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Abstract
In this paper, subclasses of the function class Y of analytic and bi-univalent

functions associated with operator L’fz"1 are introduced and defined in the open unit
disk A by applying quasi-subordination. We obtain some results about the
corresponding bound estimations of the coefficients a, and as .
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1.Introduction
Let A be the class of normalized analytic functions in the open unit disk A={z € C :

|z| < 1} with Taylor series
f2)=z + X3, a, z™ (1.1)
Let S be the class of all univalent functions from A in A. According to the Koebe One Quarter
Theorem [1,2], the inverse f~! of every f € S satisfies :
@)=z (zed) ad FEW)=w (wE L),
where p > i denotes the radius of the image f(A) and A,={z € C:|z|< p}. Itis

recalled that
ffw) =w— a,w? + (2a3 — az;)w® — (5a3 —5a,a;3 + a, )w* + . (1.2)
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If both functions f € A and its inverse f~!are univalent in A, then it is bi-univalent.
Denote to the class of all bi-univalent functions f € A inA by Y.
In 1967, Le [3] introduced the analytic and bi-univalent function and proved that |a,| <

1.51 . Moreover, Br and CI [4] conjectured that |a, | < v2, Ne [5] obtained that |a, | =

Later, Styer and Wright [6] showed that there exists the function f(z) so that |a,| > -

However, the upper bound estimate |a,| < 1.485 of coefficient for any function in ) by
Tan [7] is the best. Based on the works of Br and Ta [8] and Sr et al. [9], many subclasses of
analytic and bi-univalent functions class ) were introduced and investigated and the non-
sharp estimates of first two Taylor- Maclaurin coefficients |a,| and |as|. Recently, Srivastava
et al.[10, 11] gave some new subclasses of the function class Y, of analytic and bi-univalent
functions to unify the works of Deniz [12].

-[>w|-1>

Now we mention the concept of subordination between analytic functions. Let f and g are
analytic functions in A. Then we state that the function f is subordinate to g, if there exists a
Schwarz function w, such that f(z) = g(w (2)),(z € A). This subordination is denoted by
f<gorf(z)< g(z),(ze€A). Specifically, if the function g is univalent in A, the above
subordination is equivalent to the conditions f(0) = g(0), f(A) g(A).In year 1970, the
concept of the subordination was extended to quasi-subordination by Ro in [13]. We refer a
function f quasi-subordinate to a function g in A if there exists the Schwarz function w and
an analytic function ¢ satisfying |@(z)| < 1 such that f(z) = ¢(z) g(w(z)) in A. We then
write f <, g. If ¢(z) = 1then the quasi-subordination reduces to the subordination. If we
setw(z) = z, then f(z) = @(2) g(z) and we say that f is majorized by g. It is denoted as
f(z) < g(z) in A. Therefore quasi-subordination is an extension of the definition of the
subordination. In addition, the majorization emphasizes its significance. The related works of
quasi-subordination can be found in [14,13]. See [15] for the subclasses of analytic and bi-
univalent associated with quasi-subordination. Ma— Minda [16] introduced the following
classes using subordination:

z f'(2)

<¢(Z),ZEA},

where ¢ is an analytic function with positive real part on A with ¢ (0) = 1, ¢'(0) > 0
which maps the unit disk A on a starlike area with respect to 1 and which is symmetric
consider to the real axis. A function f € S*(¢ ) is called Ma—Minda starlike. The class S*(¢ )
contains various well - known subcategories of starlike function as private case.

Let f € Abegivenby (1.1)and g be given by
9@ =z+ I3, by, 2" (13)

Hadamard product of f(z) and g(z) is denoted by (f * g)(z) and is defined as

(f »9)(@) =z+ Xpop an by z". (1.4)
ForA> —1and 0 < q < 1, El-Deeb et al. [17] defined the linear operator H{}'q : A—> A by
Hyf(2) * Mgass (2) = 2D (f* Y)(2)  (z€D),
where the function M, ; (z) is given by

1
My, (2)=z+ Zn_‘?’i n, zen).
n:

A simple calculation indicates that

HYf() = 2+ Tig oot

[1+1]q

ap Pzt (A >-1;0<q < 1;z€eA). (1L5)
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For the function f € A, Jackson’s q — derivative [18] (0 < g < 1) isexpressed by:

f@-f(a2)
[a-Jtaz) %0
D, f(z) = { (a2 ‘ (1.6)
f'(2), z=0

and D f(z) = D, (Dq f (z)). Thus, from Eq (1.6), we deduce that

Df(z)—1+z g2 2",

1 —
where [n],; = 1_2 dfqg » 17, we get [n], - n.
Lately, in [19] the Salagean type g-differential operator has been introduced and is given as

follows :

D3 f(2) = f(2)
Dg f(2) =z Dgq f(2)
DX f(2) = z D, (Dgf-l f(z))
D¥f(z) =z+ Xy, [n]k azz™, (k € Ny, z € A). (1.7)
Hadamard product of the operators H “ f(2) and D" f(2) defined as

L F2) = BAF) DS F) = 2+ T = Sl o 27

Lg’l f(z) = z+ Z.Qn,q a, z",
n=2

[n]g!
where 2, , = (([Mﬂ:n_l) [n]k ¢n>.

Several authors studied quasi-subordination of bi-univalent for another conditions, like,
[20-38]. Throughout this idea, it is assumed ¢(z) is analytic and univalent with positive real
partin A and let

¢ (2) =14 Gz + Gyz2 + -, (G € RY) (1.8)
Also, let I'(z) be an analytic function in A and

) =Cy+ Ciz+ Cz%+ -, (z € D). (1.9)

Lemma 1.1. (See [39,40,41]). Let P be class of all analytic functions p in U such that
Re(p(2)) > 0and have the form p(z) = 1 + pyz + p,z% + -+ for z € A, then | p;| < 2 for

each i € N.
2. Coefficient Estimates For The Class By (p, 0, $)

Definition 2.1. For 0 < p<1and 0 <o <1, afunction f €Y defined in (1.1) issaid to
be in the class Bg'; (p, g, ¢) if the following quasi-subordination holds:

G Z(Lk';’j f(z))' (e 22 (L& f(’z))”+ z(Lg? f(z))' <,
(14 @) oz(L* ) + 1 - ) (L F(D)
(¢(2) — 1),
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kA ! 2 (kA " ke, A '
140 W(l:/1 g(w)) _, ow kqu g(M/,)) + W(Lq k«i(w)) _ 1
(Lq g(w)) aw(Lq g(w)) + (1-0) (Lq g(W))
<q (¢ (W) — 1),

where the function g is the extension of f~1 in A.

Remark 2.1. For p =0, a function f €Y defined in (1.1) is said to be in the class
By (0,0, ¢) if the following conditions are satisfied:

_ Lk,)l ’ .
(Z( q f(Z)) >_1 <q (¢(Z)—1),

(L5 r@)

- Lk’l ’ .

(Lergw))

Theorem 2.1. Let f(z) given by (1.1) be in the class By, (p,a,¢). For 0<p <1,
0 <0 <1,then

la;|
Col G Col (G + |G, — G
< min 1Col Gy , |Col (Gy +1G; — G4]) M @1
|(1 = p0) 0| 1201 = 2p0) 0234 = {(1 + p) = po + 12302 4|
las|
(UG +2]C )Gy C2G} (1Ci| +2|C- )Gy
< min + YR
|41 = 2p0)03,| (1 —=p0)205, " |4(1 - 2p0)03, |
|G- | (Gy + |G — Gq]) } 2.2)
|21 = 2p0) 25, — {1 + p) — p(o + 1)2}03 |

Proof. Since f € B;’;(p, o,¢) and g = f~1. Then, there are analytic functions x,y:A —
Awith x(2) = s;z+ X%, s 2, yw) = tw + X2, t; w/, x(0) = y(0) = 0, such that

14 0) Z(LS’)L f(z))l ~ o z* (LZ”1 f(z))” + Z(LZ"1 f(z)), 4l
P ©) g oz (L% f@) + 1 -0) (L5 £(D)
r@z (¢(x(2)-1)), (2.3)

G (w (L’é'lg<w>)'> , ( ow? (L% gw)) + w (L gw)) )_ 1} )

(L];’/1 g(w)) ow (LZ"1 g(w)), + (1-o0) (LZ"1 g(w))
rw) (¢(y(w) —1)). (2.4)
Define the functions b(z) and e(w) by
1+ x(2)
b(z) = =@ =1+5z+5,z%+ -, (2.5)
e(w) = % =1+ t;w + to,w? + -, (2.6)

Or equivalently,
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b(z)—1 1 2
x(z) = bZ;T =3 [s1z + <sz —%) z% + -, (2.7)
-1 1 2
Y(W) = % = E [taw + <t2 —%> w2 + -, (2.8)

It is clear that b(z) and e(w) are analytic in A with b(0) = e(0) = 1. Since x,y : A = A,
the functions b(z) and e(w) have a positive real part in A, and |s;| < 2 and |t;| < 2
(i =1,2).

In the view of (2.3), (2.4), (2.7) and (2.8) clearly we have

. < (L6 f(z))') . < o 22 (L f@) + (L% 1) )_ 1] )

(Llcc{)l f (z)) GZ(LZ’/1 f (Z))I +1-0) (LZ‘)WL f (Z)) _
b(z)—1
¢((m)1>] o
(1 +9) <W (L’:,'Ag<w>)l> ok ( ow (1t 9w) + w (L g0)) )‘ 1] )

(LZ')l g (W)) ow (LZ’l g (W))I +(1-0) (L}‘;,/1 g (W))
e(w)—1
’ (( e(w) + 1 > - >] | o

Since f € Y, has the Maclaurin series given by (1.1), a computation shows that its inverse
g = f~1 has the expansion given by (1.2), hence, we get

kA ' 2 ((1kA o kA !
(1+p) <—Z (qul @) ) -p < aC f(,Z)) G ) - 1] -
(L f(2) oz(L5 F@) + 1 —0) (L5 £(2))
A+ p)[1+ 2,40, z+ (223505 — 0% a3 )2?]
—p[14+(@+D Qa2+ {2Qo+1) Q3505 — (0+1)205,a}}2%] -1 =
(1—p0o) 0y 40,z + [2(1 — 2p0) 23 ga3 — {(1 + p) — p(o + 1)330%, a3] 22, (2.11)

( ) w (L’;”'L g(w)) o w? (LZ"1 g(w)) + w (L':I"1 g(w))
k,A
(Lq g(W)> ow (L’fl"1 g(w)) + (1-0) (LZ"1 g(w))

(1 +p)[1 — Qyqa,w + {4 Q3503 — 0% a5 — 2 03 503} w?] — p[1 — (0 + 12, ga,w

+{4(20+ 1)0235a% — (o + 1)*03,a% — 2(20 + 1) 035a3}w?] — 1=

~(1=p0)Qqaaw+[4(1=2p0o)Q34a5 —{(1+p)—p (o +1)*}05,a}
—2(1-2po)s,a3]w? (2.12)
Using (2.7) and (2.8) together with (1.8), (1.9) it is evident that

b(z)—1
¢ <<b(z) n 1> B 1)]
sf) CoG,

1 1 1
= ECO G]_SlZ + [E ClGlsl + ECOGl <SZ —-— |+ 4

r'(w)

I'(z)

5 sfl z2 4, (213)
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e(w)—1
ol(=—=—)-1
e(w)+1
1 1 1 2\ GGy L]
=§C061tlw+ EC161t1+—COGl tz__ + tl we 4 e (214‘)

2 2 4

Now, using (2.11) and (2.13) in view of (2.9) and comparing the coefficients of z and z2, we
obtain

r'(w)

1
(1 - pO’) Qz'qag = ECOGI“Sl , (215)
2(1=2po) N35a3 —{(1+p) —p(c +1)*} 05, a3
1 1 st\  CoG
= ECl Glsl + ECO Gl SZ - ? + 4 51 . (216)
Similarly it follows from (2.12) and (2.14) in (2.10) that
1
_(1 - pO') .Q2,qa2 = ECO Gltl , (217)
4(1-2p0o)z3qa5 — {(1+p)—p(o+1)*}5,a5 — 2(1-2p0o)4a;
1 1 t1\ CoGy ,
= ECIGltl + ECO Gl tz - ? + 4 t1 . (218)
From the two equations are equal (2.15) and (2.17), we find that
Co G1s Co G1t
a, = o U151 _ _ o1l ’ (2.19)
2(1 - pa) Qz,q 2(1 - ,00-) Qz,q
Sl - - tl . (220)

It follows that we multiply by 2 and square both sides, then we add the two equations (2.15)
and (2.17)

8(1—po)205, a5 = CGE(sf +t7). (2.21)
Adding (2.16) and (2.18) in light of (2.19), we get
4[4(1 - 2po) 23, — 2{(1 + p) — p(o + 1)?}03 ;| a}
=2Cy G1(s, + t5) + Co(G, — G1)(t2 + s2). (2.22)
Applying Lemma (1.1) for the coefficients s, s,, t; and t,, it follows from (2.21) and
(2.22) that
|Col G4

|(1_po—)~92,q|'
|Col (G1 + |Gz — G4])
12(1 = 2p0) 254 — {1 + p) — p(o + 1)2} 03

This yields the desired estimate on |a,| as asserted in (2.1).
Now, to find them bound on the coefficient |a;| by subtracting relations (2.18) from (2.16),
we get

la,| <

la,| <
al

8(1 —2p0)23, (a3 — a5) = C1Gy51 + CoGy(sy — t3). (2.23)
In light of (2.21), (2.22) and putting (2.23), we have
C1G151+ CoGi(sy — t3) C5GE (s +t9)
8(1—2p0)05, | 81— po)iaZ, '
C1G151 + CoGy(s; — t3) + 200 G1(sp+ 1)+ Co (G, — G )(EF + s7)
8(1 —2p0)M234 8[2(1 — 2p0) 034 — {(1 + p) — p(o + 1)?} 23 |
Applying Lemma (1.1) once again for the coefficients s;, s,, t; and t,, we find that

as < (2.24)

as =

. (2.25)
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2| < (1€l + 21Co | )Gy C3G?
3 |41 — 2p0)05,| (1 —po)205,”’
(1G] + 2161 )Gy 1Co | (G1 +1G; = Gal)

|a3| < + > > .
41 = 2p0)034|  [2(1=2p0) 234 — {(1 +p) = p(a + D2} 03|
The proof of Theorem (2.1) is now complete.
For o =1 in Theorem 2.1, we get the following corollary.

Corollary 2.1. Let f(z) given by (1.1) belong to the class Bﬁ'j (p,1,¢). Then

laz| < min [Col Gy ’\/ |Col (Gy + G — G4]) ,
(1 =)0 " J12(0 = 2p) 035 — {1 + p) — 4p 303, |
Jas| Smin{(lcll $2G16 G (1G] +216G)6
401 -20)05, ] (1= p)*05, " [4(1 - 2p)25]
1Col (Gy +1G, — G4l) }
|20 —2p) 23, — {1 +p) —4p3 03,| )

Putting p = 1and o = 0in Theorem 2.1, we have the following corollary.

Corollary 2.2. Let f(z) given by (1.1) belong to the class BZ"_'; (1,0,¢). Then

VGl Gy (1G] (Gy + |Gy — Gq])
laz| < min ) > ,
22,4 2055 — 03|
. (ClCL + 2|GCol )Gy C¢ GE (IC +2|Col)Gy Gl (G1 +1G, — Gy])
las| < min + —, + 2
|4~Q3,q | 'QZ.q |4~93,q | |2 Q3,q - Qz,ql

3. Coefficient Estimates For the Class ngf} (0,¢,, )

Definition 3.1. A function f € ) defined in (1.1) is said to be in the class
S g’; (0,¢,m ¢) if the following quasi-subordination holds:

1 1 Llé,lf(z) Lk';l " 2 Lk';l ! 2 Lk,l !
—|a+ (== +ez (L @) - 2o+ (L @) +¢22 (L5 (@)

!

+ 20

- 1] <q (0(2) -1,

l LZ'Ag (W) "
T w

(1+9) ( ) +ow (L) — @2 +0) (L2 gw)) +w? (L% w))

+20 -1 <4 (p(w) — 1),

where the function g is the extension of f™* in A, form € C/{0}, 0 < o < 1,0<
(<1
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Remark 3.1. For o =0, a function f € ) defined in (1.1) is said to be in the class
Sé‘:q’l (0,¢,m, ¢) if the following conditions are satisfied:

1 Ly f(2)
; [(1 +9) <q—

VA

) (@) + 02 (L f @) - 1] <0 @@ - D,

1
s

Lk‘l ’ 1
a+9 (%(W)) —¢ (L6t gw)) +cw? (Lt gw)) - 1] <q (W) = D).

Theoremv3.1. Let f(z) givensby (1.1) be in the class Sé“'{} (0,{,m, ¢). Then

la,|

( 1 |Col G1 /Gy \ 3.1)
17062 (L4 40) 50 + (61— 6,) (1= ¢ — 20020, |
7'52|C0|ZG12 Gy (|G| +2]Cy )
las| < {(1 — 7 — 200202, T2 40 0, } (32)

Proof. If f € Sg'; (0,{,m,¢) and g = f~1. Then, there are analyticsfunctions x,y:A —
A with x(2) = s1z+ X2, 2/, yw) = tw + X2, t; w/, x(0) = y(0) = 0, such that

Ha+ 0 (L) 4 02 (18 1) - o+ 0 (@) +¢22 (1% 7)) + 20 -
1| =r@eee -, (3:3)
L +0 (S2) 4 ow (£ gw)) - 2o +0) (EAg(w)) +cw? (1 ) +

20— 1| = FW)($ (W) - D), (34

where x(z) and y(w) are defined by (2.7) and (2.8) respectively.
Proceeding similarly as in Theorem (2.1), we obtain

kA " , "
%[(1 +9) (quﬂ> +oz (L f(@) — e+ (L (D) +¢22 (L' (@)

b(z)—1

¢ <<b(z) + 1) - 1) '

LZJQ (w) kA " kA ' 2 (1kA '
A+ +ow (Lgw)) = 2o +9) (L gw)) + qw? (LG g(w)

-1

¢ ((ZEB T 1) - 1)] (3.6)
where the right-hand sides of (3.5) and (3.6) given by (2.13) and (2.14), respectively.
Since

2+ (2 s s (70) - o+ 0 (17700 #652(157700) 42

1]= s (=020 g a7 + L (1+40) Oy 052 + 3.7

+ 20

- 1‘ =I'(2) (3.5)

n

1
s

+20—-1|=I'(w)

L £(2)

Z
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n

(1+c)< 9w )) ow (L gw)) — 20 +0) (Lrgw)) +qw? (L gw))

+20-1
1 1
= _E(l —{—20)0y,a,w + - [2(1 + 4005403 — (1 + 4D 03 4a3]w? + - (3.8)
Comparing the coefficient of (3.7) with (2.13) and (3.8) with (2.14), then, we have
2(1-{—20) N34 a, = mCyGy5q, (3.9)
4(1+40) 3,q a5 = 27 C,Gy 5y + 2 CoGy (55— ?) + 1 CoGy 52 (3.10)
—2(1 -0 —20) 4 a; = mCyGyty, (3.11)

and
[4(1+40) 03,](2 a2 — a3) = 2n GGty + 271 CoGy (t2 - %) + mCoG,t2.  (3.12)
From (3.9) and (3.11), we find that
Si=—1t;, (3.13)
8(1—(—20)%05,a5 =nm*C{Gi(sf +1t). (3.14)
Adding (3.10) and (3.12), by using (3.13) and (3.14), we get
[8(1 + 40)CoGE023 4] a3 = 27 C3G3 (s, + t,) + (G, — Gy) w CFGE(sf + t7),

7 202 2
[8(1+40) CoG205,0) aF = 21 C3G3 (s, + 1) + (G, — G;) T2 (315)

V1
which implies

212 CE G} (s, +ty)
87 CoGE (1+4) Q30+ (G~ G2) (1 - —20)203 ]
Applying Lemma (1.1) for the coefficients s, and t, , we can easily obtain

T |Co| Gy V G4

17062 (1449 030+ (61— 6) (1 = ¢ — 200203,

which is the bound on |a,| as asserted in (3.1).
Now, in order to find the bound on the coefficient |as|, by subtracting (3.12) from (3.10), in
light of (3.13), we have
[8(1+40) 254] (az— a3) =21 C1Gy51 + 27 CoGy(s; — t3),
2 1'[5,‘1136151+ 27 Cy G1(s2—t3)
8 (1+40) 234
Upon substituting the value of a3 from (3.14), we obtain
m?C5GE (st +t7) TGy (Cisp+ Co(sy—t3))
8(1-- 200202, 1(1+40) 0y,
Applying Lemma (1.1) once again for the coefficients s;, s,, t; and t,, we find that
|a|<{ m?|Co |? GF +7TG1(|C1|+2|C0|)}
T (-7 -20203, 2(1+40) 03
This completes the proof of Theorem (3.1).
Taking o =1 and m = 1 in Theorem 3.1, we have the following corollary.

a3 =

la,| <

a2 + (3.16)

as =

Corollary 3.1. Let f(z) given by (1.1) belong to the class S“ (1,{,1,¢). Then
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(

la,| <

|Col Gy /Gy \}’
)

1 €062 1+ 40) 3+ Gy = 62) [-+ 01 03,
|a|<{ 1Co I* Gf + Gl(|C1|+2|Co|)}
T A+ 01203, 2(1+49) 034

By putting ¢ = 1and ¢ = 0 in Theorem 3.1, we have the following corollary.

Corollary 3.2. Let f(z) given by (1.1) belongs to the class Sg'j (1,0,7, ¢). Then
)
|a2|s{ 7 |Col G1 /Gy }
(J' 1 Co GE 34 + (G1 — G,) 023

lay| < 7T2|CO|ZG12+7TG1(|C1|+2|CO|)
31 = 0z, 205, '

Ifweset I'(z) = 1and o = 0in Theorem 3.1, we get the following corollary.

Corollary 3.3. Let  f(z) given by (1.1) belong to the class Sg:g (0,¢,m, ¢). Then

7TG1\/G_1

\/| mGE (1+40) 054+ (61— Go) 10203 )

| < { w2 G? N T Gy }
Az < .
T -0, 2(1+40) 034

la,| <

Conclusion
In this paper, we introduced subclasses of the function class ) of analytic and bi-

univalent functions associated with operator L'fl"1 defined in the open unit disk A by applying
quasi-subordination have been introduced and studied. Some results and properties about the
corresponding bound estimations of the coefficients a, and a; are given and investigated.
Here ,we opened some new windows to find the coefficients using quasi-subordination.
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