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Abstract

The main aim of this paper is to introduce the relationship between the topic of
coding theory and the projective plane of order three. The maximum value of size of
code over finite field of order three and an incidence matrix with the parameters, n
(length of code), d (minimum distance of code) and e (error-correcting of code )
have been constructed. Some examples and theorems have been given.
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1. Introduction

The subject of this research depends on themes of

Projective geometry over a finite field;

Group theory;

Linear algebra;

Field theory;

Coding theory.

The summary history of this theme is shown as follows:

¢ All theorems and definitions of the research are taken from James Hirshfeld [1];

e 1In1986. R. Hill. [2] introduced the fundamental concepts and facts on the coding theory;

e In 2010. N.A.M. Al-Seraji. [3] studied the geometry of the plane of order seventeen and its

application to error-correcting codes;

In 2011. B.A. Al-Zangana Emad. [4] described the geometry of the plane of order nineteen and its

application to error-correcting codes;

e In 1998. Hirschfeld, J. W. P. [5] classified projective geometries over finite fields;

e In 2013. N.A.M. Al-Seraji. [6] considered an almost maximum distance separable codes;

e In (2013). N.A.M. Al-Seraji. [7] described generalized of optimal codes;

e In2012. N.A.M. Al-Seraji. [8] studied the optimal codes;

The following results are interesting to area of research:
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Theorem 1.2 [1] (The sphere packing or Hamming bound)
Aq—ary(n,M,2e + 1) — code C satisfies

M{G) + (D@ - D+ + () - D <q™

Corollary 1.3.[1]Aq — ary (n,M,2e + 1) code C is perfect if and only if equality holds in
Theorem 1.2.
Definition 1.4 [1] A q — ary code C of length n is a subset of (F,)".
Example 1.5 [1] To send just the two messages YES and NO, the following encoding suffices:
YES = 1, NO = 0. If there is an error, say 1 is sent and 0 arrives, this will go undetected. So, add
some redundancy: YES = 11, NO = 00. Now, if 11 is sent and 01 arrives, then an error has been
detected, but not corrected, since the original messages 11 and 00 are equally plausible.
So, add further redundancy: YES = 111, NO = 000. Now, if 010 arrives, and it is supposed that
there was at most one error, we know that 000 was sent: the original message was NO.
2. The classification of cubic curves over a finite field of order 3

The polynomial of degree three g,(x) = x3 —x — 2 is primitive in F; = {0,1,2}, since g,(0) =
1, g,(1) =1 and g,(2) =1, also g,(8) =0, g,(6%) =0, g,(6°) =0, this means §,63,6° are
roots of g, in F33. The companion matrix of g,(x) = x3 — x — 2 in F;[x] generated the points and
lines of PG(2,3) as follows:

0 1 0\*?
P(k):[1,0,0]C(g)’<—1=[1,0,0](0 0 1)  k=1,..,13.
2 10
The points of PG(2,3) are:

P(1) = [1,0,0] P(2) = [0,1,0] P(3) = [0,0,1] P(13) = [2,0,1]
P(4) = [2,1,0] P(5) = [0,2,1] P(6) = [1,2,1]

P(7) = [1,1,1] P(8) = [2,2,1] P(9) = [1,0,1]

P(10) = [1,1,0] P(11) = [0,1,1] P(12) = [2,1,1]

With selecting the points in PG(2,3) which are the third coordinate equal to zero , this means
belong to Ly = v(z) , that is v(z) =tz =2z for all tin F;\{0}and with P(k) =k, we obtain
L; = {0,1,3,9}, that is
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Ly = Llc(g)k_l = Ll(

The lines of PG(2,3) are:
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Figure 1-Drawing of PG(2, 3)

In the following theorem the parameters n, M and d are constructed.
Theorem 2.1: The projective plane of order three is a code with a parameters [n = 13,M = 310,d =
4].
Proof: The plane 75 has an incidence matrix A = (aij), where

(1 if Ped,
“WZ10 if P gt

I W RS P 2 v (v v v
[ oJ oJoJof it ] ofofol]
[ oJoflof ool ] o] o]
[t Joflof ool of ] o]
EI-EIEIEIEIEI-
EIEIEIEIEI

II
I

Lo |
Lo |
Lo |
L]
Lo |
[ o |
o |

S = o ke o N o

L
A
L
HEHEHESAERANES
HHHHIHHHIIHIHH

R

=[0000000000000]
u=[1111111111111]
=[2222222222222]
mi=u+1?i.
That is,
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The remain vectors of code C are constructed combination of z,u,w,#;, m; and v; where i

,13, Note that d(l;,[;) = number of points on exactly one of [;or [;. Then

1, ..

d(z,v;)) =9

du,£;)) =9
d(W,‘Ei) =13

d(u,v;) =13
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If we substitute the values of n = 13,d = 4, e = 1, in inequality of theorem 1.2, we get M = 310,
Hence C is a (13,319, 4)-code.

13 13
3°(4)+(]) -} =30a+20) =310.33 = 313
By Corollary 1.3,therefor C is perfect. ]

The goal of the following theorem is to show that the code C is closed under the operation of
addition modulo 3:
Theorem 2.2: The code € = [n = 13,M = 319,d = 4] which is derived from the projective plane of
order three is linear; that is, the sum modulo 3 of any two element of C isiin C.
Proof: Here is the geometry with P; = i. Wherei =1, ...,13.
Then ¢; + ¢j = a;,wherei,j =1,...,13. such that
a, = 1 & B lies on precisely one of, £;, ¢; and
a, = 0 < P, lies on the third line through £; N ;.
Here‘fi +‘€j, fi + u, ‘Ei +W,‘€i +mi,€i +v; inC.
m; +mj, m; +u, m; +w, m; +v; inC.
v, + v, v +u, v, +winC. [
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