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Abstract

In this paper, some new types of regularity axioms, namely pairwise quasi-
regular, pairwise semi-regular, pairwise pseudo regular and pairwise regular are
defined and studied in both Cech fuzzy soft bi-closure spaces (Cfs bicsp’s) and their
induced fuzzy soft bitopological spaces. We also study the relationships between
them. We show that in all these types of axioms, the hereditary property is satisfied
under closed Cfs bi-csubsp of (M,y,,y,, D). Furthermore, we define some
normality axioms, namely pairwise semi-normal, pairwise pseudo normal, pairwise
normal and pairwise completely normal in both Cfs bicsp’s and their induced fuzzy
soft bitopological spaces, as well as their basic properties and the relationships
between them are studied.
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1. Introduction

The concept of a Fuzzy set is introduced by Zadeh [1]. Moldtsov [2] introduced the basic
notions of the theory of soft sets and he presented the first results of the theory. The concept
of fuzzy set and soft set are combined to establish a new concept named fuzzy soft set [3].
Tanay and Kandemir [4] introduced a concept of a topological structure based on fuzzy soft
sets.
Cech [5] introduced the concept of Cech closure spaces. Mashhour and Ghanim [6]
introduced a new concept of Cech fuzzy closure space. They replaced sets with fuzzy sets in
the description of Cech closure space. Rao and Gowri [7] introduced the concept of biclosure
space(M, ¥1,¥5). Such space is equipped with two arbitrary Cech closure operators y; and y,.
Tapi and Navalakhe [8] introduced later the concept of fuzzy biclosure spaces. After the
concept of soft theory appeared by Moldtsov [2], many authors used the principle of soft sets
to introduce the concept of soft Cech closure spaces [9,10]. However, Gowri and Jegadeesan
[11] introduced the concept of soft biCech closure spaces.

Majeed [12] recently established the definition of Cech fuzzy soft closure spaces, which

were motivated by the concept of fuzzy soft set and fuzzy soft topology in Chang’s sense
[13]. Majeed and Maibed also studied the architecture of Cech fuzzy soft closure spaces
including separation axioms and connectedness [14, 15, 16, 17]. As a generalization to Cech
fuzzy soft closure space [12], the concept of Cech fuzzy soft bi-closure spaces (Cfs bicsp's) is
recently presented in [18] and some additional properties have been studied of Cfs bicsp's in
[19].
In the current work, some new kinds of pairwise regularity and normality in Cfs bicsp's are
introduced and studied. In section 3, regularity axioms are defined, namely pairwise quasi-
regular, pairwise semi-regular, pairwise pseudo regular, and pairwise regular in both Cfs
bicsp's and their induced fuzzy soft bitopological spaces. The relationships between them are
also studied. We show that in all these types of axioms, the hereditary property is satisfied
under closed Cfs bi-csubsp of (M, ¥4,v,, D). Finally, in Section 4, some normality axioms are
introduced, namely pairwise semi-normal, pairwise pseudo normal, pairwise normal, and
pairwise completely normal in both Cfs bicsp's and their induced fuzzy soft bitopological
spaces. The relationships between them are studied, and its basic properties are also discussed
as in the previous section.

2. PRELIMINARIES

In this paper, the universe set is denoted by M, the unit interval [0,1]is denoted by I and
I, = (0,1], the set of parameters for M is represented by D and S will be an empty subset of
D. If A is a mapping from M into I, it is named a fuzzy set of M [1]. I’* stands for the
family of all fuzzy sets of M.

Definition 2.1 [20] A fuzzy soft set (fss) As on the universe set M is a mapping from D
to I, that means As:D — I, where As(d) # 0ifd €S D and Ag(d) =0ifd & S,
where 0 is the empty fuzzy set on M. The family of all fss's over M is denoted by
FS(M, D).

Definition 2.2 [21] Let A, ug € FS(M,D) so that we have the following:

1. C/ZS cC Up iff c/qs(d) < ,UB(d), forall 4 € D.

2. clq,g = Up |ﬂ:c/l5 = Ug and UpB - cﬂg.

3. PsuB = c/lg U ug iff pSU'B(d) = c/q,g(d) V‘UB(d), forall 4 € D.

4, PsnB = c/qs M HUB iff pSﬂB(d) = clch(d) /\‘LlB(d), forall d € D.
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5. The complement of Ay is denoted by AS where AS(d) =1 — Ag(d), V d € D, where
1(y) =1Vy e M.

6. A is called null fss, which is denoted by 0p, if As(4) = 0, forall 4 € D.

7. Ap is called universal fss, which is denoted by 1y, if Ap(d) =1, forall 4 € D.

Definition 2.3 [22] A fss As € FS(M,D) is called fuzzy soft point (fs-point), denoted
by x$, if there exists x € M and s € D such that Ag(s)(x) =t (0<t<1) and 0
.Otherwise for all y € M — {x}, the fs-point x; is said to belong to the fss Ag, denoted by
xi € Ag , if for the element x € M, such that t < Ag(s)(x).

Definition 2.4 [21] Let FS(M, D) and FS(W, V') be families of all fss’s over M and W,
respectively. If «: M — W and p: D — N be two functions. Then, f,,, is named fuzzy soft
mapping from FS(M,D) to FS(W, \") and denoted by f,,,,: FS(M,D) — FS(W, \).
1. If As € FS(M, D), then the image of A under the fuzzy soft mapping f,,,, is the fss
over W defined by f,,,,(As), where Vk € p(s), forally € W.

fup (A F) () = {Vu(x)=y (Vps)=k As(s))(x) if x € u (),

0 otherwise.
2. If ug € FS(W, V'), then the pre-image of ug under the fuzzy soft mapping f,,, is the fss

over M defined by f,-} (uz). where Vs € p~1(V), for all x € M.
i i) () () = { PPN (10) for p(s) €3,
0

. .. ) T ~ otherwise.
fup s called surjective (respectively injective) if u and p are surjective (respectively

injective), it is also said to be constant if u and p are constant.

Proposition 2.5 [14] Let f,,,,: FS(M, D) — FS(W, V') be a fuzzy soft mapping and let x be
a fuzzy soft point in M, then the image of x7 under the fuzzy soft mapping f,,, is a fuzzy soft
point in W, which is defined as f,, (x) = u(x)?®.

Proposition 2.6 [14] Let f,,,: FS(M, D) — FS(W, V') be a bijective fuzzy soft mapping and
let y{ be a fuzzy soft point in W, then the inverse image of y/ under the fuzzy soft mapping
fup is a fuzzy soft point in M, which is defined as f,,' (yf)=x{, p(s) = rand u(x) = y.
Definition 2.7 [4] A triple (M, T,D) is said to be a fuzzy soft topological space where T is
the collection of fss’s over M such that.

1. 0p, 1p €T,

2. As,ug €T = AsN ug €T,

3. (As)i ET Vi= Uiy (As); ET.

T is called a topology of fss's on M. Each member of 7 is called an T-open fss ug is called
aT-closed fssin (M,T,D) ifuz €T.

Definition 2.8 [23] A quadruple (M, 73,75, D) is said to be a fuzzy soft bi-topological space
where 73, T, are arbitrary fuzzy soft topologies on M.

In the following, we recall the concept of Cfs bicsp and its fundamental properties for
i,j = 1,2 where i # j. Otherwise , we will mention the value of i and j.

Definition 2.9 [18] A Cfs bicsp is a quadruple (M,¥4,¥,, D), where M is a non-empty set

and yq,v,: FS(M,D) » FS(M,D) are two fuzzy soft closure operators on M which are
correct according to the following axioms:
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(A1) Vi(()D) = 62) '
(A,)As C 7:(As) for all As € FS(M, D),
(43) vi(As U ug) = yi(As) U y;(ug) forall Ag, uz € FS(M, D).

Definition 2.10 [18] A fss Ag of a Cfs bicsp (M, y4,v,, D) is said to be y;-closed (y;-open)
fss if yi(As) = As (vi(A=AE) and it is called a closed fss if and only if y;(y;(As)) =
As.Fori,j =1or 2 wherei # j. The complement of a closed fss is called an open fss.

Proposition 2.11 [18] Let A be a fss of a Cfs bicsp (M, y1,¥2, D). Then,

1. Afuzzy softset Ag is aclosed fss in (M,y,,y,, D) if and only if A is y;-closed fss.
2. If Ag is an open fss in (M, yy,¥2, D), then y;(v;(A$)) = v;(yi(AE)). For i,j = 1 or 2
where i # j.

Lemma 2.12 [18] Let (M, y,,¥,, D) be a Cfs bicsp and if {(Ag),: a € A} is a family of fss's
over M, then y;(Mgea (As)a) EMgen Vi((As)a)-

Now, we need to introduce the following two definitions which we need in the sequel.
Definition 2.13 Let (M, y,,¥,, D) be a Cfs bicsp, the induced fuzzy soft bitopological space
(induced  fs-bits) of (M,y1,y,,D), is denoted by (M,7,,7,D) where
Ty, = {ASvi(As) = As}

1’

Definition 2.14 Let (M, T,,, 7,,, D) be the induced fs-bits of the Cfs bicsp (M, 4,7, D) and
As € FS(M,D). If As €T, ,then A is called an T, -open fss in (M,7,,,T,,,D). The
complement of an 7, -open fss A is a T, -closed fss and if Ay is an 7,,,-open,then A is
called an open fss in (M, 7,,,7,,,D) fori = 1,2.
proposition 2.15 [19] Let (M, yy,¥,, D) be Cfs bicsp and if (M,7,,,7,,,D) is the induced
fs-bits of (M, y4,y2, D), then for any A5 € FS(M, D),the following hold

Ty mint(As) E Inti(As) E As Eyi(As) E Tp-cl(As).

Definition 2.16 [18] Let (M,y1,¥,,D) be a Cfs bicsp and H < M. The quadruple
(H, 1, V2, D) is called a Cech fuzzy soft bi-closure subspace (Cfs bi-csubsp) of

(M, ¥1,Y2,D), where y;,:FS(#,D) - FS(3,D) which is defined by y;, (As) = Hp N
vi(Ag) for all Ag € FS(H,D). The Cfs bi-csubsp (H, Y1, V2, D) is said to be a closed
(open) subspace if Hp, is a closed (open) fss over M.

Proposition 2.17 [18] Let (M,v;,¥2,D) be a Cfs bicsp and (¥, y1,,,¥2,, D) be a Cfs bi-
csubsp of (M, y4,v2, D). If Ag € FS(M,D), then A is a closed fss over H if and only if
Vi (As) = As.

Lemma 2.18 [19] Let (M, y4,¥2, D) be a Cfs bicsp and (3, y4,,, ¥2,,, D) be a Cfs bi-csubsp of
(M, ¥1,72,D). If Ag is an y;-open fss of (M,y4,¥2, D), then As N H p is an Yis--Open fss
in (, yl}[,yz}[,l)), fori=1ori=2.

Definition 2.19 [18] Let (M,yy,y,,D) and (W,y;,y;,N) be two Cfs bicsp's. If
fup (Vi(As)) E Vi (fup(As)), then a fuzzy soft mapping
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fup: (M, ¥1,72,D) —» (W, y1,v3, N) is called a pairwise Cech fuzzy soft continuous (PC-fs-
continuous) mapping for every fss Ag € FS(M, D).

Theorem 220 [18] Let (M,y.,y,,D) and (W,yi,y;,N) be two Cfs bicsp's.
fup: (M, ¥1,72,D) - W, y1,v5,N) is a PC-fs-continuous mapping if and only if
Vilfip () E fup (v{ (ug)) for every pz € FS(W, V).

3. Pairwise Regularity in Cech Fuzzy Soft Bi-Closure Spaces

In this section, we define and study some new types of pairwise regularity axioms,
namely pairwise quasi-regular, pairwise semi-regular, pairwise pseudo regular, and pairwise
regular in both Cfs bicsp's and their induced fs-bits and we study the relationships between
them. We also show that in all these types of axioms hereditary property satisfies under closed
Cfs bi-csubsp of (M, y4,v,, D) (see Theorems 3.4, 3.9, 3.16, and 3.21).
Definition 3.1 A Cfs bicsp (M, y,,7,, D) is said to be pairwise quasi-regular-Cfs bicsp (P-
quasi-regular-Cfs bicsp), if for every fuzzy soft point x§ disjoint from a y;-closed fss pe
there exists an y;-open fss As such that x7 € Ag and y;(As) M pe = 0p.
Example 3.2 Let M ={x,y}, D ={sy,s,}. Define fuzzy soft closure operators
Y1, V2: FS(M, D) - FS(M, D) as follows:

(0 if As = 0p,
yi(As) = J {(s1,%1), (52, %1 Vy1)} if As E{(s1,x1), (52, %1 Vy1)},
! | {(s1, y1)} if As E{(s1,yD},
\ 1o otherwise.
And
( Op if As = 0p,
{(s1,%1), (52, %1 Vy1)} if As E{(s1,%1), (52, %1 Vy1)},
¥2(As) = { (51, Y05)} if As € {(51,¥,),0 < ky < 0.5},
{(s1,y1)} if As € {(Serkl)'O-S <k =< 1},
1p otherwise.

To show (M, y4,¥,, D) is a P-quasi-regular-Cfs bicsp, we must find all y;-closed fss's in
(M, y1,72,D) and all fuzzy soft points which are disjoint from these y;-closed fss's. Thus
we have the following:

1. pe={(s1,x1), (52, %, V y;1)} is a y,-closed fss and {y;*, t > 0} be the set of all fuzzy soft
points which are disjoint from pe.For any t > 0, there exists an y,-open fss As =
{(s1,y1)} such that y;* € As and y,(As) N pe = 0p . Similarly, pe={(s1,x1), (2, %1 V y1)}
is a y,-closed fss and {y?, t > 0} be the set of all fuzzy soft points which are disjoint from
pe-For any ¢ > 0, there exists an y;-open fss Ag = {(s1,y,)} such that y;* € As and
Yi(As) N pe = 0p.

2. pe={(s1,y1)}is ay;-closed fss and the fuzzy soft points which are disjoint from p. are:
{x;} t1 >0}, {x,?, t; > 0} and {y,2, k; > 0}. For all these fuzzy soft points there exists an
y,-0pen fss Ags = {(sy,x1),(s5, %, Vy;)} such that xfll € As and y,(As) N pe = 0p,
x> €As and y,(As) M pe =0p and y,2 € As and y,(As) M pe = 0p. Similarly,
pe={(s1,y1)} is a y,-closed fss and the fuzzy soft points which are disjoint from p. are:
{x;!, t1 >0}, {x;?, t; > 0} and {y,2, k; > 0}. For all these fuzzy soft points there exists an

yi-open fss As = {(s1,%1),(s2,%; Vy;)} such that x;l €As and y1(As) N pe = 0p,
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x2 €As and yi(As)N pe=0p and y> EAs and yy(As) N pe =0p .Hence,
(M, v1,v,, D) is a P-quasi-regular-Cfs bicsp.

Lemma 3.3 Let (M, y3,v,, D) be a Cfs bicsp, (¥, y1,,,¥2,,, D) be a closed Cfs bi-csubsp of
(M, ¥1,72,D) and let As € FS(M, D). If Ag is y;,-closed fss of (H,y1,,, V2, D), then As
is y;-closed fss of (M, y1,y2,D),i=1ori=2.

Proof: We prove the Lemma when i = 1 and the proof is similar for i = 2. Let As be ayy,,-
closed fss over (F,¥1,,, V2, D), we must show A is an y,-closed fss over M, i.e, we must
show y, (As) = As. Since yy,, (As) = As, then H 5 Ny, (As) = As. Since Hy, is a closed
fss in M, then y,(Hp) = FH 5. This implies y, (Hp N As) Ey4(Hp) Nyi(As) = As E
As, then y;(As) E Ag. On the other hand, from the definition of y,, As E y,(As). Hence,
y1(As) = As. Therefore, A is an y,-closed fss over M.

Theorem 3.4 Every closed Cfs bi-csubsp (H,¥1,0 V2, D) Of a P-quasi-regular-Cfs bicsp
(M, v1,Y,, D) is a P-quasi-regular -Cfs bi-csubsp.

Proof: Let xi be a fuzzy soft point in (H,yy,,¥2,,D) and pe be a y;, -closed fss in
(3, V1,0 V240 D) such that x' 1 pe = 0p , this implies x§ & pe. By Lemma 3.3, we get pe be
a y;-closed fss in M does not contain x7. But (M, y,,7,, D) is a P-quasi-regular-Cfs bicsp.
This yield, there exists an y;-open fss As such that x§ € A5 and y;(As) M pe = 0p. From
Lemma 2.18 Ag N Hy is an y;, -open fss in (3,1, V2, D) and x; € As N Hyp. That is
mean we found an y;,.-open fss Ags M Hyp in H contains x§. Now, it remains only to show
Vi (As NHp) N pe = 0p.
Viee (As NHp) N pe=Hp Nyj(As N Hp) 1 pe (BY Definition 2.16)

C HypNyj(As) Ny (Hp) N pe (BY Lemma 2.12)

= Z’TD Ny;(As) N pe

=0yp.
Hence, (},v1,, V2, D) isa P-quasi-regular-Cfs bi- csubsp.

Definition 3.5 The induced fs-bits (M, 1, T,,,D) of a Cfs bicsp (M, ¥4,¥,, D) is said to be
P-quasi-regular-fs-bits, if for every fuzzy soft point x; disjoint from a t, -closed fss p¢ in
(M, ty,,Ty,, D), there exists an T, -open fss As in (M, Ty,, Ty,, D) such that xi € As and
Ty,-cl(As) N pe = 0p.

Theorem 3.6 If (M, t,,,Ty,,D) is a P-quasi-regular- fs-bits, then (M, y,,y,, D) is also a P-
quasi-regular-Cfs bicsp.

Proof: Let x{ be a fuzzy soft point disjoint from a y;-closed fss pe in (M, y4,v,, D). That
means x; & pe. Since pe is a y;-closed fss in (M, y41,72, D). Then pe is a 7,,-Closed fss in
(M, t,,,T,,,D). But (M, 1,,,1,,,D) is a P-quasi-regular-fs-bits. Therefore, it follows, there
exists Ty ,-Open fss A such that x{ € Ag and Tyj-Cl(c/ls) N pe = 0. From Proposition
2.15, we get yj(As) N pe = 0p . Hence, (M, y4,v,, D) is a P-quasi-regular-Cfs bicsp .
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Definition 3.7 A Cfs bicsp (M, y4,7,, D) is said to be pairwise semi-regular-Cfs bicsp (P-
semi-regular- Cfs bicsp), if for every fuzzy soft point x7 disjoint from a y;-closed p¢, there
exists an y;-open f'ss Ag such that pe E Ags and x; 2 ¥j(As).

Example 3.8 Let M ={x,y}, D ={s;,s,}. Define fuzzy soft closure operators
Y1, V2: FS(M,D) » FS(M, D) as follows:

0p if As = 0p ,
Vi (As) = {(s1,x1 Vy1)} if As E{(s1,x1Vy1)},
! {(s2, % Vy} ifAs E{(s2,%1 Vy1)},
\ 1p otherwise.
And
(6@ lf clq,g == GD B
{(s1, %05 V ¥05)} if As € {x;:0<t; <0.5},
{(s1,x1 Vy1)} if As € {x:05<t; <1},
vy (As) = 1 {(s1, %05V ¥05)} if As € {}’121 0<t, <0.5},
2(As) = _
{(s1, %1 Vy1)} if As € {y¢:0.5 <t; <1},
v2(x) U v2(vier) if As € {(s1, %, V yi,): tr ks € I},
{(s2,x1 Vy1)} ifAs E{(s2,x; Vy)}
\ 1; otherwise.

To show that (M,¥4,v,, D) is P-semi-regular- Cfs bicsp, we must find all fuzzy soft points
which is disjoint from a closed fss's in (M, y4,y2, D). Thus, we have the following:

1. (As)1={(s1,x1 Vy1)} is a y;-closed fss and the fuzzy soft points which are disjoint
from (Ag), are: {xff, t; > 0} and {y,fzz,t2 > 0}, there exists an y,-open fss (As); such that
(As)1 E (As)q and x;2,y,” & y2(As)1. Similarly, (As)1={(s1, %, V 1)} is a y,-closed fss
and the fuzzy soft points which are disjoint from (As), are: {x;?,t; > 0} and {y,2,t, > 0},
there exists an y;-open fss (As); such that (As); € (As)1 and x;2,y,” & y1(As)1.

2. (As)2={(s2,x1 Vy;1)} is a y;-closed fss and the fuzzy soft points which are disjoint
from (Ay), are: {xfl1 t; > 0} and {yle, t, > 0}. For all these fuzzy soft points there exists an

y2-0pen fss (As),. Similarly, (As), is a y,-closed fss satisfied the required conditions of
P-semi-regular- Cfs bicsp. Then (M, y4,v,, D) is P-semi-regular- Cfs bicsp.

Theorem 3.9 Every closed Cfs bi-csubsp (H, V1, V2,,D) Of a P-semi-regular-Cfs bicsp
(M, v1,v2, D) is a P-semi-regular-Cfs bi- csubsp.

Proof: Let xi be a fuzzy soft point in (,y4,,¥2,,D) and pe be a y;, -closed fss in
(3, V140 V240 D) such that x' 1 pe = 0p, this implies x§ & pe. By Lemma 3.3, we get pe be
a y;-closed fss in M does not contain x§. But (M, y4,v,, D) is a P-semi-regular-Cfs bicsp.
Then, there exists an y;-open fss Ag such that pe & As and x7 & y;(As). Now, pe & As
and pe E Hp, this implies pe E Ag N Hyp which is an open fss from Lemma 2.18. Next,
we must show x; &y, (As N Hp). Suppose, xi €yj, (As MHp) =Hp Nyj(As N
Hp) € Hyp My (As) Ny;(Hp), it follows x; € y;(As) which is a contradiction with the
hypothesis. Hence, (H,y1,,,¥2,, D) isa P-semi-regular-Cfs bi- csubsp.

The next example shows that the converse of Theorem 3.9 is not true in general.
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Example 3.10: Let M = {x,y}, D = {sy,5,}. H = {y} € M. Define fuzzy soft closure
operators y,,y,: FS(M,D) — FS(M, D) as follows:

0p if As = 0p ,
Y1(As) = V2(As) = 1{(s1,¥1), (52, ¥1)}  if As E{(s1,¥1), (52, ¥1)},
1p otherwise.

Then, it is clear that (M,y,,¥,, D) is not a P-semi-regular-Cfs bicsp, since there exists
pe = {(s1,¥1), (s2,¥1)} is a y;-closed fss and there exists a fuzzy soft point x,% which is
disjoint from pe and there exists only A5 = 15, is y,-open fss such that pe, E Ag.However,
xg_ls Eya2(As) = iD- _
On the other hand, the closed Cfs bi-csubsp (H,v1,,, V2, D), where y4,,,v,,.: FS(3,D) -
FS(H,D) as follows:

0p if As = 0p,
Vi (As) = 2y (As) = { ip otherwise
is a P-semi-regular-Cfs bi- csubsp.

Definition 3.11 The induced fs-bits (M, t,,,T,,, D) of a Cfs bicsp (M, ¥4, ¥,, D) is said to be
a P-semi-regular-fs-bits, if for every fuzzy soft point x{ disjoint from a t, -closed fss p¢ in
(M, t,,,T,,,D), there exists an T,;-0pen fss As in (M, t,,,T,,,D) such that pe E A and
xi & Ty, -Cl(As).

Theorem 3.12 If (M, 1, Ty,, D) is a P-semi-regular-fs-bits, then (M, y,,y,, D) is also a P-
semi-regular-Cfs bicsp.

Proof: Let x; be a fuzzy soft point disjoint from a y;-closed fss pe in (M, 4,72, D). That
means x; & pe. Since pe is a y;-closed fss in (M, y41,72, D). Then pe is a 7y,~Closed fss in
(M, ty,,Ty,, D). But (M, 1y, Ty,,D) is @ P-semi-regular-fs-bits. It follows, there exists 7, -
open fss Ag such that pe E As and x* & Tyj'Cl(c/q,S). From Proposition 2.15, we get x§ &

vi(As). Hence, (M, y4,7,, D) is a P-semi-regular-Cfs bicsp .
The next example shows that the converse of Theorem 3.12 is not true in general.

Example 3.13: Let M = {x,y}, D = {s;,s,}. Define fuzzy soft closure operators
Y1,V2: FS(M, D) —» FS(M, D) as follows:

0p if As = 0p,
Y1(As) =14 {(s1, %05 VYos)}  if As E{(s1, %05V Yos)}
1p otherwise.
And
Y2(As) B _
( 0p if As = Op,
{(51, %04V Y04), (52,%1 VY1)}  if (As)1 E{(51, %04 V ¥o4), (52, %1 VY1),
= {(s1, %07 VYo.)} if (As)1 EAs E{(51,%06 V Yos)}
L{(51’X0.7 V¥07), (52, %1 Vy1)} if (As)1 & As E{(s1,%06 V Yo (52,%1 VY1)}
1p otherwise.

Then, it is clear that (M, y4,7,, D) is a P-semi-regular-Cfs bicsp. However, the induced fs-bits
(M, 1y,,Ty,, D) is not a P-semi-regular-fs-bits since there exists pe = {(s1, %05V Yo5)} IS
at,, -closed fss and there exists a fuzzy soft point x4% which is disjoint from p such that for
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S

each As = {(51,%0¢ V Vos)} and 15, are T,,-0pen fss’s we have pe E A but x% €T, -
cl(Ag) =1p.

Definition 3.14 A Cfs bicsp (M, y4,¥,, D) is said to be pairwise pseudo-regular-Cfs bicsp (P-
pseudo-regular-Cfs bicsp), if it is both P-quasi-regular-Cfs bicsp and P-semi-regular-Cfs bicsp.

Example 3.15 In Example 3.2, (M, y;,¥,, D) is P-pseudo-regular- Cfs bicsp.
The next theorem follows directly from Theorem 3.4 and Theorem 3.9.

Theorem 3.16 Every closed Cfs bi-csubsp (#, Y100 V2, D) OF @ P-pseudo-regular-Cfs bicsp
(M, ¥1,¥2, D) is a P-pseudo-regular-Cfs bi- csubsp.

Definition 3.17 The induced fs-bits (M, t,,, T,,, D) of a Cfs bicsp (M, y4,7,, D) is said to be
a P-pseudo-regular-fs-bits, if it is both P-quasi-regular-fs-bits and P-semi-regular-fs-bits.

Theorem 3.18 If (M, 1, T,,, D)is a P-pseudo-regular-fs-bits, then (M, y,, ¥, D) is also a P-
pseudo-regular-Cfs bicsp.

Proof: The proof directly follows from Theorem 3.6 and Theorem 3.12.

Definition 3.19 A Cfs bicsp (M, y;,¥,, D) is said to be pairwise regular-Cfs bicsp (P-regular-
Cfs bicsp), if for every fuzzy soft point x{ disjoint from a y;-closed pe, there exist disjoint
open fss's As and ug for y; and y; respectively, such that xf € Ag, pc E up and Ag I

pp = 0p.

Example 3.20 Let M = {x,y}, D ={sy,s,}. Define fuzzy soft closure operators
Y1,V2: FS(M, D) —» FS(M, D) as follows:

rﬁD lf c/ch = 6@ )
Vi (As) = ! {(s1,y1), (s2,x1 Vy1)} if As E{(s1,y1), (52,1 Vy1)},
1S {(s1,x1)} ifAs & {(s1, x1)},
L 1p otherwise.
And
(GD lf c/qg == 6@ ,
{(s1,¥1), (52,1 Vy1)} if As E {(51,3’1), (SZ'xl V3’k2)' k, € Io},
Y2(As) = { {(s1,%05)} ifAs € {(sl,xtl),O <t < 0.5},
{(s1,x1)} ifAs € {(sl,xtl),O.S <t < 1},
15 otherwise.

Then (M, y4,¥,, D) is P-regular- Cfs bicsp.

Theorem 3.21 Every closed Cfs bi-csubsp (%,y1,,¥2,.D) of a P-regular-Cfs bicsp
(M, ¥1,Y2, D) is a P-regular-Cfs bi-csubsp.

Proof: Let xi be a fuzzy soft point in (#,y4,,¥2,,D) and pe be a y;, -closed fss in
(3, V140 V24 D) such that x' N pe = 0p, this implies x§ & pe. By Lemma 3.3, we get pe be
a y;-closed fss in M does not contain xg. But (M, yy,y,, D) is P-regular-Cfs bicsp. Then,
there exist open fss's A5 and ug with respect to y; and y; such that x§ € A, pe E pp and
As N pp = 0p. Thus, we have xi € As M Hp and pe E uz N Hp and from Lemma

4437



Hmood and Majeed Iragi Journal of Science, 2022, Vol. 63, No. 10, pp: 4429-4444

2.18, As N Hp and ug N Hy are open fss's with respect to Yi,, and y;,.. Moreover, it is
clear that (As N Hp) N (up N Hp)=0p. Hence, (H,v1,.,¥2,,D) is a P-regular-Cfs bi-
csubsp.

Definition 3.22 The induced fs-bits (M, T, T,,, D) of a Cfs bicsp (M, 4,7, D) is said to be
P-regular-fs-bits, if for every fuzzy soft point x; disjoint from a t, -closed pe, there exist
disjoint open fss's Ag and ug for t,, and Ty, respectively, such that x{ € As, pe E ug,
and As M g = 0p.

Theorem 3.23 The induced fs-bits (M,T,,,T,,,D) is P-regular- fs-bits if and only if
(M, ¥1,¥2, D) is P-regular-Cfs bicsp.

Proof: Let x{ be fuzzy soft point disjoint from a y;-closed fss pe in (M, y4,v2, D), Since
(M, t,,,1,,,D) is P-regular-fs-bits, then there exist a disjoint open fss's As and ug with
respect to t,, and Ty, such that x € Ag, pe E uz, and Ag N pg = 05. From Proposition
2.15, we get As and g are open fss’s with respect to y; and y; such that x{ € As, pe E
pgp, and As N pg = 0p. Thus, (M, 4, ¥,, D) is P-regular-Cfs bicsp.

Conversely, let x; be fuzzy soft point disjoint from a t,,-closed fss pe in (M, 1,,,T),, D).
From Definition 2.13, this implies pe is y;- closed fss in (M, y4,Y2, D). Since (M, ¥1,Y2, D)
is a P-regular-Cfs bicsp, then there exist a disjoint open fss's As and uz with respect to y;
and y; such that such that x{* € As, pe & pp, and As N pg = 05 . From Proposition 2.15,

we get As and ug are open fss's with respect to t,, and Ty, such that such that x!* € A,
pe E ugp, and As N ug = 05. Thus, (M, t,,,T,,, D) is a P-regular-fs-bits.

To study the topological property in P-regular-Cfs bicsp's we need first to define the
notion of homeomorphism mappings between Cfs bicsp's and we give propositions about the
image and inverse image of the fuzzy soft points in Cfs bicsp's.

Definition 3.24 Let (M,y,,v,,D) and (W,y5,v3, N) be two Cfs bicsp's. A fuzzy soft
mapping fup: (M, y1,¥2,D) » (W,y1,v2, V) is said to be pairwise Cech fuzzy soft
homeomorphism (PC-fs-homeomorphism) mapping, if and only if fup 18 injective, surjective,
PC-fs-continuous, and £, is PC-fs-continuous mapping.

The next example explains Definition 3.24.

Example 3.25 Let M = {x,y}, D = {s1, 5.}, W = {z,w},and N = {ny,n,} Define fuzzy
soft closure operators y4,y,: FS(M, D) —» FS(M, D) as follows:

(0, if As = 0p ,
v (As) = J {(s1,%1), (52, %1 Vy1)} if As E{(s1,%1), (52, %1 Vy1)},
e {(s1,¥1)} ifAs E{(s1,y1)},
l 1p otherwise.

And
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0p if As = 0p,
{(s1,%1), (52, x1 Vy1)} if As E{(s1,%1), (52,1 Vy1)}
Y2 (As) = { {(s1,¥05)} if As € {(s1,Y%,),0 < ky < 0.5},
L{(Sl'%)} if As € {(51,}’k1)'0-5 <k, <1},
1p otherwise.
Define fuzzy soft closure operators y;,y;: FS(W, N') - FS(W, V') as follows:

" ) 0 if As = Oy,
Vi(As) = vi(As) =1 f s = Ox
1p otherwise

Let w:M —->W and p:D - N be two functions defined as «(x) = z,u(y) =w and
p(s1) = ny,p(sy) = n,. Then, it is clear that the fuzzy soft mapping f,,: FS(M,D) —
FS(W, ') is PC-fs-homeomorphism.

Proposition 3.26 A fuzzy soft mapping f,,:(M,y1,¥2,D) > W,y1,v5,N) is PC-fs-
homeomorphism mapping if and only if f,,, is injective, surjective, P(-fs-continuous, and C-
fs-open mapping.

Proof: The proof directly follows from the definition of PC-fs-homeomorphism mapping.
Theorem 3.27 The property of being P-regular-Cfs bicsp is a topological property.

Proof: Let (M, 4,72, D) and (W, 5,3, N') be two Cfs bicsp's and let fup: (M, ¥1,72,D) =
(W, v1,v3, N) be a PC-fs-homeomorphism mapping and (M, y4,v,, D) is a P-regular-Cfs
bicsp. We want to show (W, y;,y;, V) is also a P-regular-Cfs bicsp. Let y7 be a fuzzy soft
point in (W, y1,v5, N) and pe be a y;-closed fss in (W,y1,y5, V') such that y{ N pe =
0,-. Since fup 18 PC-fs-homeomorphism mapping, then fup ¥F) is a fuzzy soft point in M
and £,,'( pe) is a ys-closed fss in (M, yy,y,,D) such that £,2'(y{) N fi' (pe) = 0p . But
(M, v1,v2, D) is P-regular-Cfs bicsp this implies there exist disjoint open fss's As and ug
with respect to y; and y; such that f'(y{) C As and f;'(pe) E pp. It follows,
fup(fu_pl(y{)) = fup(c’q§) and fup (fu_pl(pC’)) = fup( .uB)- Since fup is PC-fs-homeomorphism
mapping, then f,,, is C-fs-open mapping, this yields there exist open fss's f,,(As) and
fup(up) With respect to y; and y; such that y{ T f,,,,(As) and pe E fup(up). Moreover,
fup(As) M fup(up) = 0p. Hence, (W, y1,v3, V) is also a P-regular-Cfs bicsp. Similarly, if
(W, y;,y5, ) is a P-regular-Cfs bicsp, then (M, y4,v,, D) is a P-regular-Cfs bicsp.

4 . Pairwise Normality in Cech Fuzzy Soft Bi-Closure Spaces

In this section, we define some pairwise normality axioms, namely pairwise semi-normal,
pairwise pseudo normal, pairwise normal, and pairwise completely normal in both Cfs bicsp's
and the induced fs-bits's. The relationships between them and their basic properties are
studied as in the previous section.

Definition 4.1 A Cfs bicsp (M, y4,7,,D) is said to be pairwise semi normal-Cfs bicsp (P-
semi normal-Cfs bicsp), if for each pair of disjoint closed fss's pe and 1y for y; and Y
respectively, either there exists an y;-open fss A such that pe & As and y;(As) N ng=0p
or there exists an y;-open fss ug such that ng E ug and y;(ug) M pe= 0p .

If both conditions hold, then (M, ¥4, v, D) is said to be P-pseudo normal-Cfs bi csp.
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Example 42 Let M = {x, y}, D = {Sl’ Sz}, and Iet (c/q's)lz{(sl,xl \Y yl)}’ (c/ch)zz{(SZ,xl \
v} (As)z ={(s1,x1),(s2,x1 Vy;)}. Define fuzzy soft closure  operators
Y1, ¥2: FS(M, D) - FS(M, D) as follows:

|(6D if As = 0p,
(As)1 if As E (As),
r(fs) = 4 (As)2 if As E (As)a,
ip otherwise.
And
( 0p if As = 0p,
| (As) if As € (A1,
V2(Ag) = { (As)- if As E (As)a,
l (As)s ifAs © (As)z; As = {(Slixtl)' (52'xt2 \ Y1)’ ty,t; € 10}’
1p otherwise.

Therefore, (M, v4,v,, D) is P-semi normal-Cfs bicsp. Since the only disjoint closed fss's are
(As)q and (Asy), for y; and y, respectively and there exists an y,-open fss (As); such that

(As)1 E (As)1 and y2(As)1 M (As)z=(As)1 N (As)2=0p .

Next, we show that the hereditary property is satisfied under closed Cfs bi-csubsp.
Theorem 4.3 Every closed Cfs bi-csubsp (H,¥1,0 V2, D) of a P-semi normal-Cfs bicsp
(M, 1,72, D) is a P-semi normal-Cfs bi- csubsp.

Proof: Let pe and ng be closed fss's in y;,. and y;,. respectively such that pe M ng=0p .
Since Hp is closed fss in (M,y;,¥2, D), then by Lemma 3.3, p. and n are disjoint closed
fss's iny; and y; respectively. But (M, y;,y2,D) is P-semi normal-Cfs bicsp, it follows there
exist an y;-open fss A such that pe E As and y;(As) N ne=0p. Since pe E As, then
pe E As N Hyp which is y;, -open fss in (},y1,,, V2, D). And
Vise(As M Hp) Nng=Hyp Ny;(As N Hp) N1

C Hyp Ny (As) Ny (Hp) Mg

:f{D Ny;(As) Nng

=0yp.
Similarly, if there exists an y;-open fss ug such that ny = ug and y;(ug) N pe=0p. We
have an y;, -open fss pg N Hp in (H,¥1,,, V2, D) such that ng E pp N Hyp and y;, (up M
Hp) M pe=0p . Hence, (H, y1,,, ¥2,,, D) is @ P-semi normal-Cfs bi-csubsp.

Definition 4.4 The induced fs-bits (M, T, ,T,,, D) of a Cfs bicsp (M, y4,v,, D) is said to be
P-semi normal-fs-bits, if for each pair of disjoint closed fss's pe andng for t,, and Ty,
respectively, either there exists an Ty;-0pen fss As such that p. E As and ryj-cl(c/ls) M
ng=0p , or there exists an t,,-open fss up such thatnz & ug and t,,-cl( pz) N pe=0p .

Theorem 4.5 If (M, t,,,T,,,D) is a P-semi-normal-fs-bits, then (M,y4,y,, D) is also a P-
semi normal-Cfs bicsp.

Proof: Let pe and n be disjoint closed fss's in y; and y; respectively. So that pe and ng be
disjoint closed fss's in t,, and Ty, respectively. By hypothesis, there exists an Ty;-0pen fss
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As such that p. & Ag and ryj-cl(c/lg) M ng=0p, Or there exists an T,,-0pen fss ug such that
ng E pg and T, -cl(ug) M pe=04 . From Proposition 2.15, we get either there exists an Yj-
open fss Ag in (M,y1,Y2,D) such that po E As and y;(As) M ng=0p or there exists an
yi-open fss ug in (M,y,,v2,D) such that n; Epug and y;(ug) Npe= 0p. Hence,
(M, y1,¥2, D) is a P-semi normal-Cfs bicsp.

Definition 4.6 A Cfs bicsp (M, y,,¥,, D) is said to be pairwise normal-Cfs bicsp (P-normal-
Cfs bicsp), if for each pair of disjoint closed fss's pe and ng for y; and y; respectively, there
exist disjoint open fss's Ags and ug for y; and y; respectively, such that pe E ug and
Ne cC .;/ZS.

Example 4.7 Let M = {x,y}, D = {s1,s,} and let (As); € FS(M,D), i = 1,2,3,4, such
that (As)1 = {(s1,%05)}, (As)2 = {(s2,%0.5)} (As)s = {(s1, %05 V Yo.5), (52, %1 V1) } and
(As)s = {(s1, x4 VY1), (52,05 VYos)}.  Define fuzzy soft closure  operators
Ly, L,: FS(M,D) » FS(M,D) as follows:

f O'D lf c/ch = GD )
(As)1 if As E (As)1,
(As)2 if As E (As)a,
(As)1 U (As), if As E (As)1 U (As)2
)/1(045) = )/Z(CAS) = A (CAS)3 lqug (= (Sl’xtl Vykl)' (Sz’xtz Vykz); ,
t,ky < 0.5,05 <ty k, < 1
(As),4 ifAs € (Sl’xtl Vyk1)’ (Sz’xtz Vykz); )
tyk, < 05,05 < t,k; < 1
\ 1, otherwise.

Therefore, (M, y,,¥,, D) is a P-normal-Cfs bicsp. Since the only disjoint closed fss's are
(As)1, (As), for y; and y, respectively, and there exist disjoint y,-open fss A5 =

{(s1,%0.5 V ¥05)} and y1-open fss ug = {(s2, %05 V yo.5)} such that (As), E As and

(As)2 E pp. 5 5
Theorem 4.8 Every closed Cfs bi-csubsp (#,v1,,¥2,,D) of P-normal-Cfs bicsp
(M, ¥1,Y2, D) is P -normal-Cfs bi- csubsp.

Proof: It is similar to the proof of Theorem 4.3.

Definition 4.9 The induced fs-bits (M, t,,,T,,, D) of a Cfs bicsp (M, y1,7,, D) is said to be
P-normal-fs-bits, if for each pair of disjoint closed fss's pe andng for T, and Ty
respectively, there exist disjoint open fss’s As and ug for T, and Ty, respectively, such that
pe E ugandng E As.

Theorem 4.10 (M, 1y,,Ty,,D) is a P-normal-fs-bits if and only if (M,y,,y,,D) is a P-
normal-Cfs bicsp.

Proof: The proof follows from the hypothesis and Proposition 2.15.

Theorem 4.11 Let (M,y1,¥,,D) and (W,y;,vs, N) be two Cfs bicsp's. If fup:
(M, ¥1,72,D) » (W,y1,v3, V) is PC-fs-continuous mapping, then f,;,'( up) is an y;-closed
fss of (M, y1,v,, D) for every y;-closed fss fuzzy soft set ug of (W, y1,v3, N)i=1or 2.
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Proof: Let ug be a y;-closed fss of W. Therefore, from Theorem 2.20, we have
V1(fup (48)) E fup' (v1(us)). Since pg is a y;-closed, we get v (fip' (4s)) E fup' (p). From
Definition 2.9 part (Az), fiz"(us) € v (fi' (4s)). This implies y1 (£ (ua)) = fi! ().
Hence, f,,' (ug) is a yy-closed fss of (M, y4,y,, D). Similarly, when i = 2 we have f,;;' (u5)
Is ay,- closed fss, for each ug be a y,-closed f'ss.

Theorem 4.12 The property of being P-normal-Cfs bicsp is a topological property.

Proof: Let (M, y1,v,,D) and (W, y5,y3, V) be two Cfs bicsp's and let f,,,:(M, y1,v2,D) =
W, v1,v5, V) be a PC-fs-homeomorphism mapping and (M, y;,¥,,D) is a P-normal-Cfs
bicsp. We want to show (W, y;,v3, V') is also a P-normal-Cfs bicsp. Let p. and g be disjoint
closed fss's in y; and y;, respectively. From hypothesis, f,, is PC-fs-homeomorphism
mapping and from Theorem 4.11, we get f,;,' (pc) and f,;,' (ng) are closed fss's in y; and y;
respectively, such that f,,,1(pe) N fip' (M) = 0p. But (M, y4,y,, D) is a P-normal-Cfs bicsp.
This implies, there exist disjoint open fss’s A and ug for y; and y; respectively, such that
fu_pl(pC’) C ugp and fu_pl(nE) = ‘AS- It fO”OWS, fup(fu_pl(pc)) = fup(.uB) and
fup it ME)) E fup(As). Since f,, is PC-fs-homeomorphism mapping, then f,,, is C-fs-
open mapping, this yields there exist open fss's fi,(As) and f,,(ug) in y; and y/,
respectively, such that pe E f,,,(ug) and ng E f,,(As). Moreover, f,,,,(As) N fup(ug) =
0. Hence, (W, y;,v3, V) is also a P-normal-Cfs bicsp.

Definition 4.13 A Cfs bicsp (M, y,,¥,, D) is said to be pairwise completely normal-Cfs bicsp
(P-completely normal- Cfs bicsp), if for each pair of disjoint closed fss's pe and 5 for y; and
y; respectively, there exist disjoint open fss's As and ug for y; and y; respectively, such that

pe E pp and ng E Ag and y;(As) Ny;(up)=0p.

Example 414 Let M ={x,y}, D ={sy,s,}, and let (As)1={(s1, %1V yi)}
(As)2={(52, %1 VY1) } (As)s = {(51,%1 Vy1), (52, v1)}. Define fuzzy soft closure operators
Y1,V2: FS(M, D) —» FS(M, D) as follows:

Op if As = O,
(As)1 if As & (As)1,
) =14 g, if As £ (As)a,
\ Ip otherwise.
And
( 0o if As = 0p,
(As)1 if As E (As),
V2(Ag) = J (As)2 if As E (As)a,
l (As)s ifAs © (As)s; As = {(s1, %0, V1), (52, ¥k, ), tr k2 € I},
1p otherwise.

Therefore, (M, y,,v,, D) is a P-completely normal-Cfs bicsp. Since the only disjoint closed
fss's are (Ag), and (As), for y; and y, respectively, and there exists disjoint y,-open fss
(As)1 and yi-open  (As)z, such that (As)i E (As)1, (As)z E (As)z and y1(As), M

Y2(As)2= Os.

Proposition 4.15 Every P-completely normal- Cfs bicsp is P-normal-Cfs bicsp.
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Proof: Suppose (M,y,1,¥,,D) is P-completely normal-Cfs bicsp and let pe, ng be any
disjoint closed fss’s in y; and y; respectively. From the hypothesis, there exist disjoint open
fss's As and g for y; and y; respectively, such that pe E ug and ng E As and y;(As)
N y;(up)=0p . By using (4;) of Definition 2.9, we have As M up=0p . Thus, (M, y1,y,, D)
is P-normal-Cfs bicsp.

Remark 4.16 The converse of the above proposition is not true, as in Example 4.7. Since
Yi(As) Ny;(pp)=(As)z N (As)a = {(51, %05 V Yo.5), (52, %05 V ¥0.5)} # 0p .

Next, we show that the hereditary property is satisfied under closed Cfs bi-csubsp.

Theorem 4.17 Every closed Cfs bi-csubsp (%, Y1y V24 D) Of P-completely normal-Cfs bicsp
(M, 1,72, D) is P-completely normal-Cfs bi-csubsp.

Proof: Let pe, ng be any two disjoint closed fss's in y;,. and y;,. respectively. Then, by
Lemma 3.3, pe, ng are disjoint closed fss’s in y; and y;, respectively. But (M, y,y,, D) is
P-completely normal-Cfs bicsp, then there exist As, up disjoint open fss's in y; and Y
respectively such that pr E ug and ng E Ag and y;(Ag) M yj(uB)zf)D. By Lemma 2.18,
As N Hp and ug N Hy, are open fss's in y;,. and y;,, respectively, such that pe = pug N Hyp,
and ng C As N Hyp. To complete the proof, we must show y;, (As 0 Hyp) Ny, (pup N
p)=0p.
Now, y;, (As N Hyp) Ny, (up N Hp) =Hp Ny (As N Hp) N Hp Ny (pp N Hp)

C Hyp N yi(Hp) Nyi(As) Ny (Hp) ny;(us)

= Hp Nyi(As) Ny; ()

=0yp.
Hence, (3, v1,,, ¥2,,, D) is P-completely normal-Cfs bi- csubsp.

Definition 4.18 The induced fs-bits (M, T, T,,, D) of a Cfs bicsp (M, ¥1,¥,, D) is said to be
P-completely normal-fs-bits, if for each pair of disjoint closed fss’s pe and ng for T, and Ty
respectively, there exist disjoint open fss's As and ug for T, and Ty respectively, such that

pe E ugand ng E Ag and 1, -cl(Ag) N Tyj-cl(,uB)=ﬁD .

Theorem 4.19 If (M, t,,, T,,, D) is P-completely normal-fs-bits. Then, (M, y1,y, D) is also
P-completely normal-Cfs bicsp.

Proof: The proof follows from the hypothesis and Proposition 2.15.

Remark 4.20: From Definition 4.1 and Proposition 4.15, we have the following diagram:
P-semi normal-Cfs bicsp — P-semi normal-Cfs bicsp

T

P-completely normal-Cfs bicsp  —— P-normal-Cfs bicsp
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5. Conclusion

Researchers are highly interested in fuzzy soft sets. This work is more general than fuzzy
and soft sets can be used in a variety of ways. In this paper, some new kinds of pairwise
regularity and normality in Cech fuzzy soft bi-closure spaces and their induced fuzzy soft
bitopological spaces have been introduced and studied as well as the relationships between
them are also studied. We have been proved that hereditary property satisfies under closed
Cech fuzzy soft bi-closure spaces in all of these kinds of axioms.
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