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Abstract

We develop the previously published results of Arab by using the function
p:RS — [0,00) under certain conditions and using G-a-general admissible and
triangular a-general admissible to prove coincidence fixed point and common fixed
point theorems for two weakly compatible self —mappings in complete b-metric
spaces.
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1. Introduction

The fixed point theory is a very useful tool to solve many kinds of equations; for more detail see [1,
2].

The fixed point theory is an interesting mixture of analyses (pure and applied), topology, and
geometry, which is one of the most powerful and fruitful tools of modern mathematics and may be
considered a core subject of nonlinear functional analysis.

In 1976, Jungck [3] proved a common fixed point theorem for commuting maps, generalizing the
Banach’s fixed point theorem. In 1982, Sessa [4] defined weak commutativity and proved common
fixed point theorem for weakly commuting maps. Further, in 1986, the compatibility concept was
introduced by Jungck [5]. Many authors studied various fixed point theorems for compatible mappings
satisfying contractive type conditions and assuming continuity for at least one of the mappings [6]. It
has been known from the paper of Kannan [7] that there exist discontinuous maps which have fixed
points. In 1998, Jungck and Rhoades [8] presented the concept of weakly compatible self-mappings;
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recall that the pair of self — mappings (F, G) on a nonempty set X is said to be weakly compatible if
Fx = Gx for some x in X, then

FGx = GFx
Note that compatible maps are weakly compatible but the converse needs not to be true.
2. Preliminaries
The aim of this section is to present some notions and propositions used in the paper.
Proposition 2.1 [9]. Let F and G be weakly compatible self maps of a set X. If F and G have a unique
fixed point of coincidence, say w = Fx = Gx , then w is the unique common fixed point of F and G.
Definition 2.2 [10, 11]. Let X be a nonempty set and s > 1 be a given real number. A function
d: X x X - R, =[0,0)isab —metricon X, if forall x,y,z € X, the following conditions hold:
1. d(x,y)= 0 ifandonlyifx = y,
2, d(x,y) = d(y,x),
3. d(x,z) < s[d(x,y) + d(y,2)], (b —triangular inequality).
Then, the triple (X, d, s) is called a b —metric space.
When s = 1, the b-metric space is a metric space while if s > 1, the b-metric space is not a metric

space.
Example 2.3 [12]. Let X = {x;,x5,x3, x4} and m > 1. Defined : X X X - R, as
0 ifi=j;i,j=1234
d(x;,x;) ={m ifi =1,j = 2 or vice versa
1 o.w

Thusforalln,i,j = 1,2,3,4,
m
d(x; ,xj) < > [d(xl- , Xn) + d(xn,xj )]

Note that when m > 2, we get an example of a b —metric space which is not a metric space.
Definition 2.4 [13]. Let (X, d, s) be a b-metric space and {x,,} is a sequence in X . Then:

1) {x,} is A convergent sequence if there exists x € X such that d(x,,x)— 0 as
n — oo, written as lim,_ ., x, = x.

2) {x,} is called Cauchy sequence if d(x,,x,,) » 0as n,m — oo.

3) A b-metric space (X, d, s) is said to be a complete b-metric space if every Cauchy sequence in

X is convergent.
Definition 2.5 [9]. Let (X,d,s) be a b —metric space. Then a subset Y c X is called b —closed (for
simplicity we call it closed), if and only if for each sequence {x,} in Y which converges to an
element x, then x isin Y.
Lemma 2.6 [15]. Let (X, d, s) be a b —metric space and {x,,} be a sequence in X such that:
rlli_lfolod (Xn,Xn41) =0
If {x,,} is not a Cauchy sequence, then there are two subsequences {m(k)} and {n(k)} of positive
integers with m(k) < n(k), such that the following four sequences:
{d(xmay 2n0)} A (Xmae xngo 1)}
{d(omao 41, %n00) 1 {d (oma +1 Xngioy+1)}
Tendto e > 0:

€ <limsupd (xm(k) ,xn(k)) < se
k—co

< li;nsup d (X » Xno+1) < s%€

< liznsup d(Xm(e) +1, Xn)) < S2€

m
nimelm

S liTknsuP d(Xm@k)+1 Xn(k)+1) < S°€.

From the proof of the theorem in [3, page 262], the Jungck Picard iterative scheme appears.
Definition 2.7: [3] Let A be a non-empty subset of Xand let T,G : A — A be two self- mappings such
that T(A) < G (A), then for x, € A:

Gxpy1 = Tx,; nE€N. (D
The objective of this paper is to develop the result of Arab [14] by using the function p: R¢ —
[0, o0) under certain conditions and using G-a-general admissible and triangular a-general admissible
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to prove coincidence fixed point and common fixed point theorems for two weakly compatible self —

mappings in complete b-metric spaces.

3. Main Results

We introduce the following definitions.

Definition 3.1: Let X be a nonempty set, x,y € X , a: X X X —» R be a function,and T : X - X bea

mapping. Then T is said to be « —general admissible if

a(x,y) = m,then a(Tx,Ty) = mforallm € N.

Definition 3.2: Let X be a nonempty set, a: X XX - R, and T,G : X - X. The mapping T is

G — a —general admissible if, for all x,y € X such that a(Gx, Gy) = m, we have a(Tx,Ty) = m for

all m € N . If G is the identity mapping, then T is called @ —ganeral admissible.

Definition 3.3: An a —ganeral admissible map T is said to be triangular @ —general admissible if

a(x,z) 2manda(z,y) = mthena(x,y) > mforallm €N,

andx,y,z € X.

Definition 3.4: Let (X,d,s) be a b —metric space, a : X X X » R,and G, T : X - X. T is a —genreal

regular with respect to G, if for every sequence {x,} € X such that a(Gx,, Gx,4,) =m for all

n € No,m € N and Gx,, - Gx € GX as n — oo, then there exists a subsequence {Gx, )} of {Gx,}

such that for all k € Ny, a(Gxy ), Gx) = m. If G is the identity mapping, then T is called a —general

regular.

Definition 3.5: Let p: R — [0, ) be a mapping with the following conditions:

1. p is upper semi-continuous and non-decreasing in each coordinate

5 max {p(0,0, t,t,0,t),p(t,00,t1t,0),p(tttt0t),
p(t,0,0,t,t,t),p(0,0,t,t,0,0)

The following example is to clarify the previous definition,

Example 3.6: p(ty, ty, t3, ts, ts, tg) = aty + b max{ty, t3,ty, ts, tg}, Wherea > 0,b>0and a + b <

1. Note that:

1. p is upper semi continuous mapping and nondecreasing in each coordinate.

2. p(0,0,t,¢,0,t) = bt <t,p(t,00,tt0)=(a+b)t<t.

Lemma 3.7: Let ¢: X X X - Rbe a function andT,G : X — X. Suppose that T is a G —

a —general admissible and triangular a —general admissible. Assume that there exists x, € X such

that a(Gxy,Txy) = m for all m € N. Then a(Gx,, Gx;) = m for alln, k € Ny with k < n, where

Gxpyq =Tx,.

Proof:

By assumption, there exists x, € X such that a(Gxy,,Tx,) =m and T is a G — a —general

admissible, we assume that:

}<tforal| t>0.

a(Gxy, Gxy) = a(Gxy, Txy) =m
Then by Gx,,1 = Tx,, We get:

a(Gxy,Gxy) = a(Txy, Txy) =m,
which impales that:

a(Gxy,Gx3) = a(Txq,Txy) =m.
Inductively, we get:

a(Gxy, Gxpyq) =m, n €N

Suppose that k < n. Since a(Gxy, Gxgiq1) = m, a(Gxygy1, GXpyp) =M
and T is triangular a« —general admissible, we have:
a(Gxy, Gxpyn) = m.
Inductively, we obtain:
a(Gxy, Gxy) = m.
The following proposition is the key to show our main results.
Proposition 3.8: Let (X, d, s) be a complete b —metric space,TX < GX,T, G be a self- mappings on
X which satisfies:
a: X x X - R. Suppose that GX is closed and the following condition holds:

d(Gx,Ty)
d(Gx,Gy),d(Gx,Tx),d(Gy, Ty),—————

2s ’ (2)
d(Gy,Tx) d(Gx,Tx) +d(Gy,Ty)

2s ’ 2s

a(x,y)d(Tx,Ty) < 3P
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for x,y € X and p defined by Definition (3.5). Assume also that the following conditions hold:

1. T is G — a —general admissible and triangular @ —general admissible;

2. there exists x, € X such that a(Gx,, Txy) = m, for some m € N;

3. X is a —general regular with respect to G. Then T and G have point of coincidence.
Proof:

Letx, € X be such that a(Gxy, Tx,) = m (by the condition (1)). Since TX < GX and T, G are self-
mappings on X, it satisfies
Gxpyq = Tx,,nEN
By using Lemma (3.7), we get
a(Gxpyq,Gx,) = m,n € Ny, for some m € N.
Case (1): If Tx,, = Tx,, 4+, for somen, € Ny, then by (1), we obtain:
Gxng+1 = Txny = Ty,
Thus Tand G have a coincidence point at x = x, 41 -
Case (2): If Tx,, # Tx,4q1., foralln € N, therefore by (2), we have:
d(GXn, GXny1) < S2@(GXn, GXny1)A (T2, Txn)
d(Gxn—li Gxn)' d(Gxn—lr Txn—l),
d(Gxp_1,Tx,) d(Gx,, Txp_1)

T
< p| 4Gxn Txn), 2s 2s
d(Gxp_1,Txp_1) + d(Gx,, Txy,)
’ 2s
Therefore,
d(Gxn—lJ Gxn)J d(Gxn—L Gxn)'
d(Gxp_1,Gxpy1) A(Gxy,, Gxy) \
d(Gaty, Gony) < p | HCGF¥n GXnia), 2s 2
d(Gxn_1, GXy) + (G, GXns1) /
2s
Thus,

d(Gxp_1,Gx,),d(Gxp_q,Gxy),d(Gxy, GXpy1),
d(Gxp, Gxpyq) < p| d(Gxp_1,GXny1) 0 d(Gxn_1,Gxy) + d(Gxp, GXpyq)
2s Y 2s

Hence,
/d(Gxn—lJ Gxn)' d(Gxn—lf Gxn)' d(Gxn' Gxn+1)'\

d(Gxp_1,Gxy) + d(Gxy,, Gxpyq)
d(Gxp, Gxpi1) < p k

2 ' ) 3)
d(Gxp_1,Gxp) + d(Gxy, GXpyq)
2s
Note that d(Gx,_1,Gx,) > d(Gx,, Gx,4q) . In fact if not, then from (2) and by Definition 3.5, we
get:
d(Gxp, Gxpy1), d(Gxp, GXpiq), d(GXy, GXpyr),
d(Gxn, GxXny1) < p ( d(GXp, GXyy), 0, d(GXny GXpyy) )
Therefore,
d(Gxp, Gxny1) < d(Gxp, GXpyq)
That is a contradiction.
S0,d(Gxy, Gxpyq) < d(Gx,_q1,Gxy,) for alln € N, that is, the sequence of positive numbers
{d(Gx,, Gx,+1)} is decreasing. Hence it converges to r such that r > 0.
If r > 0, then letting n — oo in (3) and since p is upper semi-continuous, then we get:
r <p(rrrr0r) <r,
Which is a contraction. So that,
nh_r)rc}o d(Gxp, Gxpy1) =0 4)
Now, we claim that:
lim d(Gx,, Gx,) =0

n,m —»oo
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Assume that it is not true, thus from lemma 1.6 there exists € > 0 and,
{Gxn 0} {G Xy} OF {Gxn} With n(k) > m(k) = k, such that:

d(me(k),Gxn(k)) =€
Further, we can choose n(k) in such a way that it is the smallest integer with
n(k) > m(k) and satisfying(5). Hence ,

d(me(k),Gxn(k)_l) <e€
Then we have:

€ < limsup d(me(k), Gxn(k)) < se
E k—oo

— < limsup d(Gxpky, Gxneiy+1) < %€
k—oo

(%)

€

5= limsup d(GXm)+1, GXn()) < S2€.
k—oo

Also, by b-triangle inequality, taking limsup as k — oo, and by (9), we have:

d(Gxm@ey+1, Gxny) < SA(GXmaey+1, GxXngiey+1) + 5A(GXnaiy+1, GXngie))

E .
) < limsup d(GXm(k)+1, Gxn(k)+1)

k—o0

Now, using inequality (2), we obtain:
A(GXm@ky+1> GXniy+1) S S2a(G Xy 41, GXn(i)+1) AT Xm(y TXn(ie))
d(Gxm(i, Gxn(x))» A(GoXmicy, GXmiy+1)»
d(GXniy GXn(y+1), \
< p| d(GXm@iy, GXnoy+1) A(GXng) GXmao+1) |
2s ’ 2s ’
\d(me(k), Gxmao+1) + d(GXn), GXngo+1) /

Since p is upper semi- continuous, then by (4)5, (M), (8), (9) and (10), we have:
€ ) 1 SE S€
3z < llg{risc}:p d(me(k)+1, Gxn(k)+1) < S—3p (se, 0,0,3,7,
This is a contradiction, so that {Gx,} is a Cauchy sequence. By (1), we get:
{Tx,} = {Gx,+1} S GX and GX is closed. There exists x € X such that:
Tlll_r){)lo Gx, = Gx a1y

To prove that x is a coincidence point of T and G, assume the contrary, i.e. Tx # Gx.
Since X is a —general regular with respect to G and by (11), we obtain
a(Gx, Gxn(k)+1) >mforall k € N,.
By b —triangle inequality:

d(Gx,Tx) < sd(Gx, Gxpy41) + sd(Txn iy, TX).
If making k — oo, then we have:

d(Gx,Tx) < Slll—r}(}o d(Txn(k),Tx)
By the properties of p, (2) and (12), we have:
d(Gx,Tx) < s Jim d(Txpek), Tx)
< slli_{goa(Gx, Gxn(k)+1) d(Txn(k), Tx)
d(Gxn(k), Gx), d(Gxn(k), Gxn(k)+1), d(Gx, Tx),
d(Gxn(k), Gx) + d(Gx, Tx)

1 2
< 5_2115210 p d(Gx, Gxpeiy+1)
2s ’
\ d(Gxniy, GXpey+1) + d(Gx, Tx) /
2s

1
< S—zp(O,O, d(Gx,Tx),d(Gx,Tx),0,d(Gx, Tx))

1699
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which is a contradiction. Thus, Gx = Tx = wwhere w is the point of coincidence of T andG.
|

Theorem 3.9: Let (X, d,s) be a complete b —metric space, TX < GX, T, G be self- mappings on X,

which satisfies Jungck Picard iterative Definition 2.7, and

a : X x X - R. Suppose that GX is closed and the following condition holds:

d(Gx,Ty)
d(Gx,Gy),d(Gx,Tx),d(Gy, Ty),——————

> )
(6 y)d(Tx, Ty) < s3P d(Gy,Tx) d(Gx,Tx) + d(Gy, Ty) (13)
2s 2s
for x,y € X and p is defined by Definition 3.5 . Let the following conditions hold:
1. T isg — a —general admissible and triangular « —general admissible;
2. there exists x, € X such that a(Gx,, Txy) = m, for some m € N;
3. X is a —general regular with respect to G.

If the pair {T, G} is weakly compatible and either a(v,w) = mor a(w,v) > m whenever Tv = Gw
and Tw = Gv, then T and G have a unigue common fixed point.
Proof:
By Proposition 3.8, we get T and G have a coincidence point.
If Tw = Gw and Tv = Gv, then Gv = Gw. By hypotheses,
a(v,w) = mor a(w,v) = m. Suppose that a(w, v) = m, then,
d(Gw, Gv) = d(Tw,Tv) < s3a(w,v)d(Tw, Tv)
Hence,
d(Gw,Tv
d(Gw, Gv), d(Gw, Tw), d(Gv, Tv), %
d(Gv,Tw) d(Gw,Tw) + d(Gv,Tv)
2s 2s

d(Gw, Gv)
1 d(Gw, Gv),0,0,————,
<3

d(Gw,Gv) <p

2s
P d(Gv,6w) |

2s
1
= S—3p( d(Gw, Gv),0,0,d(Gw, Gv),d(Gw, Gv),0)

This is a contradiction, then Gu = Gw, similarity, a(w,v) = m, implies that Gv = Gw . Now, we
show that T and G have a common fixed point if w = Tv = Gv.
Since the pair {T,G} is weakly compatible, we have Tw = T(Gv) = G(Tv) = Gw.Thus, w is a
coincidence point of T and G. Now, we show the uniqueness of the point of coincidence of T and G.
Let u be another point of coincidence of T and G, such that w # u, then we can find x in X such that
Tx = Gx = u.
Assume that Gv # Gx, then,

d(Gx,Gv) = d(Tx,Tv) < s3a(x,v)d(Tx,Tv)

<
s

Hence,
d(Gx,Tv
d(Gx, Gv),d(Gx,Tx),d(Gv, Tv), %
<
d(Gx,Gv) <p d(Gv,Tx) d(Gx.Tx) + d(Gv, Tv)
2s ’ 2s
d(Gx, Gv)
d(Gx, 6v),0,0,————,
<
=P d(Gv, Gx)
4(Gx-6v),00,d(Gx, 6v)
Gx,Gv),0,0,d(Gx, Gv
< ) ) »Y ) )
<p( G0 ) < d(Gx,6v)

which is a contradiction, then w = u. Therefore, w is a unique point of coincidence of T and G. Since
the pair is weakly compatible, and by Proposition 1.1, w is a unique common fixed point of T and G.

1700



Jamil and Hussein Iragi Journal of Science, 2021, Vol. 62, No. 5, pp: 1695-1701

References

1.

»w

10.

11.

12.

13.

14.

15.

Abdul-jabbar M, Abed S., (2019). The convergence of Iteration Scheme to Fixed Points in
Modular Spaces, Iragi Journal of Science, 60 (10), 2196-2201.

Hamed M, Jamil Z., (2020), Stability And Data Dependence Results For The Mann Iteration
Schemes on n-Banach Space, Iraqi Journal of Science, 2020, 61(6), 1456-1460.

Jungck, G. (1976). Commuting mappings and fixed points. Amer. Math. Monthly, 83, 261-263.
Sessa, S. (1982). On a weak commutativity condition of mappings in fixed point
considerations. Publ. Inst. Math. 32(46), 149-153.

Jungcek, G. (1986). Compatible mappings and common fixed points, Internat. J. Math. Math.
Sci. 771-779

Fisher B.(1983). Common fixed points of four mappings, Bull. Inst. Math. Acad. Sci. 11 103—
113

Kannan, R (1969). Some results on fixed point theory I1. Am. Math. Mon. 76, 405-408.

Jungck, G., Rhoades, B.E. (1998). Fixed points for set-valued functions without continuity.
Indian J. Pure Appl. Math. 29(3), 227-238.

Abbas M., Jungck G. (2008). Common fixed point results for non commuting mappings
without continuity in cone metric spaces. J. Math. Anal. Appl. 341, 418-420

A. Bakhtin, (1989). The contraction mapping principle in almost metric spaces, (Russian)
Functional Analysis, (Russian)Ulyanovsk. Gos. Ped. Inst., Ulyanovsk, 30 , 26-37

Czerwik, Stefan. (1993). Contraction mappings in b -metric spaces. Acta Mathematica et
informatica universitatis ostraviensis 1.1: 5-11

Kir, Mehmet, and Hukmi Kiziltunc. (2013). On some well-known fixed point theorems in b-
metric spaces. Turkish journal of analysis and number theory 1.1: 13-16.

M. Boriceanu, M. Bota and A. Petrus,el, (2010). Multivalued fractals in b-metric spaces, Cent.
Eur. J. Math. 8(2), 367-377.

Arab, Reza. (2017). Common fixed point theorem for two weakly compatible self- mappings
in b— metric spaces. Malaya Journal of Matematik (MJM) 5.2, 2: 328-336.

Aghajani, A., Abbas, M., & Roshan, J. (2014). Common fixed point of generalized weak contractive
mappings in partially ordered b-metric spaces. Mathematica Slovaca, 64(4), 941-960

1701



