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Abstract

Fuchs introduced purely extending modules as a generalization of extending
modules. Ahmed and Abbas gave another generalization for extending modules
named semi-extending modules. In this paper, two generalizations of the extending
modules are combined to give another generalization. This generalization is said to
be almost semi-extending. In fact, the purely extending modules lies between the
extending and almost semi-extending modules. We also show that an almost semi-
extending module is a proper generalization of purely extending. In addition, various
examples and important properties of this class of modules are given and
considered. Another characterization of almost semi-extending modules is
established. Moreover, the relationships with other related concepts are studied and
discussed

Keywords: Extending modules, Purely extending modules, Almost semi-extending
modules.
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1.  Introduction

Throughout this paper, all rings are commutative with identity and all modules
are unitary left modules. The notation R and M are used to denote a ring and module,
respectively . It is well known that a submodule N of M is called essential (briefly N <, M), if
whenever N n L = (0), then L = (0) for each submodule L of M [1], and a proper submodule P
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of M is called prime, if whenever rm € P forr € R and m € M, then either m e Porr €
(P:rM) [2].

A non-zero submodule N of M is called semi-essential (briefly N <.,,, M), if NNP # (0)
for each non-zero prime submodule P of M. Equivalently, a submodule N of an R-module M
is called semi-essential if whenever NNP = (0), implies that P = (0) for every prime
submodule P of M [3]. A submodule N of M is called closed (briefly N <.M), if N has no
proper essential extensions in M that means if N <, K <M, then N = K [1]. A submodule N
of M is called St-closed in M (briefly N <s;. M), if N has no proper semi-essential extensions
in M, i.e if there exists a submodule K of M such that N <,,,K <M, then N = K [4]. An R-
module M is called extending, (briefly CS-module), if every submodule of M is essential in a
direct summand of M [5]. An R-module M is called semi-extending if every submodule of M
Is a semi-essential in a direct summand of M [6]. A submodule N of an R-module M is a pure
submodule if IMNN=IN for every finitely generated ideal I of R [7, P.30]. An R-module M is
called purely extending if every submodule of M is essential in a pure submodule of M [8].

The aim of this paper is to extend the notion of an extending module to a generalization
that includes the class of purely extending. An element of this class is called an almost semi-
extending module. In fact, purely extending lies between extending and almost semi-
extending module.

This work is organized as follows: In section 2, another characterization of this class of
modules is obtained, see Theorem (2.5). Several important properties of almost semi-
extending are investigated, namely the behavior of the submodules of an almost semi-
extending module and the direct sum of almost semi-extending modules. We also discuss in
Proposition (2.18) either the direct sum of fully idempotent submodules can be almost semi-
extending module or not . Also, the relationships of almost semi-extending with semi-
extending and purely extending modules are considered; see Remark (2.2)(2), Proposition
(2.3), Theorem (2.4), Proposition (2.6), Proposition (2.9), Theorem (2.10) and Theorem
(2.112).

In section 3 of this paper, the relationships of an almost semi-extending module with
other known related concepts are studied such as semi-uniform, F-regular, St-semisimple,
purely y-extending and CLS-modules; see Proposition (3.1), Theorem (3.2), Proposition (3.4),
Corollary (3.5), Proposition (3.6), Proposition (3.7), Proposition (3.8), Proposition (3.9) and
Theorem (3.10). Finally, the conclusions and discussions are given in the last section.

2. Almost semi-extending modules

This section devotes to studying the main properties of almost semi-extending modules.
Also, the relationships of almost semi-extending with semi-extending and purely extending
are given.

Definition (2.1): An R-module M is called almost semi-extending if every submodule of M is
semi-essential in a pure submodule of M.

Remarks (2.2):

1. Every semisimple module is almost semi-extending. In fact, every submodule of
semisimple module is a direct summand. However, every direct summand is pure submodule,
so by definition of almost semi-extending the result is followed.

2. Every semi-extending is almost semi-extending.

Proof (2): Let M be semi-extending and let N is a submodule of M, so that N is a semi-
essential in a direct summand of M. Since every direct summand is pure. Therefore, N is a
semi-essential in a pure submodule.

3. To show that every extending is almost semi-extending. Let N < M. By assumption N is
essential in a direct summand of M. This implies that N is semi-essential in a direct summand
of M [3], hence N is semi-essential in a pure submodule of M. Thus, M is almost semi-
extending.
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4. The converse of (3) is not true in general, for example the Z-module M=Zz@PZ, is a
semi-extending module [6], and by (2), M is almost semi-extending. On the other hand, M is
not extending module [6].

5. Every uniform is almost semi-extending module, where an R-module M is called uniform
if every submodule in M is essential in M [1]. The converse is not true for example the Z-
module Z;, is semi-extending [6], hence it is almost semi-extending Z-module while Zs, is
not uniform, since Z5, contains a submodule (18) of Z5, which is not essential.

The next proposition shows that the converse of Remark (2.2)(2) is not true in general.
However, it is true under certain conditions. We recall that an R-module M is said to be
divisible if M=rM for each non-zero divisor element reR [9, P.33], and an R-module M is
called Noetherian if all submodules of M are finitely generated [1,P.7].

Proposition (2.3): Let M be a divisible module over principle ideal domain R. Then M is an
almost semi-extending module if and only if M is semi-extending.

Proof: Suppose that M is an almost semi-extending R-module, and let N < M, then N is semi-
essential in a pure submodule of M, say L. But M is divisible over principle ideal domain,
thus L is a direct summand of M [7, Corollary (2.9), P.62], and so that M is semi-extending.
The converse is straightforward.

Theorem (2.4): Let M be a finitely generated module over a Noetherian ring R. Then, M is an
almost semi-extending module if and only if M is semi-extending.

Proof: Assume that M is almost semi-extending, and let N be a submodule of M, then there
exists a pure submodule H of M such that N<.,,H. Since M is finitely generated and R is a
Noetherian ring, so that H is a direct summand of M [7, Proposition (2.10), P.62]. The
converse is directly followed.

The following theorem gives another characterization of almost semi-extending
Theorem (2.5): An R-module M is almost semi-extending if and only if every St-closed
submodule in M is a pure submodule of M.

Proof: Suppose that M is an almost semi-extending module, and K is an St-closed submodule
in M. By the assumption, there exists a pure submodule B of M such that K is a semi-essential
in B. But K is an St-closed submodule of M, therefore K=B [4, Remark (1.2)(4)]. Conversely,
let A <M, if A =(0), then it is clear that (0) is semi-essential in a pure submodule which is
(0) itself. For the other case, there exists an St-closed submodule H of M such that A<.,,,H
[4, Proposition (1.4)]. Since H is an St-closed of M, so by assumption H is a pure in M. Thus,
M is an almost semi-extending module.

Proposition (2.6): Every purely extending module is almost semi-extending.

Proof: This follows by the direct implication between essential and semi-essential
submodules.

The converse of Proposition (2.6) is not true in general, as the following example shows.
Example (2.7): Consider the Z-module M=Zg@7Z,.We have to show that M is almost semi-
extending. Note that, the St-closed submodules in M are Z(0,1), Z(4,1) and M itself, and all
of them are direct summand, that is M=Z(1,1)®Z(0,1), M=Z(1,0)®Z(4,1), and M=M(0).
Since every direct summand is pure, therefore each of Z(0,1), Z(4,1) and M is pure in M. By
Theorem (2.5), M is an almost semi-extending module. On the other hand, there exists a
submodule N=Z(2,1) in M, which is generated by the element (2,1), it is closed and does not
pure submodule of M [8, Example (2.4)(4)]. Thus, M is not purely extending.

Recall that an R-module M is called purely semisimple if for each pure submodule N of
M, there exists a direct summand K of M such that K <. N. [10, Definition (3.1.1), P.95].
Before the next proposition, we need the following.

Lemma (2.8): [10, Proposition (3.1.2)]

An R-module M is purely semisimple if and only if every pure submodule of M is a

direct summand of M.

3113



Ahmed et al. Iragi Journal of Science, 2022, Vol. 63, No. 7, pp: 3111-3119

Proposition (2.9): Let M be a purely semisimple module, then M is semi-extending if and
only if M is an almost semi-extending module.
Proof: = It follows by Remark (2.2)(2).
<) Let N <g; M. Since M is an almost semi-extending module, then by Theorem (2,5), N is
a pure. But M is purely semisimple, so by Lemma (2.8), N is a direct summand of M. that is
M is semi-extending.

An R-module M is called fully prime if every proper submodule of M is a prime
submodule [2].
Theorem (2.10): If M is a purely semisimple module, then we have the following:
1. Mis extending if and only if M is purely extending.
2. If M is purely extending, M is almost semi-extending.
If M is fully prime and M is almost semi-extending, then M is extending.
Proof:

(1) It is obvious by the definition of purely extending which was mentioned in [8] For the
other direction, we have assumed that M is purely extending, and N < M. By assumption N is
essential in a pure submodule say H. But M is purely semisimple, so by Lemma (2.8), N is a
direct summand of M.

(2) Itis directly obtained by Proposition (2.6).

(3) Let N be a closed submodule of M. We have two cases: if N = (0), then N is a direct
summand. Otherwise, since M is fully prime, then N is an St-closed submodule in M [4,
Remark (1.8)]. Since M is almost semi-extending, then N is a pure. But M is purely
semisimple, so by Lemma (2.8), N is a direct summand of M, thus M is extending.

Theorem (2.11): If M is a purely semisimple module, then we have the following:
1. If M is extending, then M is semi-extending.
2. If M is semi-extending, then M is almost semi-extending.
3. If M is fully prime, then we have the following two cases:
i) If M is almost semi-extending, then M is extending.
i) If is semi-extending, then M is extending
Proof:
(1) It follows by [6, Remark (1.2)(2)].
(2) It follows by Remark (2.2)(2).
(3)(i) It follows from Theorem (2.10).
(3)(i1) Since M is fully prime, so the result follows directly by [6, Theorem (2.3)].
Remark (2.12): According to the above argument about the three kinds of generalizations;
semi-extending, purely extending and almost semi-extending, we conclude the following
implications:

Extending ———= Semi-extending

Purely extending ——= Almost semi-extending

Proposition (2.13): Let M be almost semi-extending module. For any two submodules A and
B of M, if ANB is an St-closed submodule in M, then ANB is pure in A and B.

Proof: Since M is almost semi-extending module, then by Theorem (2.5), ANB is pure in M.
Now we have ANB < A < M, therefore ANB is pure in A and ANB is pure in B [11,
Proposition (7.2)(2)].

Remark (2.14): The submodule of an almost semi-extending module is not necessary to be
almost semi-extending. In fact, we can take a module M such that it is not almost semi-
extending module, we also consider the injective hull of M, which is denoted by E(M). It is
clear that E(M) is extending, hence it is almost semi-extending. On the other hand, it is known
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that M <,.,,E(M). But M itself is not almost semi-extending module. However, that is true
under certain condition as the following proposition shows.

Recall that an R-module M is called chained if every submodule A and B of M either A
<BorB<AT[12].

Proposition (2.15): Let M be a chained almost semi-extending module. Then, every St-
closed submodule of M is almost semi-extending.

Proof: Let N <g. M, and assume that L <g;. N. Since M is a chained so by [4], L <g¢. M.
But, M is almost semi-extending this implies that L is pure submodule of M. Now, since L <
N, then Lis pure in N [11], that is N is almost semi-extending.

Proposition (2.16): Let M;and M, be fully prime and almost semi-extending modules with
anngM;+anngM, = R, then M; @M, is almost semi-extending.

Proof: If both of M; and M, are zero modules, then trivially M;®M,=(0), and there is no
thing we do. So that (0) # M;®M,. Suppose that (0)zA< M;®M,. Since anng
M;+anniyM, = R, then by similar proof of [13, Proposition (4.2), Ch1], A=C@®D where C <
M; and D < M,. Since A # (0), then either C # (0) or D # (0). We have two cases: the first
case is when C # (0) and D = (0), so that A is a submodule of M;. But M, is almost semi-
extending, therefore A<.,,H, where H is a pure submodule of M;. Now, M, is a direct
summand of M; @®M,, hence it is pure, thus H is a pure in M; @ M, [11]. Second case: C #
(0) and D # (0); Since both of M, and M, are almost semi-extending modules, then C <,,, H
and D <., K, where H and K are pure in M; and M, respectively. On the other hand, M;
and M, are fully prime, therefore C <. H and D <. K [3, Proposition (2.1)]. But H is pure in
M; and K is pure in M, then H®K is pure in M; @ M, [7, Lemma (4.2), P.44 ]. Thus
M; @M, is an almost semi-extending module.

It is known that an R-module M is called multiplication if every submodule of M is of
the form IM, for some ideal | of R [15, P.174]. In addition, we have
(N:M) = {r € R| rM < N}, so M is multiplication if and only if N = (N: M)M [16].

A submodule N of an R-module M is called idempotent if N= Homg(M,N)N, where:
Hompg (M,N)N= Y.{f(N); such that f: M — N is a homomorphismj}.

And if every submodule of M is idempotent, then M is called fully idempotent [17].
We also need the following lemma.
Lemma (2.17):
(1) Let M = N@ L be a multiplication R-module with N and L are fully idempotent
submodules, then M is fully idempotent [14, Theorem (2.11)].
(2) Every submodule of fully idempotent R-module is pure [14, Lemma (2.13)].

Now, we can introduce the following result.

Proposition (2.18): Let M =N @ L be a multiplication R-module with fully idempotent
submodules N and L of M, then M is almost semi-extending.

Proof: Let K <g ;. M. Since N and L are fully idempotent submodules of M, so by Lemma
(2.17)(2), M is fully idempotent module. On the other hand, Lemma (2.17) (2) implies that K
is pure. By Theorem (2.5), M is almost semi-extending.

Theorem (2.19): Let M be an R-module. Assume that for each direct summand N of E(M);
NNM<;. M, then the following statements are equivalent.

1. M is an almost semi-extending module.

2. Every St-closed in M is a pure submodule of M.

3. If N is a direct summand of E(M), then NNM is pure in M.

Proof: (1)=(2) It follows by Theorem (2.5).

(2)=(3): Let N be a direct summand of E(M). By assumption NNM <. M, and by (2), we
have NNM is a pure submodule of M.

(3)=(1): Let N be a submodule of M, and B be a relative complement of N, then NGB <. M
[1, Proposition (1.3), P.17]. Since M <, E(M) therefore N @ B <. E(M) [1, Proposition (1.1)
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(@) P.16]. This implies that E(M) = E(N @©B) = E(N)®E(B). So that E(N) is a direct summand
of E(M). By (3), E(N)~M is pure submodule of M. Now, N<. E(N) and M <. M thus N =
NNM <. E(N)NM [1, Proposition (1.1), P.16]. This implies that N <,,,, E(N)NM which is
pure in M. Therefore, N is semi-essential in a pure submodule of M that is M is an almost
semi-extending module.

We need the following lemma which is appeared in [16], we give another proof.

Lemma (2.20): Let M be a finitely generated faithful and multiplication R-module. If I is a
pure ideal of R, then IM is pure submodule of M.

Proof: Since | is pure ideal of R, so that I n ] = IJ for every ideal J of R. This implies that
(IN]M = (IJ)M. Since R is commutative, then (I n )M = J(IM). But M is finitely generated
faithful and multiplication, then (INJ)M = IM N JM, hence IM N JM = J(IM) That is IM is
pure in M.

Proposition (2.21): let M be finitely generated, faithful and multiplication R-module. If R is
almost semi-extending then M is almost semi-extending.

Proof: Let N <g;. M. Since M is multiplication, so N = IM for some ideal I of R. Moreover,
M is finitely generated, faithful and N <g.. M, so that I <. R [4]. But, R is almost semi-
extending. Therefore, 1 is pure ideal of R. By Lemma (2.20), IM = N is pure submodule of M
that is M is almost semi-extending.

3. Almost semi-extending modules and other related concepts.

The purpose of this section is to study the relationships of almost semi-extending module
with other related concepts such as semi-uniform, regular, St-semisimple, purely y-extending
and CLS-modules.

Recall that a module M is called semi-uniform if every non-zero submodule of M is semi-
essential [3]. so we have the following.

Proposition (3.1): If M is a semi-uniform module then M is almost semi-extending.

Proof: Let N be a submodule of M. If N=(0), then N is semi-essential in itself which is a pure
submodule of M. Otherwise, since M is semi-uniform, then N is a semi-essential submodule
of M, but M is pure in itself so we are done.

The converse of Proposition (3.1) is not true, for example Z,, is almost semi-extending
Z-module, but not semi-uniform, since the submodule (8) of Z,, is not semi-essential
submodule of Z,,.

Recall that an R-module M is called pure simple if (0) and M are the only pure
submodules of M [18].

Theorem (3.2): Let M be a pure simple module. Then M is semi-uniform if and only if M is
almost semi-extending.

Proof: =) It comes from Proposition (3.1).

<) Assume that M is an almost semi-extending module, and N is a non-zero submodule of M.
Since M is almost semi-extending, then N is semi-essential in a pure submodule say H. But M
is pure simple so either H = (0) or M. If H =(0), then N = (0), which is a contradiction. If H =
M, then N is semi-essential in M. Thus M is semi uniform module.

Note that both of Z and Z,~ are pure simple Z-module [18], and we can easily show that
each of them satisfies theorem (3.2).

The next example shows that we cannot drop the condition pure simple from Theorem
(3.2).
Example (3.3): Consider the Z-module Z;,. Note that Z,, is not pure simple module since
there exists (4) = Z,, which is a pure submodule. We know that Z,, is an almost semi-
extending Z-module, since it is semi-extending. On the other hand Z;, is not semi-uniform,
since (4) is not semi-essential submodule of Z;,.
Recall that a module M is called F-regular if every submodule of M is pure [11].
Proposition (3.4): Every F-regular module is almost semi-extending .
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Proof: Let M be an F-regular module and N < M. Since M is F-regular, then N is a pure
submodule of M. On the other hand, N is semi-essential in itself, so we conclude that N is
semi-essential in a pure submodule which is itself (i.e N<,mN). Thus M is almost semi-
extending.
Corollary (3.5): Every fully idempotent module is almost semi-extending.
Proof: The result follows directly by Lemma (2.17)(2) and Proposition (3.4).

Ahmed in [19] defined the St-semisimple module as a module M in which every
submodule is St-closed.
Proposition (3.6): Every St-semisimple module is almost semi-extending.
Proof: Since M is St-semisimple, then every submodule of M is St-closed. This implies that
every submodule of M is direct summand [4, Proposition (1.13)]. But every direct summand
is pure, so by Theorem (2.5), M is almost semi-extending.

Recall that a singular submodule is defined by Z(M) ={x € M, ann (x) <. R}. If Z(M) =
M, then M is called a singular module, and when Z(M) = (0), then M is called nonsingular [1,
P.31].

A submodule N of module M is called y-closed submodule if% IS a nonsingular module

[1,P.42]. A module M is called purely y-extending if every y-closed submodule of M is pure
[20].

We cannot find a direct implication between almost semi-extending and purely y-extending
but in the terms of a nonsingular module, we have the following Proposition.

Proposition (3.7): Let M be a nonsingular module. If M is purely y-extending, then M is
almost semi extending.

Proof: Let N<;. M. Since M is a nonsingular, so that N is y-closed [4]. But, M is purely y-
extending, therefore N is pure, and the proof is finished.

Also, under the class of fully prime modules, purely y-extending is almost semi-extending, as
the following proposition shows.

Proposition (3.8): In the class of fully prime module every almost semi-extending module is
purely y-extending.

Proof: Suppose that M is a fully prime and almost semi-extending module. Let N be a y-
closed submodule in M. If N=(0), then N is clearly pure in M. If N=(0); since M is fully
prime, then N is an St-closed submodule in M. By assumption, N is pure submodule of M,
that is M is purely y-extending.

An R-module M is called CLS-module if every y-closed submodule of M is direct summand
[5].

We do not know if there is a direct implication between this class of module and almost semi-
extending. In fact, we investigate that under certain class of modules as we show in the
following.

Proposition (3.9): Let M be a nonsingular module. If M is a CLS-module then M is almost
semi-extending.

Proof: Let N be an St-closed submodule of M. Since M is nonsingular, then N is y-closed [4,
Proposition (1.24)]. But, M is CLS-module, therefore N is direct summand of M, hence N is
pure submodule of M, so that M is almost semi-extending.

Theorem (3.10): if M is a nonsingular R-module, then we have the following:

1. If M is a CLS-module, then M is a purely y-extending module.

2. If M is a purely y-extending module, then an almost semi-extending module.

3. 1'if M is fully prime and purely semisimple ,and M is an almost semi-extending module,
then M is a CLS-module.

Proof:

(1) Let N be y-closed submodule of M. Since M is CLS-module, then N is a direct summand
of M. This implies that N is a pure submodule of M, and we are done.
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(2) It comes from Proposition (3.7).
(3) Let N be y-closed submodule of M. If N=(0), then clearly N is direct summand of M.
Otherwise, since M is fully prime, then N is a St-closed [4, Proposition (1.23)]. But M is
almost semi-extending, then N is pure. Beside that M is purely semisimple , so by Lemma
(2.8), N is a direct summand of M, hence M is CLS-extending.
Theorem (3.11): If M be a nonsingular and fully prime module, then we have the following
statements:
1. If M is a semi-extending module, then M is an almost semi-extending module.
2. M is an almost semi-extending module if and only if M is a purely y-extending module
3. If M is purely semisimple and a purely y-extending module, then it is a semi-extending
module
4. Proof:
(1) It comes straightforward.
(2) It follows from Proposition (3.8). For the other direction. Since M is nonsingular, so by
Proposition (3.7), we get M is an almost semi-extending.
(3) Let N be an St-closed submodule in M. Since M is a nonsingular, then N is y-closed [4,
Proposition (1.24)]. But M is purely y-extending, therefore N is pure. On the other hand, M is
purely semisimple, so by Lemma (2.8), N is a direct summand of M. Thus M is semi-
extending.
4.  Conclusions and discussions:
In the light of the above results we focus on some point, and we conclude the following:
1. The relationships between almost semi-extending and both of semi-extending with purely
extending modules are studied in Remark (2.2)(2), Proposition (2.3), Theorem (2.4),
Proposition (2.6), Proposition (2.9), Theorem (2.10) and Theorem (2.11).
2. Another characterization of almost semi-extending modules is given in Theorem (2.5).
Some equivalent statements for almost semi-extending under certain condition are given in
Theorem (2.19).
3. The behavior of submodules of the almost semi-extending modules is discussed in
Remark (2.14) and Proposition (2.15).
4. The direct sum of two almost semi-extending modules is studied in Proposition (2.16).
Moreover, we discuss how can the direct sum of fully idempotent submodules is to be almost
semi-extending module. This is done in Proposition (2.18).
5. The relationships of almost semi-extending modules with other related concept are
considered such as semi-uniform, F-regular, St-semisimple, purely y-extending and CLS-
module, see: Proposition (3.1), Theorem (3.2), Proposition (3.4), Corollary (3.5), Proposition
(3.6), Proposition (3.7), Proposition (3.8), Proposition (3.9), Theorem (3.10) and Theorem
(3.112).

Furthermore, some other results are given to describe other important properties of
almost semi-extending modules.
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