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Abstract

This paper concerns with the state and proof the existence and uniqueness
theorem of triple state vector solution (TSVS) for the triple nonlinear parabolic
partial differential equations (TNPPDES) ,and triple state vector equations (TSVES),
under suitable assumptions. when the continuous classical triple control vector
(CCTCV) is given by using the method of Galerkin (MGA). The existence theorem
of a continuous classical optimal triple control vector (CCTOCV) for the continuous
classical optimal control governing by the TNPPDESs under suitable conditions is
proved.

Keywords: Continuous Classical Triple Optimal Control Vector, Nonlinear Triple
Parabolic Boundary Value Problem.
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1. Introduction
The subject of optimal control problem is divided in to two types, the relaxed and the
classical optimal control problems, the first type is mostly studied in the last century, while
the second one began to study in the beginning of this century. On other hand each of these
two types are studied for systems governing by ordinary or partial differential equations. The
optimal control problems play an important role in many fields in life_problems, different
examples for applications of such problems are studied in medicine [1], in aircraft [2], in
electric power [3], in economic growth [4], and many other fields.
This role motivates many investigators in the recent years to interest about study the
classical optimal control problems OPCTP that are governing by nonlinear ordinary
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differential equations as [5], or by different types of nonlinear parabolic PDEs like “ single”
nonlinear parabolic PDEs (NLPPDEs) [6], or couple NLPPDEs (CNLPPDEsS) [7], or triple
linear PPDEs (TLPPDES) [8]. On the other hand other investigators interested to study the
OPCTP for CNLPPDEs and TLPPDEs but involving Neumann boundary conditions
(NBCs) as [9] and [10] respectively.

All these investigations encourage us to seek about the OPCTP for triple nonlinear
parabolic PDEs (TNLEPDESs). At first, our aim in this work is to state and to prove that the
TNLEPDESs with a given CCTCV has a unique TSVS under a suitable conditions, by using
the MGA with the compactness theorem (COMTH). The continuity of the Lipschitz operator
between the TSVS, and the corresponding CCTCV are proved. Finally, we also prove
theorem which ensures the existence CCTOCV for the TNLEPDEsS.

2. Problem Description

Let 1=(0,T), T<o,2cR> be a bounded open region with Lipschitz (LIP)
boundaryI' = 002,Q = 2 x [,X =T x . Consider the following CCTOCP:
The TSVEs is given by the following TNPPDEs:

Yie —Ay1 +y1 — ¥, —y3 = fi(x, 6, y1,uy) _in Q 1)
Yor — Ay, +yo +y3 +y1 = f2(x 6, Y2, uz) In Q 2
Y3t —Ays +ys +y1 — ¥, = fa(x, t,ys,uz) in Q (3)
yi(x,t) =0 on ¥ 4
y1(x,0) = y?(x) on Q (5)
yo(x,t) =0 on X (6)
y2(x,0) = y9(x) on Q (7)
y3(x,t) =0 on X (8)
y3(x! 0) = y??(x)l on 'Q (9)

N 3. .
Where x = (x1,%3),y = (Y1, ¥2,¥3) = 1 (x, 1), ¥2(x, ), y3(x, t)) € (HZ(Q)) is the triple
state vector (TSVS), corresponding to classical triple control vector (CCTCV)u =
(u11u2fu3) = (ul(xl t), uz(x,t),ug(x,t)) € (LZ(Q))3and (f1:f2'f3) =
(fi(x, t,y1,uy), fo(x, 6, y2,u2), f3(x, t,v3,u3)) € (L2(Q))3 is a vector of given function
defined on (QXRxU;) X (QxRxU,) X (QxRxUy) with U;c R, and let W =
W, X W, x Wy, W, € L2(Q),i=1,23.
The set of admissible CCTCV (ADCCTCV) is

W, ={we (12 (Q)’W € Ua.e.in Q}with U c R? (10)
The cost function (COF) is

Go() =X, fQ Joi (x, t, ¥y, u)dxdt (11)
The CCTOCV is to find & € W, s.t.

Go (i) = mingey, Go (W) (12)

Let V=V, xV, XV, ={B € (H(2))>3withv, = v, = v; = 00nd0}.

The notations (v, v) , and ||v]|, refer to the inner product and the norm in L?(2) ,respectively.
The notations (v, v), , and ||v||; are the inner product and the norm in H1(Q), the (¥, ¥) and
I¥]l, the inner product and the norm in (L?2(2))3, and (¥,9);= (vy,v1)1+W,, 1), +
(v3,13)1 , 15112 = lv1lI? + llv,lI2 + |lvs]? the inner product and the norm in V and V" is the
dual of V, also the notations — , —> will indicate to the convergence of a sequence is
weakly and strongly respectively.

The weak form (W.F) of the TSVEs (1-9) when y € HJ (2))3 is given by

(V16 v1) + (Vy, Voy) + (1, v1) — V2, v1) — (v, v1) = (f1, v1) (13a)
(i v1) = (1(0),v4), Vv, €V (13b)
(V2 V2) + (Vy2, Vi) + (¥2,v1) + (¥3,v2) + (Y1, v2) = (f2,72) (14a)
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(3, v2) = (32(0),v,), Vv, €V (14b)
(V36,v3) + (Vy3, Vu3) + (¥3,v3) + (1, v3) — (¥2,v3) = (f3,v3) (153)
(y3,v3) = (¥3(0),v3), Vvz €V (15b)

Assumptions (A):
(i) f; is Carathéodory type (CAT) on Q X (R X R), satisfies
IfiCx, t, v ud| < nilx, O+ clyil + ¢lwl
where (x,t) € Q,y;,u; ER,¢;,¢;>0andn; € L*(Q) V i=1,23
(i) fi is Lipw.rt. y, ie. |fiCe 6y, w) — fiCGo £, i, udl < Lily; — il
where (x,t) €Q,y;,y;,u; € RandL; >0,V i =1,2,3.
Theorem 2.1 (Projection Theorem) [7]: Let F be a closed linear subspace of a Hilbert space
F, then for any h € H there is a unique uy € F,s.t. [|h—upll < |lh —ull, YVueF.
Furthermore, h — u, is orthogonal to the subspace F,i.e. (h —uy,u) =0,V u € F.
Theorem 2.2 (Alaoglu’s theorem) [7]: Let {k,},cy De a bounded sequence in a Hilbert
space H, then there is a subsequence of {k,,},en, Which converges weakly to some u € H.
Main Results
3. The TSVS:
Theorem (3.1): Existence and Uniqueness Of The W.F: With Assumptions (A) for each u
€ (12(2))% , the W.F of TSVEs (13-15) has a unique solution y = (y;,y,,¥3),y €
(L*(1,V))3,5.t Y = V1t Yar, Vae) € (LP(1,V))?
Proof: Let V,be the set of piecewise affine function in 2, U, = (V1y,, Van, V3n) With v;, € V,
Vi=123and ¥,=(Vin Y2n, Y3n), V1, then the solution of ¥y = (y;,y,,¥3) can be
approximated by

Vin = Xj=161j(t) v1;(x) (16)
Yan = Xj=1C2j(t) v25(x) (17)
Yan = Xj=1C3;(t) v3;(x) (18)

Where c;;(t) is known as function of t Vi = 1,23 &V =123, ..,n.
The W.F of the TSVEs (13-15) is approximated w.r.t. X, using the MGA VYv; €V, i =1,2,3:
Vine V1) + (Vy1n, V1) + 1ns v1) — 2n 1) — 300 v1) = (fi 1ns w1), v1) (19a)

()’fnr V) = (y{)'vl) (19b)
(Vont: V2) + (Vyon, Vv2) + (V2 V2) + V3ns V2) + (01, v2) = (f2(V2n Uz), v2) (20a)
Vo v2) = (V3. 12) (20b)
(V3nt: v3) + (Vy3n, VU3) + (Y30, V3) + Wins V3) — Vons V3) = (f3(V3n, U3), v3) (21a)
(ygn’ v3) = (}’39: V3) (21b)

Where y2, = y2.(x) = yin(x,0) € V, € VcL?(Q) is the projection of y? w.r.t. the norm
- llos e i v) = @) v @ |lyi — will, < Iy —vill,  vi=123and vv; € 1.

By substituting ((16)-(18)) in ((19) - (21)) and setting v; = vy; ,v, = Vy;, and v3 = v3; We
get the following system, which has a unique solution y, because of all the coefficient
matrices are continuous.

ACL(t) + DCy(t) — ECy(t) — KC3(t) = by (V] (x) C1(1)) (192)
AC,(0) = b? (190"
BC,(t) + FCy(t) + MC3(2) + HCy(t) = by(V5 (x) Co(1)) (18a)
BC,(0) = b? (18b")
PC5(t) + 0C3(t) + SC,(t) — ZC,(2) = b3(V5 (x) C3(1)) (192)
PC;(0) = b (195)
Where A = (aij)nxnr . ;= (v1,v4:),D = (dij)nxn'dij = [(Vo;, Vou) + (v1),v11)],
E = (e)) un veij = (v25,v1).K = (kij),,.., » kij = (V35 v10),
G0 = Cy(maas GO = (E5©) G(0) = €y Oers by = Budwscr b =
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RV C@®,u),vi) Vi = W)axa, b = (b)), (b)) = vy) ,  B= (bij)nxn b;j =
W2, vai) F = (fif) . fij = [(V02, Voz) + (v, v21)], M= (my) L my; =
(vsj,v2:),H = (hij)nxn;hij = W1, V20, P =@pdnxn o+ Py = (v35,73),0=
(0i)nxn »0ij = [(Vvs;, Vvs;) + (vs;,v5)],S = (Sij)nxn, sij = (v1j,v3i), Z =
(Zij)nxn’ Zij = (172]' ,v3i) ,VZ = 1,2,3 .
The norm||52]lo is bounded: Since #° € (L2(2))? then there is {#0}, 30 € V, s.t 30 — $° in
(L2(2))3, from theorem 2.1 and ((19b)-(21b)) one has y? — 5% in (L2(2))3,and ||¥2|l, < b;.
The norm ||7n(t)”L°°(1L2(m) and |[y,(t)]lo are bounded: Setting v; = y;,, for i =1,2,3
in (19a), (20a),and (20a), integrating both sides (IBS) w.r.t. t from 0 to T, adding them, this
gives
Jy e B dt + J 17l12 dt =

T
Jo a1 w1), ¥10) + fo(Van 2), Yan) + f3 (V3 Us), Yan)] dt (22)

Since the 2™ term of the L.H.S. of (22) is positive, then using Lemma 1.2 in [11] for the 1%
term of it, taking T= t € [0. T], finally applying Assum (A-i) for the R.H.S. of (22), one has

td -
INATAGIH

t t , rt
Jo Jo@i + [yinlPdxdt + 2 [ [ cilyinl? dxdt + ¢ [ [, (Jugl? + |yin|?)dxdt
t t t
+ [, 03 + |y2nl?) dxdt + 2 [ [, calyonl® dxdt + 2 [ [ c2ly2nl® dxdt
, ot t t
+&, [ [ (U] + [yan|Ddxdt + [ [ (F + |ysnl®dxdt + [ [ (03 + |ysn]?)dxdt
t , rt
+2 [; [, calyaal® dxdt + ¢ [ [, (lusl® + [ysnl*)dxdt (23)
Since ||In;l[o < b; , lluillg < cin,Vi=1,2,3and ||, (t)]|§ < b.then (23) becomes
> « t = S . . .
17.(OIF < cf +¢7 [, |IFnllg dt with cf = ¢35 + a1 + €31 +b+ by + by + bs.
Where C; = maX(C4_, Cs, CG) Wlth Cy = 1+ Cll + 2C1, Cs = 1+ CIZ + 2C2 and
C6 = (1+C,3 +2C3).
We use the Bellman- Gronwall (BGIN) inequality to get
17, (D3 < cie“T = b%(c),Vt € [0,T] we can easily obtain the following
32Ol o(120y) < b () 2nd 115 (Dl < b1 ().
The norm ||7n(t)||Lz(”,) is bounded: By using the same previous steps in (21), but with
t =T, and ||y,(T)||3 is positive, one can easily obtain that
= T, - i ¢ ¢ , ’ ;
IYnll 2 ) = fO 7,012 dt < b2(c) = 0.5(b; + b, + bs + ¢1d;,¢>d, + ¢5d; + ¢;b(C)).
The convergence of the solution: Let {I_/;l} be a sequence of subspace of Vst V=
(v1,V5,13) €V, there is asequence {B,} , By, = Win, Vory Van) € V, ¥ nand &, » B in V
= U, — U in (L2(2))3.
Since for any n, ( I_/; c 17), problem ((19)-21)) has a unique solution y,, hence
corresponding to the sequence of subspaces {I7n} there is a sequence of approximation
problems (19-21), so by substituting & = @, € V, forn = 1,2,3, one gets
(Vint> V1n) + (VY1 V01) + V1n V1n) — O2n V1) — V3n Vin) = (LY W), v15) (249)

on Vin) = (1, V1n), (24b)
(Vontr Van) + (VYan, Voon) + Vons Vo) + (V3n V2n) + Vin V2n) = (f2(V2n, U2), V21) (258)
(V2n V2n) = V3, Van), (25b)
(Vaner Van) + (VYan, VU3n) + (V3n V3n) + Vi Van) — Vans V3n) = (f3(V3n, Uz), V3,) (262)
V3 V3n) = (3, V3n), (26b)
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Which has a sequence of solutions {y,}i-,, from the previous steps we get that ||y,|| 12(Q),
and ||, | 12(1,v) are bounded. By theorem 2.2, there is a subsequence of {¥nJmen, » such that
¥, = yin (L2(2))3 and y, = yin L2(I,V))3.
From the Assumptions (A-i), and the bounded of the norms, one gets through the COMTH in
[11], ¥, >y In(L2(Q))* . .
Now, consider the W.F ((24)-(26)), from the MGA for any arbitrary ¥ € V there exists a
sequence {,}, ¥, € V,,Vn st #, » ¥ in V (then in L2(R)), so MBS of ((24)a-(26)a) by
@;(t) € C[0,T] with ¢;(T) =0,vi =1,2,3, IBSw.r.t.t from 0to T, and then we integrate
(IBPs) the1st term in the L.H.S. of each obtained equation, one obtains
- fOT(Jﬁn; V1n) $1(8)dt + fOT[(VJ’m’ V1) 91 () + V1 V1) 91(8) — (Y2, Vin) 01 (8) —
(Van, Vin) @1 ()] dt = fOT fi1n U1), v1n) @1 (DAt + (Vi V1) 91(0) (27)
- fOT(YZn' Van) P2 (t)dt + foT[(VYZn» V020)902(8) + Van, Van) 92(8) + (V3n, Van) @2 (8) +
(V1 Van) @2 (D)] dt = fOsz V2 U2), V2n) @2(£)dt + (Vn, V2n)92(0) (28)
- fOT(Y3n; Usn) @3(t)dt + fOT[(V%n: Vu3)@3(t) + (V3 Va3n) @3(t) + (Vin, Van)@3(6) —
(V2n Van) @3 (8)] dt = fo3(3’3n: Us), V3) @3()dt + (Y3n, V3n)@3(0) (29)

0
Since y, = y in L2 (Q))3, v - y%in L2(Q))3 and
v, = ¥ in L7 (Q))° }_) { Vin @i = vi; in L2(Q)
v, > ¥ inV Vin @; = Vi@; inL2(1,V)
Then
fOT(YUu Vin) P1(t)dt + foT[(VJ’m: V1) 01() + V1, V1) 91 (8) = (Y2, V1) @1(8) —
Ysn V1)1 (D] dt = [ 1, v1) @1 (8) dt + [ [(Ty1, Vo)1 () + (1, v) 1 () —
(};2; v)@1(8) — (¥3, v1)¢%(t)] dt (30)
Jo W2n v2n) G2 ()dt + [ [(Vyan, V020) 02 (8) + Vo, V2n) 92 (8) + V3, V2n) 92 (8) +
Din Van) 92O dt = [ (2, 02)92(8) dt + [ [(Vy2, V92)02(6) + (2, v2) 92 (8) +
(};3, V)2 (t) + (y1, V2)¢7g(t)] dt (31)
Jo O3nyv3n) G3(O)dt + [ [(VY3n, VV32)@03(8) + (V3n, V3n) 03(8) + (Vi V3n) @3 (E) —

(Van, V3n)@3(t)] dt - fOT(Y& v3) g3(t)dt + fOT[(V%, Vu3)@s(t) + (3, v3)@3(0) +

(y1, v3)93(8) — (¥2, v3) @3 (D)] dt

(32)

Now, let w;,, = v; ; , Vi = 1,2,3, then w;,, » w; in L2(Q) with w; = v; ¢; , from applying

the Assumptions (A-i), then using proposition 3.1 in [12], we get fQﬁ-(x, t, Yin Ui )Windxdt

is continuous W.r.t (yin, u;, Win), but y;, = v; in (L2(Q))3 and w;,, = w; in L2(Q) , therefore
T T .

Jo Fimu), vin) @i(®)dt — [ (fiyaw), vi) @i(8)dt, Vi = 1,23 (33)

From ((30-32)) and (33), (27-29) becomes

— [ (v @1 (Ode + [T [ (Vy1, Vo)1 () + (71, 1) 91 (6) — (372, v1) 1 () —

(3, v @1 (B)]dt = fOT(fl(ypul)Ul) @1 (B)dt + (7, v1)91(0) (34)
— Jy G2, 02) G2 (Ot + [T (T2, 70)02(0) + (72, 02)92(8) + (5, v2) 02 (6) +
(y1,v2)@2(H)dt = fOT(fz V2, U2), 12) 92 (B)dt + (¥3, v2) 92 (t) (35)
— Jo (73, 03)5 (Ot + [T (Vy5, T03)03(6) + (73, 05)95(8) + (1, v3)05() =
(y2,v3)@s(t)dt = fOT(f3 (V3. u3), v3) @3(0)dt + (¥3,v3)93(0) (36)

Casel: Choose @; € D[0,T], i.e. ¢;(0) = ¢;(T) = 0, Vi = 1,2,3 in (34-36), IBPs for the1st
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terms in the L.H.S. of each one of the obtained equations, this yields

[ 10 v1) @1 (D) dE +

[y [y1, 7901 (8) + 01, v)p1(8) = 072, 2)91(8) = (3, v)pa (D)]dt =

Jy CAO1u)vr) @ (£t (37)
fOT(YZt' v,) @ (t)dt +

fOT[(VyZ,sz)<p2(t) + (Y2, v2) @2 () + (¥3, v2) 92 (8) + (v, v2) @2 (D)] dt =

fOT(fz (V2 Uz), v2) @ (t)dt (38)
Iy V36, v3) @3 (E)dt +

f()T[(V)’3'VV3)‘P3(t) + V3, v3) 91 () + (1, v3) 91 () — (v2, v3) @3 ()] dt =

[y (fs(3,13), v3) @3 (t)d (39)
Which gives

(Y16, v1) + (Vy, Vo) + (71, v1) — 72, v1) — (¥3,v1) = (fi(y, ue),v1) , ae.in I

(V26 2) + (Vy2, Vu3) + (12, v2) + (73, v2) + (71, v2) = (2(¥2,uz), v2), ae.in I

(V36,v3) + (Vy3, Vog) + (3, v3) + (71, v3) — (02, v3) = (f3(y3,u3),v3), ae.in |
i.e. y is a solution of the TSVEs ((13)a-(15)a).

Case 2: Choose ¢; € C[0,T], Vi = 1,2,3, s.t ¢;(T) = 0 &¢;(0) # 0,
IBPs for 15t term in the L.H.S. of (37-39), to get

— J) (v G (Ode + [T [ (Vy1, Vo)1 () + (71, )91 (6) = (372, v1) 91 ()

— 5, )1 (O1dt = [ (i, u)vy) @1(Ddt + (71(0), v1) 5 (0) (40)
— [ (72, 0)6>(Odt + [ [ (Y2, V0,)95(0) + 02, 1,)95 () + (73, 1,) 95 (1)

+(y1,v2) @2 (D)dt = foT(fz V2, U2), 2) @2(8)dt + (y2(0), v2) @2 (1) (41)
- fOT(Y& v3)@s(t)dt + fOT[ (Vys, Vw3)@3(6) + (¥3, v3)@3(t) + (y1, v3)@3(t)

—(75,v3)03(O)dt = [J(f5(3,3), v3) @3(O)dt + (¥3(0), v3)93(0) (42)

Subtracting ((40)-(42)) from ((34)-(36)) resp., to get that ((13)b-(15)b) are held.

The strong convergence for y,, in L%(I,V) : Substituting v; = y;, Vi = 1,2,3 in ((13)a-

(15)a) , and then we add them together, on the other hand substitute v; = y;,,, Vi = 1,2,3 in

((19)a-(21)a) resp. and then we add them together, and integrat the three obtained equations

from 0to T, one has

[ Fodrde + [ a@,3)dt = [ 1(fiGnu), y) + (02, 1),35) + fs(0s, us),y3)] dt
(43a)

T, - T - -
fo (ynt' yn) dt + fo a(ynf yn)dt =

L TG wn), y1n) + (o 0an us), Yan) + f3(Van Us), ¥an)] dt (43b)

Wherea(y,5) = a;(y1,¥1) + a2(¥2,¥2) + as (3, y3), with a;(y;, v;) = (Vy;, V) + (v, vy).
Using Lemma 1.2 in [11] for the 15t terms in the L.H.S. of (43a&b), they become

HFMIE = 7O + [, a,5) dt =

LTG0 u),yn) + (02, 12),35) + f5(73,us), y3)] dt (442)
Y52 (TIE = 252 O3 + [, a(Fn, Fo)dt =
L1 0w y1n) + (o 0an 142), ¥20) + £sGsns Us), ¥3n)] (44b)
Since
Y52(T) = F(DIE = 217,0) = FONZ + [} a(Fn =5, Fn —Pdt = —f -7 (45)
where

695



Al-Hawasy and Rasheed Iraqi Journal of Science, 2022, Vol. 63, No. 2, pp: 690-701

& =5 (DI13 = 5013 + f; a(Fn(®), Fn(t))dt
B = 1(Fu(T),3(T)) = X(7.(0),5(0)) + [ a(Fn(t), 7 (£))dt and

{ =2 (I, 5(T) = F(T)) = 25(0),52(0) = y(0)) + f; a(F(®), Fn(t) — J ()t
Since

Yo =9.(0) > y° = J(0) in (L*(2))° (46a)
Ya(T) = y(T) in (L2(02))° (46b)
Then
Y(T), Y (T) — y(T)) = 0 and (5(0), y,(0) — y(0)) - 0 (46c)
19,(T) = y(DII§ - 0 and [|5,(0) — (0)|IF — 0 (46d)
And since j, = ¥y in (L*(1,V))3, then
[} a@(©),5.(6) = 7 (©))dt = 0 (46€)

Since foT(fl-(yin, u;), ¥in)dt is continuous w.r.t.y; and since y, - ¥y in (L?(Q))3 , Vi =
1,2,3, then
T T
Jo lf1 i 1), y1n) + (f2(V2n 42), Yan) + f3Van Us), yan)ldt = [ [(fi (e, ue), y1) +

(f2(V2,u2),¥2) + f3(3, u3),¥3)] dt (46f)
Now, as n — oo in (45), the following results are obtained:

(1) using (46d), the first two terms in the L.H.S. of (45) tend to zero
from

(2) Eq.a = fOT[(fl()’m: U1, Y1n) + (f2(V2n U2), Y2n) + f3(Van Us), Y3n)]
(44b)

from

- fOT[(f1(J’1:u1):)’1) + (2(y2,u2), ¥2) + f3(¥3, u3), y3)] dt
(46f)

T

(3) Eq. f —» LH.S. of (44a) = [ [ (fi(y1, u1), y1) + (o (V2 U2), ¥2) + (fs(73, U3), ¥3)]dt
(4) using (46¢) and (46e) , all the terms in EQ.¢ tend to zero.

- T, > - T - - - - - - =
Hence, (45) gives[ 1y, — ¥l dt = [j a(Pr — ¥, Y — ¥)dt 50 = J, > ¥ in (L*(1,V))?
Uniqueness of the solution: Let y,y be two TSVEs of ((13)a-(15)a), we subtract each
equation from the other and then set v; = y; — y;, for i = 1,2,3, one obtains
(1 =YDeoyi—=V0+ a1 =V — V) — 2= Vo, 1 = ¥1) — (V3 = Y3, Y1 — V1)

= (v uw) — i u),y1 — Y1) (47)
(V2 =¥y =V + a2 = V2,2 = V2) + (V3= V3, Y2 = ¥2) + 1 — V1, Y2 — ¥2)

= (f2(y2,uz) — 2(V2,U2), Y2 — ¥2) (48)
(V3= ¥3)e Y3 —¥Va) + az(y3 = V3,3 = ¥3) + 1 — V1, Y3 = V3) — V2 — V2,3 — ¥3)

= (f3(y3,u3) — f3(¥3,U3),y3 — J3) (49)

Adding (47)-(49), the 2" term of the L.H.S. is positive, applying Lemma 1.2 in [11] for the

15t term of L.H.S, it gives
- 212 - 212 — —
%% |y — 3’”0 + fOT”y - }’”1 dt < fi(y,u) — fiLw),y1 —y1) +

(f2 (3’2:du2) — f2(V2,uz2), ¥2 — ¥2) — (f3(¥3, uz) — f3(¥3, u3), y3 — ¥3) (50)
The 2" term in the L.H.S of is positive, IBS w.r.t. t from 0 to t, by using Assumption (A-ii)

of the R.H.S., one gets
> 212 > =112
fy =y - y||02dt <[ 2Ly - y2||0dt , L=max{Ly, Ly, L3} =
G =)@l < Jy 2L 117 - Fllae,
The BGIN is applied to give that ||(y — 321)(1:)”2 =0Vvtel
Again, IBS of (50) w.r.t. from 0 to T, Assumptions (A-ii) of the R.H.S., one has
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0 dtlly—yll de+ [y =7, de <L 5]y - ]l,ae
= fo |y - y||1dt < Lfo |y - y||0dt =0= |y - 32’”L2(1,V) =0=2y=7%.
Theorem (3.2): In addition to Assumptions (A), if ¥ and ¥ + 8y are the TSVS corresponding
tothe CCTCV @, % + du € (I2(Q))3, resp., then
||5y||Loo(,Lz(m <M [[6ull,0 [187]l,2q) <M I8ull, . 18712, < M 8]l
Proof: For given u = (ul,uz,u3) then by theorem (3. 1)W.F (13-15) has a unique TSVS y,
also for given & = (iiy, Uy, ii3), then j = (74, 75, ¥3) is the solution of

Ve v1) +(Vy, Vo) + (01, v1) — (02, v1) — (U3, v0)= (L (F1, Uh), v1) (51a)
(#1(0),v1) = (7, v1) (51b)
V2, v2) + (V¥2, Vo) + (32, v2) + (F3,v2) + V1, v2)= (f2(72, U2), v2) (52a)
(72(0),v,) = (J’g» V) (52b)
V3t v3) + (V3,Vu3)+(F3,v3) + (F1, v3) — (V2 v3)= (f3(¥3, Us), v3) (53a)
(73(0),v3) = (¥3,v3) (53b)

Subtracting ((13)-(15))from((51)-(53)), putting 6y; = y;—y; ,0u; = u; —u;, Vi= 1,23, to
get
(0y16, V1) + (V8Y1, Vvy) + (8y1, 1) — (8Y2,v1) — (By3,v1) =

(fiy1 + Sys,ug + 6uy),vp) — (fi (e, ue), v1) (54a)
(6y,1(0),v) =0 (54b)
(0Y26, V2)*+(V8 ¥5, V1) + (8Y2,v2) + (8y3,v2) + (8y1,v2) =
(f2(y2 + 8y2,uy + 0uy), v2) — (f2(¥2,uz), v2) (55a)
(6y2(0),v,) =0 (55b)
(Y31, V3)+(V8y,, Vv3) + (8Y2,v3) + (8y5,v3) — (8y1,v3) =
(f3(y3 + 8ys3,u3 + 6us), v3) — (f3(y3,us3), v3) (56a)
(6y3(0),v3) =0 (56b)

By substituting v;=46y;, Vi = 1,2,3 in ((54-56)a, and adding the result equations, we apply
Lemma 1 21in [11] for the 15t term in the L.H.S. of, we get
2dt||53’|| + ”53’” = (fi(y1 + 8y, us + 6uy), v1) — (fi(¥1, u1), 6y1)

+(2(y2 + 8y, uy + 6uy), vy) — (f2(y2,uz), 6y2)
+(f3(y3 + 8y3,uz + Suz), v3) — (f3(¥3,u3), 6y3) (57)
The 2™ term of L.H.S. is positive, IBS w.r.t. t from 0 to t, by taking the absolute value, and

using Assumptions (A-ii), it gives Vt € [0, T]
= 2 t - (T = ot
18y @®Il) < 2Ly 1181113 dt + Ly [ I16usli3 dt + Ly [ 1164113 dt +
t = T t
2Ly [ 8y lIG dt + Ly(J, ISuzlI§ dt + [ 118y 1§ dt) +
t = T t
2L3 [, 118ys5lI§ dt + Ls(J, 15usll§ dt + [ 1I8y5lI5)dt
—_— 2 ~ —_ 2 ~ t —_— 2
= 5O, < LS, + L. 1551 de
Where Zl =Mmax {le Zz, Z3}, ZZ =Mmax {2L1+Z1, 2L2+Z2, 2L3 + Z3 }
Applying BGIN, to give

— 2 —_ 2 — SN
[l < M2l = [l < M5l te 0= 5] < M5

L®IL2(Q) — Q

then, ||6y||L2(Q) < M||6u|| , Where M denotes to various constants.

The same prewous way can be used for the R.H.S. of (57) witht =T, to get

fo %81l + 15 1851, de < Lilldul, + L. fy 11651, de
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— 2 ~ = <112
= o851, de < (T, + LM2) |5,

= ||537||iz(w) < M2||51,7||Q, where M denotes to various constants.

Theorem (3.3): With Assumptions (A) the operator % — yy is continuous from(L?(Q))3 in
to (L* (I, L*(£2)))3,or into (L*(1,V))3 is continuous
Proof: let 5u =4 —1% and 8y =y —j where 5 and ¥ are the correspond TSVS to the

CCTCV @ and i resp., using the first results in (theorem 3.1), one has ||y — y ||L°°(IL2(Q) <

thus the operator u ™ yz is Lip

|@ -l ,nowif & ——# theny ———¥,
Q L2 (@)* Leu.v2(@)?
continuous from (L2(Q))3in to (L* (1, L?>(£2)))3. One can easily obtained the other results.
4. Existence of a CCTOCV
To study the existence of a CCTOCV we need the following assumptions and lemma.
Assumptions (B): Consider go; (Vi = 1,2,3) isof CAT on @ X (R X R) which satisfies:
|90 (6, 6,y u)| < noi(x, £) + cou (V) + oz (u)? , Where y;, u; € R with ng; € L'(Q)
Lemma (4.1): If assumptions (B) are held, then u = G,(u) is continuous functional on
(L2(Q)).
Proof: By employing assumptions (B) on go; (x, t,y;, u;), then we apply Lemma 1.2 in [11],
to get fﬂ Joi (x,t,y;, u;)dxdt which is continuous on L?(Q) foreach i = 1,2,3 .
Theorem (4.1): Consider the set W, # 0, the functions fi, Vi = 1,2, 3, have the form
Jiletypu) = fu(t,y) + fio (%, O

With |f;; (x,t,y)] < n;(x,t) + ¢;] y;| where n; € L*(Q) and |fiz (x, t)| < k;,

If Vi =1,2,3, go; is convex w.r.t. u; for fixed (x, t, y;). Then there exists a CCTOCV.
Proof: Since W; is convex, closed and bounded for each i = 1,2,3 then W; X W, X W is

convex, closed and bounded and then it is weakly compact. Because of V_I/A #+ @, then there
exist & €W, and a minimum sequence {i, } with 7, €W, Vk. s.t
LMo Go (i) = infz 7, Go(@).

Since U, EW,, V k, there is a subsequence of {zi,.} say again {i;}, s.t

i, —~deWin (I2(Q)3 and || Tllg < ¢, Vk
From theorem (3.1), for each CCTCV 1, , the W.F of the TSVEs has a unique solution
Vi = Ya, With 1Yl o 12¢0)) » 1Vkll2ey and (1Yl 2y are bounded, then by theorem 2.2
there is subsequence of {y,} say again {J;} s.t. y, — ¥ in LI, L2(2))3 , (L*(Q))3, and in
(L*(1,V))>. Also, from theorem (3.1), ||¥ |l .2(;, v+ is bounded and since
(L2(1,V))° <(L?(@))° = ((L*(@NM® < (L* (U, V))®
So, by the COMTH in [11] a subsequence of {y,} can be found say again {y,}s.t y, — yin
(L2(Q))3. Since Vk, 3, isthe TSVS of the W.F corresponding to the CCTCV 1, then

Vike: V1) + (YY1, VU1) + V1ko V1) — 2k V1) — W3k, V1)

= (fi1(x, 6, y11) + (Fr2(x, £) Ugge, v1) (58)
(Vaker V2) + (Vyor, VU2) + (V2ko V2) + (V380 V2) + (V1 v2)
= (f21(x, &, y2i) + (f22(x, ) Uz, v2) (59)
(Vake v3) + (Vyar, Vo3) + (V3k,V3) + Uik v3) — (Varo V3)
= (f31(x, £, y3x) + (f32(x, t) ugg, v3) (60)

Let @; € C[I], then MBS of ((58)-(60)) by ¢;(t) (Vi = 1,2,3) resp. with ¢;(T) = 0, then
IBS w.r.t t from 0 to T and then using IBPS for the 15¢ term in the L.H.S., one gets

- fOT(YUo V1) $1(8)dt + fOT[(Vylk' Vv1)@1(8) + V1r V1) 91(8) — ok, 1) @1 (1) —

st 1)1 (D]dt = [ (i1 (0t Y1), 1)1 (Ot + [} (Fiz2(6,1) gge, v101 (1)) dt +
(v1£(0),v1) ¢1(0) (61)
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- fOT(ka' v,) g (t)dt + fOT[(VYZk: V)92 (t) + (Vo V2)92(8) + (Vak, v2)92(8) +

Y1k, V2) @2 (D)]dt = fOT(f21(x’ t, Y2), V2 )2 (t)dt + fOT(fzz(x: ) Uk, V202(8)) dt +
. ()T’Zk(o)»vz) ¢2(0) (62)
= Jy W31 v3) G3(O)dt + [ [(Vysi, Vo393 (t) + (Vsr v3) @3 (t) + (V1 v3)@3(t) —

(Var, v3)@3(D)]dt = fOT(f31(x' t,¥3x), V3 )3 (O)dt + fOT(f32 (x, ) uzg, v3@3(t)) dt +

(73x(0),v3) 3(0) (63)
Since y, — yin (L2(Q))3, and in (L2(1,V))3, then

- fOT(J’1k;V1) $1(t)dt + fOT[(V}’1k’VV1)<P1(t) + V1o v)91(8) = Y2 v1) @1 (1) —
sk v)@1(O)dt = = [ (5, v1) fr(O)de +
fOT[ (Vy1, V1) 91(8) + (71, v1) 91 () — (V2, v1) 01 (1) — (¥3, v1) 1 (D)]dt (64)

- fOT(ka' v,) 4 (t)dt + fOT[(VJ’Zk» V) 92() + Vo, 2)02(8) + (V3r, v2)92(8) +
(V1w V2) @2 (B)]dt = — fOT(YZ» v,) P (8)dt +

fOT[ (Vy2, Vu2) @2 (8) + (2, v2) 92 (t) + (73, v2) 92 (8) + (y1, v2) @2 (8)]dt (65)
- fOT(Y3k;U3) @3(t)dt + fOT[(V}’3k:VU3)<P3 (©) + V3, v3)@3(t) + (V1 V3) @3 (t) —
2k v3)P3 (D1t = = J| (73,v5) s (D)t +

foT[ (Vys, Vvs) @3(6) + (73, v3) 93 (8) + (71, v3) 93 (8) — (2, v3)3(2)]dt (66)
Since ¥, (0) are bounded in (L?(£2))3and from theorem 2.1 one has
i (0), ) :(0) = (¥, v;)e;(0) , fori =1,2,3 (67)

Let w; =v;¢;, then for fixed (x,t) €Q, fi1(x, t, y;)w;is continuous w.r.t.y;,, from
Assumptions on f;; and then by applying Proposition 3.1in [12], for i = 1,2,3 the integral
fQ fir (Vi )widxdt is continuous w.r.t. y;, but vy — y; in L2(Q), then

fQ fi( Yik)Width_’fQ fir(y)widxdt, Vw, € C[Q] (68)
Since uy, — u; in(L?(Q), with |fi,| < k; , then
fQ(le (x’ t)uik’ vi) dxdt — fQ(le (x, t)uil vi) dxdt (69)

Finally, we use ((64)-(66)), ((67)-(69)) in ((61) -(63)), to obtain that
— [ G, v0) G1.(Odt + [ [(Ty1, V01) 91 (8) + (31, v)91.(8) = (72, 1)1 (£) —
(v3, v, (t)]dt
= fOT(fn(x: t,y1), v1) @1 (8)dt + fOT(fu (x, ug, v) @1 (O)dt + +(7, v1) 91 (0) (70)
— [ 072, v2) G2(O)dt + [ [(Vy2, V02)9,(8) + (72, v2) 02 (1) + (3, 1) (8) +
(1, v2) @2 (D)]dt = fOT(f21(x' t,¥2), v2)@2(t)dt + fOT(fzz(x' t)uy, v2) @, (D)dt +
(yg, v,)2(0) (71)
— [) 73, v3) G5 (Ot + [ [(VY31, V03)@3(0) + (73, )95 (8) + (71, v3) 03 (6) —
52, v3)@3(D1dt =[] (f31(x, 8, ¥3), v3)93(O)dt + [ (fa2(x, ) us, v3) @3 (H)dt +
(2, v3)93(0) (72)

Equations (70-72) are held for each v; € V, Vi = 1,2,3, since C[{2]is dense in V.
Casel: Choose ¢; € D[I]for i = 1,2,3 s.t. ¢;(T) = 0 and ¢;(0) = 0, by using IBPs for the

15¢ term in the L.H.S. of (70- 72) , we get

f0T<)’1t» v1) @, (D)dt +
LT 1y1, Vo) @1 (6) + (1, v)91.(8) = (072, v) 91 () — (75, 1)1 ()]t =
[ (et y0, 01 )@r (Ot + f (fia (0 wy, v 1 (8))dt (73)
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fOT(th' v,) @, (t)dt +

1 1(y2, V02)02(6) (2, ) 95 () + (73, 12)95 () + (11 )02 (D)1dt =

fOT(f21(x; t,y2), V2 )2 (t)d + fOT(fzz(x’ ) Uy, v2) P, (1)) dt (74)
Jy 3, v3) @3 (D)t +

f()T[(V)’3'VV3)‘P3(t) + (73, v3)93(8) + (1, v3)03(0) — (2, v3) @3 (B)]dt =

Jo Fs1Ge 635,03 )05 (Ot + [ (fa2 0,0 s, v3) 5 (D)) dt (75)

=

(Y16, v1) + (Vy, Vo) + (y1,v1) — (72, v1) — (3, v1)
= (fult,y0),v1) + (fiz(x,t) ug, vyp)

(V26 2) + (Vy2, Vuo) + (72, v2) + (¥3,v2) + (31, v2)
= (f21(x, £, ¥2),v2) + (f22(x, t) up, v3)

(V36 v3) + (Vy3, Vus) + (y3,v3) + (1, v3) — (V2 v3)
= (510, t,¥3),v3) + (f32(x, £) u3, v3)

Which means that y satisfies the W.F of the TSVEs.

Case2: Choose ¢; € C[I], for i = 1,2,3 s.t. ¢;(T) = 0 and ¢;(0) # 0, also using IBPs for
the 15¢ term in the L.H.S. of (73-.75), it gives

— Jy G v1) @1t + [ [(Ty1, V)@ (6) + 31, v) 91 (8) — (3, 1) (1) —
(y3, v (D)]dt = fOT(fn(x: t,y1), v1) @1 (t)dt + fOT( f12(x, ) ug, v1p1 () dt +
(¥1(0),v1)91(0) (76)
— Jy 02, v2) G20t + [ [(Vy2, V0)02() + (2, v2) 02 (6) + (v5, )92 (1) +
(1, v2)@a(B)]dt = fOT(f21(x: t,y2), v2) @, (O)dt + fOT(fzz(x' t) Uz, V22 (t)dt

+(2(0) ,v2)9,(0) (77)
— [} 33, v5) G5 (Ot + [ [(VY31, V03)@3(0) + (73, 7393 (8) + (71, v3) 03 (6) —

(2, v)@3(D]dt = [ (o1 (0, t,75), v)@3 ()t + [ (faz(x,8) us, v393(D)dt +

(¥3(0) v3)93(0) (78)
By subtracting ((76)-(78)) from ((70) - (72)) one obtains that

@i(0), D9 (0) = (7, v)pi(0) = ¥ = y,(0), Vi=123,
Then y is a solution of the TSVES .
Now, for each Vi = 1,2,3, we have from Lemma 4.1 fQ Joi (x,t,y;,u;)dxdt is continuous on
L?(Q) foreach i = 1,2,3 , but u;(x, t) € U; a.e. in Q and U; is compact, then by Lemma 4.2 in
[12],

fQ 90i (X, t, Yik, Uk) dxdt — fQ Goi (X, t, ¥, ug) dxdt (79)
But goi(x, t, y;, u;) is convex and continuous w.r.t. u;. Therefore
fQ Goi (%, t,y;,u;) dxdt < limy_, inf fQ oi (x, t, v, uy,) dxdt

= limyo0 INf [, goi (%, £, yi, wire) dxdt — goi (x, £, Vi, wsre) ) dxdt
+ limy_,e inf fQ Goi (%, t, Vi, Wi ) dxdt (for i =1,2,3)

Then by (79), one obtains that
fQ Joi (%, t, Vi, u;) dxdt < limy_,, inf fQ Goi (%, t, Vi, Uir) dxdt
i.e. Go(d) is W.L.S.C. w.rt. (¥,1),
Since Go (i) < limy o inf Go (tk) = limye Go (tix) = infegy, Go (k)
= Go(i) = min=_ G,(T;) = U isa CCTOCV.

UEW 4

Conclusions: Under suitable conditions and for fixed CCTCV, the MGA with the COMTH
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are successfully used to prove the existence and the uniqueness theorem of the TSVs for the
TNPPDEs. The continuity of the Lipschitz operator between the CCTCV and the
corresponding TSVEs is proved. Under a suitable conditions the existence theorem of a
CCTOCV for the continuous classical optimal control governing by the TNPPDEs, is also
proved.
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