Mohsen

Iragi Journal of Science, 2022, Vol. 63, No. 9, pp: 3854-3860
DOI: 10.24996/ijs.2022.63.9.17

o M M —

! "‘}‘f"
Tournal of
Science

Y e
ISSN: 0067-2904

Solvability of (A, p)-Commuting Operator Equations for Bounded

Generalization of Hyponormal Operators

Salim Dawood Mohsen

Department of Mathematics, College of Education, AL-Mustansiriyah University, Baghdad, Iraq

1.

Introduction:

Received: 19/4/2021 Accepted: 17/11/2021 Published: 30/9/2022

Recently, new generalizations have been presented for the hyponormal operators,
which are (N, k)-hyponormal operators and (h, M)-hyponormal operators. Some
properties of these concepts have also been proved, one of these properties is that the
product of two (N, k)-hyponormal operator is also (N, k)- hyponormal operator and
the product of two (h, M)-hyponormal operators is (h, M)-hyponormal operator. In
our research, we will reprove these properties by using the (A,u)-commuting operator
equations, in addition to that we will solve the (A, w)-commuting operator equations
for (N, k)-hyponormal operators and (h, M)-hyponormal operators.
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Many mathematical researchers have presented many studies on the concept of
hyponormal operators, some of them have studied the properties of hyponormal operators and
their relationship to normal operators, while others have introduced new types of
generalizations for hyponormal operators. In [1], B. P. Duggal and I. H. Jeon gave some
results on p-quasi-hyponormal operators. In (2015), A. Gupta and K. Mamtani [2] show that
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the unbounded hyponormal operators are satisfied Weyl’s theorem. In (2016), A. Tajimoti [3]
solved the A- commuting operator equation ST = ATS for M-hyponormal operators. In (2017),
V. Lauric [4] gave the sufficient conditions that make hyponormal operators almost normal
operators. In (2019), J. T. Yuan and C. H. Wang [5] proved that if T is (p, k)-
quasihyponormal operator, then T satisfied the Fuglede — Putnam Theorem. In (2020), S. M.
S. Nabavi Sales [6] introduced the hyponormal property. In this paper, the space H will be a
complex Hilbert space and all operators defined on H are bounded linear operators.

Definition 1 [7]

Let H be a Hilbert space and T: H —» H be a bounded linear operator, then T is called self-
adjoint operator if T = T*.

Definition 2 [3]

Let T:H — H be a bounded linear operator. A self-adjoint operator T is called a positive
operator if (Tx,x) = 0 forall x € H. Itis called strictly positive if (Tx,x) = 0 only if x = 0.
Definition 3 [7]

Let T:H — H be a bounded linear operator, then T is said to be unitary operator if TT* =
T'T=1
Definition 4 [8]

Let T: H — H be a bounded linear operator, then T is called hyponormal operator if T*T >
TT*, that is (T*Tx,x) = (TT*x,x), foreveryx € H.

Definition 5[9] :

Let T:H — H be a bounded linear operator, and et N: H — H be a positive bounded linear
operator, such that NT = TN. The operator T is said to be (N, k)- hyponormal operator if
NT*TK > TXT*, for all positive integer k.

Definition 6 [9]:

Let T,h : H — H be bounded linear operators, such that hT = Th, hT* = T*h. The operator
T is said to be (h, M)-hyponormal operator if there exists a positive real number M > 1, such
that MhT*T > TT"h.

Definition 7 [10]

Let S, T: H — H be bounded linear operators on a Hilbert space H, then S and T are said to
be (A, p)- commuting operators if satisfy ST=A TS and ST* = uT*S, where A, p € C\{0}.
Theorem 8 [9]

Let S:H—>H be (N1, k)-hyponormal operator and T:H — H be (N2, k)-hyponormal
operator on a Hilbert space H, then (ST) is (N, k)-hyponormal operator if ST = TS, ST* =
T*S, and SN, = N,S, then ST is (N, k)-hyponormal operator, where N = N;N,.

Theorem 9 [9]:

Let S:H — H be (h, M1)-hyponormal operator, and let T:H — H be (h, M2)-hyponormal
operator, then (ST) is (h, M)-hyponormal operator if ST =TS, ST* =T"S, where M=
M;M,.

2. Mean Results

To introduce the solution of the (A, p)- commuting operator equations for (N, k)-

hyponormal operators, the following theorem is given.

Theorem 1: -

Let S,T:H - H be (A, pn)-commuting operators, and N,,N,:H — H be positive non-zero
bounded linear operators, then

If S and S* are (N1, k)-hyponormal operators and T is (N2, k)-hyponormal operator, then

Al < (lIN1[[lIN21D2 and |u| = ([INy[[lIN21))"2 .
If S and S* are (N1, k)-hyponormal operators and T* is (N2, k)-hyponormal operator, then

1 1
IAl = (IIN¢[[IIN2]D)7 2 and |u| < (|IN{[[IN2|D= .
Proof: -
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i) Since S, T are (A, p)-commuting operators, then ST=A TS and ST* = uT*S
ISTI = [AITSII

1 1
= IMIICTS)(TS)"|I2 (Since | T|| = [ITT||z )
= [AITSS*T*||2

1

2

= Al ||§SS*TT*

2

<l ”gNlS*STT*

(Since S is (N1, k)-hyponormal operator)
1

2

Z||E
< |AIN [z || S*STT™

P

1
= IMIIN |J2 || TT*S™S

1

2 (Since T is (N2, k)-hyponormal operator)
1

1
< IMIIN |f2 || £N,T*TS™S

2

< [AICINS [HINZ Dz

E * *
7\TTSS

= NN D2 [ 5Ty s
= ||-1|(”N1””N2”)%”ST” ) )
Therefore, [[ST|| < [pl(IIN¢[[INz|Dz]ISTI| ,Whlich implies [u| = ([IN[[[[N2])"=.
Now, we have to show that |A| < (|[N]|[|IN;]|) 2. Since ST* = u T*S, then
IST*|| = [pllIT*S]] )
= IMIII(T*S)*(T:‘S)IIE
= |pll[S*TT*S|z

P

= |yl ”}\—IHS*STT*

2

< |ul ”7\_111 N,SS*TT* (Since S* is (N1, k)-hyponormal operator)
1
2

l 1 * *
< [Ny Iz || 2 SS™TT

1
2

l 1 * *
= IllIN I | TT°ss

1

2

l 1 * *
< |pullIN |2 ﬁNzT TSS

(Since T is (N1, k)-hyponormal operator)

2

< uIAIN N D2

1 * *
ﬁT TSS

2

= [l (NN 7 [y (ST ST

Mz
1 E—
= m(”NlllllNZ)”)ZHST |

. 1 1 N .. . 1
Therefore; [[ST*|| < o (IIN4[[lIN2)ID=1IST I, this implies [A] < (N4 [[IN[1) >

i) Similarly, [A| = (IIN[[lIN2[)"2 and [p] < (IIN4[l[IN2|D?2, if S and S* are (N1, k)-
hyponormal operator and T* is (N2, k)-hyponormal operator. m
Theorem 2: -
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Let S,T:H - H be (4, w)-commuting operators, and N;, N,: H — H be positive bounded
linear operators, such that S is (N1, k)-hyponormal operator and T is (N2, k)-hyponormal
operator, N,S = SN, , (ST)* = S¥T*and |u| < 1, then ST is (N, k)-hyponormal operator,
where N = N1N2
Proof: -
(STY*(ST)* = S¥T*T*S* (Since (ST)* = SkT*)

= ASKTkS*T* (Since ST=1 TS)

= AL kSKS*TRT*  (Since ST* = uT*S)

< At kN, S*SkN,T*T* (Since S is (N1, k)-hyponormal operator and

Tis (N2, k)- hyponormal operator)

= AL ¥N,;N,S*S*T*T* (Since N,S = SN,)

= A u*NS*T*S*T¥ (Since N = N1N2)

— |[l|2kNT*S*Ska

= |u|**N(ST)*(ST)*

< N(ST)*(ST)*
Therefore, (ST) is (N, k)- hyponormal operator.
Theorem 3: -
Let S,T:H - H be (2, w)- commuting operators and N;,N,: H - H be positive bounded
linear operators, such that S* is (N1, k)-hyponormal operator, T is (N2, k)-hyponormal

operator, SN2=N2S, (S*T)* = S*T* and |A| > 1, then S*T is (N, k)-hyponormal operator,
where N = N1IN2.

Proof: -

(S*T*(S*T)* = S*“T*T*S (Since (S*T)k = §*“Tk)
= MS* “TksT*
= is* “sTkT*

< Ak N,SS* NZT T* (Since S* is (N1, k)-hyponormal operator and

T is (N2, k)-hyponormal operator)
= i NN, SS*“T*T* (Since SN2=N2S)

N ST*S*“T*k

|A|2k
N T*SS*“T*k

= N (ST (S"T)*

< N (S*T)*(S*T)* (Since |A|>1)
Now, to solve the (1, p)-commuting operator equations for (h,M)-hyponormal
operators , the following theorem is given.
Theorem 4: -

Let S,T:H = H be (4, w)-commuting operators and h: H - H be unitary bounded linear
operator, then

If Sand S* are (h, M1)-hyponormal operators and T is (h, M2)- hyponormal
operator, then |A]| < (M;M,)z and |u| = (M M,) 2
If Sand S* are (h, M1)-hyponormal operators and T* is (h, M2)-hyponormal operator, then
Al = (MyM)" 2 and |u| < (M1 M) 2 .
Proof: -
i)
1
ISTI| = I(ST)Y(ST)*|I2

|A|2k
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1
= |[STT*S™||

1
2 (Since S and T are (4, u)-commuting operators)
1

(Since h is a unitary operator)
1

< ||t MySS*RT*Th*||? (Since T is (h, M2)-hyponormal operator)
< ||Ai& MyM,hS*ST*Th* 1
= ||A1p1? MyM,hS*T*STh*||
= [[lu]? MyMahT"S*STH"||2
= 11l (M My | (STRY" (SR
|.U|(M1M2) || STh*||
IMI(Mle) | (STR*)(STh ) Iz
|.U|(M1M2) || STh*hT™ 5 ||2
|.U|(M1M2) || STIT*S* ||2
IMI(Mle) I STT"S* ||z
|.U|(M1M2) I (ST)(ST)* Iz
|.U|(M1M2) |IST| ) )
Therefore, we have ||ST|| < |u|(M{M,)z||ST||. Hence, |u| = (M M,) 2
Now, we have to show that || < (M;M,) %,
ISTl = ISy STz
= ||IT*S*ST||>
= IT*S*SIT|2
= IT*S*ShR° T2
< |M,T*hSS*h°T||2
= My2 | (T hS)(T*hS) Il
= M12 (7RSI
= M12 I(T*hS)*(T" hS)IIZ
= M12 [|S*h*TT* hSIIz
< M12 ||M25 h*hT"* TS||2
= (M1M2)2 |S*IT™ TS”2
= (M1M2)2 ”S T* TSHZ

z (Since S is (h, M1)-hyponormal operator)
1

= (M1M2)2

= (M,M,): m ISTY (ST
= (MyM)z 1T

[~

1 1
Therefore, we get ||ST|| < (M;M,)z — ||ST||, which implies |1] < (M;M,)z .

|
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1 1

ii) By similar way, we can obtain |A| = (M;M,) 2z and |u| < (M;M,) 2, if S and S* are (h,
M1)-hyponormal operator and T* is (h, M2)-hyponormal operator. m
The following theorem shows that the product of (h, M)-hyponormal operators is (h, M)-
hyponormal operator by using the (1, )- commuting operator equations.
Theorem 5: -
Let S:H — H be (h, M1)-hyponormal operator and T:H — H be (h, M2)-hyponormal
operator, such that S and T are (A, pu)-commuting operators. If |u| < 1, then ST and TS are (h,
M)-hyponormal operators, where M = M1M2.
Proof: -
(ST)(ST)*h = STT*S*h

= ATST*S*h (Since ST=ATS)

= AuTT*SS*h (Since ST*=u T*S)

< AuMTT*hS*S (Since S is (h, M1)-hyponormal operator)

< AuUM{M,hT*TS*S (Since T is (h, M2)-hyponormal operator)

= Au|*MhT*S*TS

= |u|?MhT*S*ST

< Mh(ST)*(ST) (Since || < 1)
Therefore; ST is (h, M)-hyponormal operator.
Similarly, TS is (h, M)-hyponormal operator. [
Theorem 6: -
LetS,T: H — H be (4, w)-commuting operators, such that S* is (h, M1)-hyponormal operator,
T is (h, M2)-hyponormal operator and |1| > 1, then S*T and TS* are (h, M)-hyponormal
operators, where M =M1M2 .
Proof: -
(S*T)(S*T)*h = S*TT*Sh

= %TS*T*Sh (Since ST*=u T*S)

= iTT*s*Sh (Since ST=ATS)

H—l_ 1TT*hSS™ (Since S* is (h, M1)-hyponormal operator)
H—l_ 1M,hT*TSS* (Since T is (h, M2)-hyponormal operator)
1 .

_WMhT STS

| Mth(s T) (S*T)

< Mh(S*T)*(S*T) (Since |A| = 1)
Hence, S*T is (h, M)-hyponormal operator.
Similarly, we can get TS* is (h, M)-hyponormal operator. [
Conclusions
in this article, the Solvability of (A, n)-commuting operator equations for (N, k)-hyponormal
operators and (h, M)-hyponormal operators have been found. The (N, Kk)-hyponormal
operators and (h, M)-hyponormal operators are new generalizations of the hyponormal
operators. Further, we use the (A,u)-commuting operator equations for having some properties
of these concepts. We show that the product of two (N, k)-hyponormal operator is (N,k)-
hyponormal operator and the product of two (h, M)-hyponormal operators is (h, M)-
hyponormal operator.

3859



Mohsen Iragi Journal of Science, 2022, Vol. 63, No. 9, pp: 3854-3860

References

[1] B.P. Duggal and I. H. Jeon, “On p-quasi-hyponormal operators,” Linear Algebra
Appl., vol. 422, no. 1, pp. 331-340, 2007.

[2] A. Gupta and K. Mamtani, “Weyl type theorems for unbounded hyponormal
operators,” Kyungpook Math. J., vol. 55, no. 3, pp. 531-540, 2015.

[3] A. Tajmouati, A. El Bakkali, and M. B. Ahmed, “ON {\lambda}-Commuting
Operators,” arXiv Prepr. arXiv1607.06747, 2016.

[4] V. Lauric, “Remarks on hyponormal operators and almost normal operators.,” Le Mat.,
vol. 72, no. 1, pp. 3-8, 2017.

[5] J.-T. Yuan and C.-H. Wang, “Fuglede—Putnam type theorems for (p, k) $(p, k) $-
quasihyponormal operators via hyponormal operators,” J. Inequalities Appl., vol. 2019,
no. 1, pp. 1-11, 2019.

[6] L F.Z. Bensaid, S. Dehimi, B. Fuglede, and M. H. Mortad, “The Fuglede theorem and
some intertwining relations,” Adv. Oper. Theory, vol. 6, no. 1, pp. 1-8, 2021.

[71 E.Kreyszig, “Introductory functional analysis with applications. Jonh Wiley & Sons,”
Inc., New York, 1978.

[8] M. H. Mortad, An operator theory problem book. World Scientific, 2018.

[9] A. Benali and M. H. Mortad, “Generalizations of Kaplansky’s Theorem Involving
Unbounded Linear Operators,” Bull. Polish Acad. Sci. Math., vol. 62, no. 2, pp. 181-
186, 2014.

[10] K. Rasimi, A. Ibraimi, and L. Gjoka, “Notes on A-commuting operators,” Int. J. Pure.

Appl. Math, vol. 91, pp. 191-196, 2014.

3860



