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Abstract: 

Recently, new generalizations have been presented for the hyponormal operators, 

which are (N, k)-hyponormal operators and (h, M)-hyponormal operators. Some 

properties of these concepts have also been proved, one of these properties is that the 

product of two (N, k)-hyponormal operator is also (N, k)- hyponormal operator and 

the product of two (h, M)-hyponormal operators is (h, M)-hyponormal operator. In 

our research, we will reprove these properties by using the (,)-commuting operator 

equations, in addition to that we will solve the (, )-commuting operator equations 

for (N, k)-hyponormal operators and (h, M)-hyponormal operators. 

Keywords: (N, k)-hyponormal operators, (h, M)-hyponormal operators, 

Bounded linear operators, hyponormal operators, Hilbert spaces. 

 لتعميمات المؤثرات المقيدة فهق الدهية (, )-حل المعادلات الأبدالية 

 سالم داود محدن
 .كلية التربية، الجامعة الطدتظصرية، بغداد، العراققدم الرياضيات، 

 الخلاصة

( و الطؤثر فهق الدهي N,k) -مؤخراً تم تقديم تعطيطات جديدة للطؤثرات فهق الدهية وهي الطؤثر فهق الدهي 
(h,M وقد تم برهظة بعض الخهاص لهذه الطفاهيم من هذه الخهاص ان حاصل ضرب مؤثرين من نهع فهق ,)

( هه ايضا h, M)-( و حاصل ضرب مؤثرين من نهع فهق الدهي N,kهه مؤثر فهق الدهي )( N, kالدهي )
(. في بحثظا هذا سهف نقهم بأعادة برهظة هذه الخاصية بأستخدام معادلات الطؤثرات h,Mمؤثر فهق الدهي )

 ,N)–هق الدهية ( للطؤثرات ف, )–( بلأضافة الى انظا سهف نقهم بحل الطعادلات الأبدالية , ) –الابدالية 
k و الطؤثرات فهق الدهية )–(h, M.) 

1. Introduction: 

     Many mathematical researchers have presented many studies on the concept of 

hyponormal operators, some of them have studied the properties of hyponormal operators and 

their relationship to normal operators, while others have introduced new types of 

generalizations for hyponormal operators. In [1], B. P. Duggal and I. H. Jeon gave some 

results on p-quasi-hyponormal operators. In (2015), A. Gupta and K. Mamtani [2] show that 
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the unbounded hyponormal operators are satisfied Weyl’s theorem. In (2016), A. Tajimoti [3] 

solved the - commuting operator equation ST = TS for M-hyponormal operators. In (2017), 

V. Lauric [4] gave the sufficient conditions that make hyponormal operators almost normal 

operators. In (2019), J. T. Yuan and C. H. Wang [5] proved that if T is (p, k)-

quasihyponormal operator, then T satisfied the Fuglede – Putnam Theorem. In (2020), S. M. 

S. Nabavi Sales [6] introduced the hyponormal property. In this paper, the space H will be a 

complex Hilbert space and all operators defined on H are bounded linear operators. 

Definition 1  [7] 

   Let H be a Hilbert space and       be a bounded linear operator, then T is called self-

adjoint operator if      . 
Definition 2 [3] 

   Let       be a bounded linear operator. A self-adjoint operator T is called a positive 

operator if 〈    〉     for all    .  It is called strictly positive if 〈    〉    only if x = 0. 

Definition 3  [7] 

   Let       be a bounded linear operator, then T is said to be unitary operator if      
     . 
Definition 4  [8] 

   Let       be a bounded linear operator, then T is called hyponormal operator if      
   , that is 〈      〉  〈      〉,   for every    . 

Definition 5[9] : 

   Let       be a bounded linear operator, and et        be a positive bounded linear 

operator, such that      . The operator T is said to be (N, k)- hyponormal operator if 

          , for all positive integer k. 

Definition 6 [9]:  

   Let         be bounded linear operators, such that              . The operator 

  is said to be (h, M)-hyponormal operator if there exists a positive real number    , such 

that            .  

Definition 7 [10] 

   Let         be bounded linear operators on a Hilbert space H, then S and T are said to 

be (λ, μ)- commuting operators if satisfy ST=λ TS and ST* = μT*S, where λ, μ     * +. 
Theorem 8 [9] 

   Let       be  (N1, k)-hyponormal operator and       be (N2, k)-hyponormal 

operator on a Hilbert space H, then (ST) is (N, k)-hyponormal operator if           
      and          , then    is (N, k)-hyponormal operator, where       . 

Theorem 9 [9]:  

   Let       be (h, M1)-hyponormal operator, and let        be (h, M2)-hyponormal 

operator, then (ST) is (h, M)-hyponormal operator if       ,         , where    
    . 
2. Mean Results  

   To introduce the solution of the (λ, μ)- commuting operator equations for (N, k)- 

hyponormal operators, the following theorem is given. 

Theorem 1: - 

Let         be (λ, μ)-commuting operators, and            be positive non-zero 

bounded linear operators, then 

If  S and S* are (N1, k)-hyponormal operators and T  is (N2, k)-hyponormal operator, then 

| |  (‖  ‖‖  ‖)
 
 

   and | |  (‖  ‖‖  ‖)
  
 

  . 

If  S and S* are (N1, k)-hyponormal operators and T*  is (N2, k)-hyponormal operator, then 

| |  (‖  ‖‖  ‖)
  
 

   and | |  (‖  ‖‖  ‖)
 
 

   . 
Proof: - 
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i) Since S, T are (λ, μ)-commuting operators, then ST=λ TS and ST* = μT*S 

‖  ‖  | |‖  ‖ 

           | |‖(  )(  ) ‖
 

           (Since ‖ ‖  ‖   ‖
 

   ) 

           | |‖      ‖
 

  

           | | ‖
 ̅

 
      ‖

 

 
 

           | |‖
 ̅

 
   

     ‖

 

 
      (Since S is (N1, k)-hyponormal operator) 

           | |‖  ‖
 

 ‖
 ̅

 
      ‖

 

 
 

           | |‖  ‖
 

 ‖
 

 ̅
      ‖

 

 
 

           | |‖  ‖
 

 ‖
 

 ̅
   

     ‖

 

 
  (Since T is (N2, k)-hyponormal operator) 

           | |(‖  ‖‖  ‖)
 

 ‖
 

 ̅
      ‖

 

 
 

           | |(‖  ‖‖  ‖)
 

 ‖
| | 

| | 
(  ) (  )‖

 

 
 

           | |(‖  ‖‖  ‖)
 

 ‖  ‖ 

Therefore,  ‖  ‖  | |(‖  ‖‖  ‖)
 

 ‖  ‖ , which implies | |  (‖  ‖‖  ‖)
  
 

 . 

Now, we have to show that | |  (‖  ‖‖  ‖)
 
 

 . Since ST* = μ T*S, then 

‖   ‖  | |‖   ‖ 

             | |‖(   ) (   )‖
 

  

             | |‖      ‖
 

  

             | | ‖
 

  
      ‖

 

 
 

             | |‖
 

  
    

    ‖

 

 
         (Since S* is (N1, k)-hyponormal operator) 

             | |‖  ‖
 

 ‖
 

  
      ‖

 

 
 

             | |‖  ‖
 

 ‖
 

 ̅ ̅
      ‖

 

 
 

             | |‖  ‖
 

 ‖
 

 ̅ ̅
   

     ‖

 

 
    (Since T is (N1, k)-hyponormal operator) 

             | |(‖  ‖‖  )‖)
 

 ‖
 

 ̅ ̅
      ‖

 

 
 

             | |(‖  ‖‖  )‖)
 

 ‖
 

| | | | 
(   )(   ) ‖

 

 
 

             
 

| |
(‖  ‖‖  )‖)

 

 ‖   ‖ 

Therefore; ‖   ‖  
 

| |
(‖  ‖‖  )‖)

 

 ‖   ‖, this implies | |  (‖  ‖‖  ‖)
 
 

  

ii) Similarly, | |  (‖  ‖‖  ‖)
  
 

   and | |  (‖  ‖‖  ‖)
 
 

 , if  S and S* are (N1, k)-

hyponormal operator and T*  is (N2, k)-hyponormal operator. ■  

Theorem 2: -  
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Let         be (λ, μ)-commuting operators, and           be positive bounded 

linear operators, such that S is (N1, k)-hyponormal operator and T is (N2, k)-hyponormal 

operator,         , (  )      and |μ| ≤ 1, then ST is (N, k)-hyponormal operator, 

where N = N1N2 

Proof: - 

(  ) (  )             (Since (  )       ) 

                       ̅          (Since ST=λ TS) 

                       ̅  ̅            (Since ST* = μT*S) 

                       ̅  ̅    
      

    (Since S is (N1, k)-hyponormal operator and  

                                                                T is (N2, k)-   hyponormal operator) 

                       ̅  ̅      
        (Since        ) 

                       ̅  ̅             (Since N = N1N2) 

                      | |            

                      | |   (  ) (  )  

                       (  ) (  )   

Therefore, (ST) is (N, k)- hyponormal operator. 

Theorem 3: -  

Let         be (λ, μ)- commuting operators and           be positive bounded 

linear operators, such that S* is (N1, k)-hyponormal operator, T is (N2, k)-hyponormal 

operator, SN2=N2S, (   )    
 
   and |λ| ≥ 1, then S*T is (N, k)-hyponormal operator, 

where N = N1N2. 

Proof: - 

(   ) (   )     
 
       (Since (   )    

 
   ) 

                         
 

 
   

 
      

                         
 

   
   

 
      

                         
 

   
     

      
    (Since S* is (N1, k)-hyponormal operator and 

                                                                 T is (N2, k)-hyponormal operator) 

                         
 

   
        

         (Since SN2=N2S ) 

                         
 

 | |  
         

 
   

                         
 

| |  
         

 
   

                         
 

| |  
   (   ) (   )  

                            (   ) (   )   (Since |λ| ≥ 1 ) 

 Now, to solve the (λ, μ)-commuting operator equations for (h,M)-hyponormal 

operators , the following theorem is given. 

Theorem 4: -  

Let         be (λ, μ)-commuting operators and       be unitary bounded linear 

operator, then 

If  S and S* are (h, M1)-hyponormal operators and T  is (h, M2)-                       hyponormal 

operator, then | |  (    )
 
 

   and | |  (    )
  
 

  . 

If  S and S* are (h, M1)-hyponormal operators and T*  is (h, M2)-hyponormal operator, then 

| |  (    )
  
 

   and | |  (    )
 
 

  . 

Proof: - 

i) 

‖  ‖  ‖(  )(  ) ‖
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           ‖      ‖
 

  

           ‖ ̅ ̅       ‖
 

   (Since S and T are (λ, μ)-commuting operators) 

           ‖ ̅ ̅         ‖
 

         (Since h is a unitary operator) 

           ‖ ̅ ̅     
       ‖

 

  (Since T  is (h, M2)-hyponormal operator) 

           ‖ ̅ ̅       
       ‖

 

  (Since S  is (h, M1)-hyponormal operator) 

           ‖ ̅| |        
       ‖

 

  

           ‖| |        
       ‖

 

  

           | |(    )
 

 ‖ (    ) (    )‖
 

  

           | |(    )
 

 ‖     ‖ 

           | |(    )
 

 ‖ (    )(    ) ‖
 

  

           | |(    )
 

 ‖          ‖
 

  

           | |(    )
 

 ‖        ‖
 

  

           | |(    )
 

 ‖       ‖
 

  

           | |(    )
 

 ‖ (  )(  ) ‖
 

  

           | |(    )
 

 ‖  ‖ 

Therefore, we have  ‖  ‖  | |(    )
 

 ‖  ‖. Hence, | |  (    )
  
 

  . 

Now, we have to show that | |  (    )
 
 

 , 

‖  ‖  ‖(  ) (  )‖
 
  

           ‖      ‖
 

  

           ‖       ‖
 

  

           ‖         ‖
 

  

           ‖   
        ‖

 

  

             
 

  ‖(    )(    ) ‖
 

  

             
 

  ‖(    ‖ 

             
 

  ‖(    ) (    )‖
 

  

             
 

  ‖         ‖
 

  

             
 

  ‖   
        ‖

 

  

           (    )
 

  ‖       ‖
 

  

           (    )
 

  ‖      ‖
 

  

           (    )
 

  ‖
 

| | 
      ‖

 

 
 

           (    )
 

   
 

| |
 ‖(  ) (  )‖

 

  

           (    )
 

   
 

| |
 ‖  ‖ 

Therefore, we get ‖  ‖  (    )
 

   
 

| |
 ‖  ‖, which implies | |  (    )

 
 

  . 
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ii) By similar way, we can obtain   | |  (    )
  
 

   and | |  (    )
 
 

 , if S and S* are (h, 

M1)-hyponormal operator and T* is (h, M2)-hyponormal operator.  ■ 

The following theorem shows that the product of (h, M)-hyponormal operators is (h, M)-

hyponormal operator by using the (λ, μ)- commuting operator equations. 

Theorem 5: - 

Let       be (h, M1)-hyponormal operator and        be (h, M2)-hyponormal 

operator, such that S and T are (λ, μ)-commuting operators. If |μ| ≤ 1, then ST and TS are (h, 

M)-hyponormal operators, where M = M1M2.  

Proof: - 

(  )(  )           

                               (Since ST=  TS ) 

                                (Since ST*=  T*S) 

                            
      (Since S is (h, M1)-hyponormal operator) 

                              
      (Since T is (h, M2)-hyponormal operator) 

                       | |          

                      | |          

                        (  ) (  ) (Since |μ| ≤ 1) 

Therefore; ST is (h, M)-hyponormal operator. 

Similarly, TS is (h, M)-hyponormal operator.                                        ■ 

Theorem 6: - 

Let         be (λ, μ)-commuting operators, such that S* is (h, M1)-hyponormal operator, 

T is (h, M2)-hyponormal operator and |λ| ≥ 1, then S*T and TS* are (h, M)-hyponormal 

operators, where M =M1M2 . 

Proof: - 

(   )(   )           

                         
 

 ̅
         (Since ST*=  T*S) 

                         
 

 ̅ ̅
         (Since ST=  TS ) 

                         
 

 ̅ ̅
    

      (Since S* is (h, M1)-hyponormal operator) 

                         
 

 ̅ ̅
      

       (Since T is (h, M2)-hyponormal operator) 

                         
 

 ̅| | 
         

                         
 

| | 
  (   ) (   ) 

                           (   ) (   ) (Since |λ| ≥ 1) 

Hence, S*T is (h, M)-hyponormal operator. 

Similarly, we can get  TS* is (h, M)-hyponormal operator.                                           ■ 

Conclusions 

in this article, the Solvability of  (, )-commuting operator equations  for (N, k)-hyponormal 

operators and (h, M)-hyponormal operators have been found. The (N, k)-hyponormal 

operators and (h, M)-hyponormal operators are new generalizations of  the hyponormal 

operators. Further, we use the (,)-commuting operator equations for having some properties 

of these concepts. We show that the product of two (N, k)-hyponormal operator is (N,k)- 

hyponormal operator and the product of two (h, M)-hyponormal operators is (h, M)-

hyponormal operator.  
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