with Re(1) > 0,M(0) =1,1 €
Ck>06>0,veR suchthatv+d6 > 0.

(IL“flzf(z))

m k
Iff(2) €D such that (F”‘STf(Z)) € Y[M(0),1] n
and @(m, 4, k, v, §) is univalent function in K and satisfies the superordination
A6
M(Z) + ——2ZM'(Z A o) 3.11
( )+K(v+5) (2) < 0(m, 4, k,v,6), (3.11)

where @(m, 4, k, v, §) is given by(3.3), then

Fnsf (2)) "
M(2) < (T) and M(Z2) is the best subordinant.
Proof: Let p(2) be given by (3.4) and proceeding as in the proof of Theorem(3.1), the
superordination(3.11) becomes

A6
M(Z) + ——=2M'(2) < p(2) +

k(v +06) 2p'(@).

A8
k(v+96)
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The proof of the theorem follows by an application of Lemma 2.2.

By using m=0 in Theorem(3.7) , we obtain the following corollary .

Corollary (3.8): Let M(Z) be a convex univalent function in K with Re (1) > 0,M (0) = 1,41 €
Ck>06>0,veR suchthatv+46 > 0.

Iff(2)eD, where

k
(%) € YM(0),1]nQand @,(0,14,k,v,6)is univalent function in K and satisfies the

following superordination
M(Z) + ZM'(Z) < 0,(0,A, k,v,6),where @(m, A, k,v,8) is given by (3.3), then

k(v +5)
M(2) < (%Z)) and M(Z) is the best subordinant.
We obtain the following corollary on Taking § = 1 in Theorem (3.7).
Corollary (3.9): Let M(Z) be a convex univalent function in X and Re(1) > 0,M(0) = 1,1 €
C,k>0,v>0. If f(Z) € D, such that

m k
(F“Tf(z)) € Y[M(0),1] n Q and @3(m, 4, k, v, 1)is univalent function  in Kand satisfies the
following superordination
M(Z) + ZM'(Z) < 03(m, 4, k,v, 1),

(+1)

where @;(m, A, k,v,1) = (1 — /1)(
then

m k
M(2) < (F,,le(Z)) and M(2) is the best subordinant.

Theorem (3.10) : Let M(Z) be a convex univalent function in K with Re (1) > 0,M(0) = 1,41 €
Ck>086>0,veR,v+6 >0.
Iff(Z) € ’.D such that

(B2 ey moung

and W(k, m,v, §, A)is univalent function in X  and satisfies the superordination, M(Z) +
%ZM’(Z) <W¥(k,m,v,8,1) and W(k,m,v,§,21) is given by (3.8). Then

M(Z) < ( ) , and M(Z2) is the best subordinant.

Putting § = 1 in Theorem(3.10), we get the following corollary
Corollary (3.11): Let M be a convex univalent function in X with k> 0,M(0) =1,1 € C,
Re(1) >0, v € R Iff(Z) € D, such that

( (@)

FE‘J(Z)) +/1(F{,‘,‘1f(2)) (FL“flf(Z))

¥4 Fpyf(2)

Im+1f(z)

) € Y[M(0),1] n Qand ¥, (k,m,v,1,1) is univalent function in X and satisfies the
superordlnatlon
M(2) + %ZM’(Z) < ¥ (k,m,v,1,4),and ¥, (x, m,v, 1, 1) is given by (3.10). Then

m k
M(Z) < (I”'lé(z)) ,and M(2) is the best subordinan.

Combining the results of Theorem (3.1) and Theorem (3.7), we obtain the following sandwich

theorem.

Theorem (3.12): Let M; and M; be convex functions in K with

A€ C,M; (0) =M, (0) =1 ,Re(1)>0,k>0,8>0andv €R, such thatv+ 8§ > 0. If f(Z) €

D such that

( Flr;,lsf(z)
z

M;(2)+—— prs +5) ZM'1(2) < 0(m, A, k,v,6) <M, (2) + ——
@(m, 1, k, v, §)is given by(3.3), then

k
) € Y [M(0),1]1 n Q, and @(m, A, k, v, §)is univalent in K and satisfies:

pres +5) ZM',(2), where
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m k

M (2) < (ZZ2) " <my(2)

and M;and M, are the best subordinant and the best dominant respectively .

Combining the results of Theorem (3.5) and Theorem (3.10),we obtain the following sandwich
theorem.

Theorem (3.13): Let M; and M, be a convex univalent functions in X and k > 0,M; (0) = M,
(0)=1,1€ Cand 6 >0, Re(1) > 0,v € R,suchthatv + § > 0.1f f(Z) € D such that

m+1 k
(2L2) eym@alne

and W(m, 4, k,v,8) is univalent in K and satisfies M;(Z) + %ZM’l(Z) <¥km,v,651) <
M, (2) + %ZM’Z(Z), where W(k, m, v, §, 1) is given by (3.8), then

m+1
M;(2) < (w) < My(2),

Z
and M;and M, are the best subordinant and the best dominant respectively.
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