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Abstract

We obtain the coefficient estimates, extreme points, distortion and growth

boundaries, radii of starlikeness, convexity, and close-to-convexity, according to the
main purpose of this paper.
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1. Introduction
Let 3 denote by class of meromorphic functions of the form

1
fw)=—+ ) awk, a, = 0. (1D
" kZl k k

which are analytic in unit disk

U={w:weC(0<|wl<1}=U\{0} (2)
Let g € ) be given by .
gw) = %+ Z bwk, b, = 0. (3)
Then the Hadamard product of f and ;z;given by
(D) ==+ Y aubw®, ab, = 0. *
k=1

A function f * g in Y is said to be meromorphically starlike of order ¢ if
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R { w(f * g)'(w)

eqd— (f*g)(w)}>e,weU*,(0S £ <1). (5)

We denote by Y:*(¢) class of all meromorphically starlike functions of order ¢.
Similarly, a function f * g in Y, is said to be meromorphically convex of order ¢ if

(W )W)
Re{ <1+ 9y W) >}>€,WEU,(0S e<1). (6)

And we denote by Y),.(¢) the class of meromorphically convex functions of €. The class
Y*(e) and Yx(e) were introduced and studied by pommerenke [1], Miller [2], Mogra et al.
[3], Aouf et al. [4,5], EI-Ashwah et al. [6], Mostafa et al. [7] and Venkateswarlu et al.
[8,9,10].

Let us consider the second order linear homogenous differential equation (see, Baricz

[11],[12]):
w2z"(w) + swz' + [tw? —u? + (1 — h)]z(w) = 0, (h, t,u € C). (7)

The function z, , .(w) which is called the generalized Bessel function of the first kind of
order ¢ where ¢ is an unrestricted (real or complex) number, is defined a particular solution
of (7). The function z, , (W), has the representation

o)

(—t)k W 2k+u
ZuneW) = ) LA
S+ Dr(k+u+ %) (2)
Assume
2vr (u+ 20 1
Ju,h,t (W) = u Zu,h,t (W2>
W§+1
& orr(ut %)
— k
=W ht 1\
WS AT+ DT (ke +u+ 7o)

Definition 1.1. [13]. The operator J,, , . is a modification of the operator introduced by Deniz

[5]. t .
k()
, h,t,u € C).
r(k+1)r(k+u+%) w (h.t,u € C)

(Fune) W) = =+ 27,

Definition 1.2. [14,15]. For (f * g)(w) € A the linear operator 7;”*: ; — Y is defined by

1
T+ W) = —+ D [+ 1(k + D" aghowt, ®
k=1

form € N, = {0,1,2, ... }. It can easily be observed that
T W) = (f * g)(w)
T * )W) = (1 —0)(f * @)(w) + 7LD 5 g
=1+ *g9)W) +w(f * g)' W) = To(f * g)(w)
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T2(f * W) = TL(TH(f * 9)(W)).

Definition 1.3. For (f * g)(w) € A the operator C”znu"ht(f * g)(w): Y — Y is defined by
Hadamard product of operator 7;" and the operator J, p;

MK x DW) = T * W) * (Tune) W),

GH (v + 3D [ 4ok +

S (F * G) W) == +Z 2 iy

akkak. (9)
=} F(k+1)I‘(k+ U+

We note that
Som 11 (F * W) = S (f * 9)(w).

Definition 1.4. [16]. For 0<a <1, 0<§<1, -<Y<1lifa=05<Y<-—ifa+

0,let ¥(a,6,Y,t,u, h,t) denote a Subclass of Y consisting functions of the form (4) that
satisfy the requirement

w (S * )W)
e +1
”Tuht(f*g)(W)
Nruht(f*g)(w) Nruht(f*g)(w)

<68, (10)

where S;”u"ht(f * g)(w) is given by (9). In addition, we state that a function(f * g)(w) €

Y(a,6,Y,t,u, ht), whenever (f x g)(w) is of the form (4).
We can see that by specializing the parameters in the operator and the class, we get the classes
examined by Aouf [5], Kulkarni and Joshi [17], Mogra et al., [3].

2. Coefficient inequality
We get the coefficient boundaries function in this part (f * g)(w) for the class

Y(a,6,Y,t,u,ht).

Theorem 2.1. A function (f * g)(w) intheclass Y.(a,6,Y,t,u, h,t) if
—t\k h+1
(7) T(u+==) [+ + D"

(k+1)+8((1—k) + 2Y(k — ) 2 || |Br
kZl ( ) r(k+1)r(k+u+%) o
< 20Y(1 - a). (11)

Proof. If (f x g)(w) € X(«a,8,Y,1,u,h,t), then by (10) we get

w (S - W)

wmk %

wht(f g)(w) , -
w (STune(f * )W) w (S0 + W)
Z'y Nmk Nmk
Tuht(f*g)(w) Tuht(f*g)(w)
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w (ST O * )W) + S0 (fF * W)

2Yw (S, (F * ) W)) +2aY ST (f » )W) = w (ST, (F * )W) — STk (f * 9)(w)
)

. () T+ 1+ e+ g
Ttk or(k+u+ )
—t\k h+1 m

2Y(a— DL+ 8((1— ) + 2Y(k - ) TE ) rer7)u o Ef: 2

Pk + D (k +u+75=)

(k + 1)akbkwk

<é

abwk

_\k
() r(m%) [1+ 1k + D™
- e (k + DlagIbelIw
k=1 I'(k + 1)F(k +u+ T)

i (_t)k r (u + %) [1+t(k + D™

4
— F(k+1)F(k+u+M)

2
<26Y(1 - a)|w|™,

“|

+5((1— k) +2Y(k — a)) lax||b|lw
k

when w— 1~, we obtain
k

oo —t h+1

=) T(u+——)[1+1k+ D™
Z(k+1)+6((1—k)+2y(k—a))(4) () 1 lacllbl
=) F(k+1)F(k+u+T)

< 26Y(1 - a).

Then
o —t\* h+1

—) T(u+——)[1+(k+ D™
Z(k+1)+5((1—k)+2y(k—a))(4> () ————lay byl
k=1 F(k+1)l“(k+u+T)

< 25Y(1 - a).
Thus, (f xg)(w) € X(a,8,Y,1,u,h,t).

3. Distortion Theorems
We get the sharp for the distortion theorems in this section.

Theorem 3.1. If (f x g)(w) in the class Y(a,6,Y,t,u, h,t).Then for 0 < |w| =r <1,

we have
1| 267Y(1 — a) |
T ) T+ D 1 ees |
(k+1) +6((1— k) + 2y (k — ) ~2 2 1
e+ DT (k+u+75-)
<|(f+xgpW)|, (12)
and
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/ \ |(f * g) W)l
1 26Y(1 — )
<-4 T. (13)
r —t\k h+1
—) T [1 k+1)]
\(k+1)+6((1—k)+2“g(k—a))( 1) T+ ) +;(+1+ ol /
r(k+1)r(k+u+—
The function (f * g)(w) from equation in (12) and (13) are obtained
f*g9)(w)
1 20Y(1 — a)
=—4 w. (14)
w —t\k h+1
=) Tu+==)1+ 1tk + D™
\(k+1)+5((1—k)+2‘y(k—a))( 1) () hTH /
M+ DT (k+u+25—)
Proof. Via Theorem 2.1, we have
® —t\k h+1
=) Tu+==)[1+ 2k + D™
Z(k+1)+6((1—k)+2‘y(k—a))( O i ) Iyl b
k=1 Tk + 1)F(k+u+T)
<28Y(1 - a),

for lw|=7r <1, we get

| (F * )l =778 Z|ak||bk|r> r 1—r2|ak||bk|

—
—

i | 26Y(1 - a) .
- —t\* h+1 '
O r(u+ 2 1+ ek + D
(k+1)+6((1—k)+2y(k—a))( R ] +;Er1+ )
F(k+1)F(k+u+T)
Also,
I = DO <7704 D lagllbel < 770+ ) [ayllbyl
k=1 k=1
<r 4 209 - o) r.

—t\* h+1
=) r(u+232) 1+ ke + D] |
k(k+1)+6((1—k)+2y(k—a))( 2) ()l +hTEr1+ )

F(k+1)F(k+u+T)

As a result, the proof is complete.

4. Growth Theorems
In this section we get the sharp for the growth theorems

Theorem 4.1 If (f * g)(w) in the class }(a,6,Y,t,u,h,t).Then for 0 < |w| = r <1,
we have
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r7% — ( 26Y(1 — a) wl
—t\" h+1 -
\(k + 1) + 5((1 — k) + Z’y(k — a)) (T) F(u -I-T) [1 +;g{€1‘|‘ 1)] )
F(k+1)F(k+u+T)
< |(f *g)' wW)|, (15)
and
|(f * g)' (W)l
<r?
20Y(1 — )
" (16)
(_Tt)k r (u + %) [1+t(k+ 1™
(k+1)+8((1—k)+2Yk — a)) i
F(k+1)l“(k+u+T)

The function (f * g)'(w) from equation (15) and (16) are obtained
(f*g)w)=2z72

—I( ki) . an
—t\k h+1 o
- P — k m
k(k+1)+6((1—k)+2‘y(k—a))(4) Mt )[”,f(H“”
[k + D (k +u+75—)
Proof. Since
IO = @Y I < (w2 = > kayhw*|,
Form Theorem 2.1, we get =
o —t\* h+1
—) Tu+——)[1+(k+ D™
Z(k+1)+5((1—k)+2y(k—a))(4> () ————lay byl
k=1 F(k+1)l“(k+u+T)
<28Y(1—a),
for |w| = r < 1, we obtain
IF + 9) W) 2 772 = > KlayIbyl
k=1
i | 26Y(1 - a) |
~ —t\* h+1 '
) r(u+ 2221+ ok + DI
[(k+1)+6((1—k)+2y(k—a))](4) (7)1 hfil )
F(k+1)F(k+u+T)

We can do the same thing,

IF + 9) W) < 772+ ) KlayIbyl
k=1
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( \

I _ I
= Zdy(l(_%i (w+ 2D 1+ o+ 1] |
—) T(u+=—=5=)[1+(k+ D™

\[(k +1) +6((1 - k) +2Y(k — a))| -2 2 E2

r(k+1)r(k+u+T

We have now completed the proof of the theorem.

The function (f * g)(w) meets the radii of starlikeness, result convexity, and close-to-
convex to convexity criteria, as shown by [18].

Theorem 4.2. Let (f*g)(w) € Y(a,8,Y,t,u,h,t). Then the function (f xg)is of
starlikeness order ¢, (0 < &€ < 1), in |w| < ry, where
r(a,6,Y,t,u,ht)

—t\k h+1
=T =i k+ D™
[(k+1)+6((1—k)+2y(k—a))](4) (u+ 2 )[ +hTS-1+ )
. 1-¢ F(k+1)r(k+u+—2 )
S \G—e+D 26Y(1 - a)
Proof. We must demonstrate this
AU CON PR
(f*g)w)
w4+ 3% kagbw*
<1- )
T w4+ Yl agbew® | T tmem (18)

From (14) holds if
D G+ Dlaglibilwl™ < (1 =) = (1 =) ) lagllbellwl™,
k=1 k=1
Then
= (k—¢e+2)
D T lanlibliwl < 1, (19)
k=1

From Theorem 2.1, we get

—t\k h+1 m
[(e+ 1)+ 6((L = ) + 2Y(k — )] (T) F(u+T)[1 +hTSf1+ D]
i Pk + D (k +u +"3—)

20Y(1 — )

lak| | byl

k=1

<1 (20)
By combining (19) and (20) we get.
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(k—e+4+2)
1-—=¢

/ ) N R (e o LR RV
I[(kJrl)Jr(S((1 9+ 2y -] r(k+1)r(k+u+u) |

|W|k+1

- 2
= | 26Y(1 — @) '
that is
|W|k+1
—t\¥ h+1
- - T(k m
. F(k+1)F(k+u+T)
< | |
(k—e+2) 20Y(1 — a) )
Therefore,
%! 1
—t\K h+1 e
—t k m
/[(k+1)+5((1—k)+2y(k—a))]( ) F(u+ 7 )[1+h(+1+1)] \
L. P+ DT (k+u+75-)
S\Gk-c+2 26Y(1 - a) >

Theorem 4.3. Let (f * g)(w) € Y.(a,6,Y,t,u, h,t). Then the function (f * g) is of convex
order &, (0<e<1),in|w| <y, where
rp(a,6,Y,t,u,h,t)

+M )L+ (e + DI"

( h+1

/ (&) (s
[(k+1D)+6((1—k)+2Yk —a))]

nf 1—¢ I T(k +1)r k+u+T
= inf <

|
ko1 |k(k—e+2) k 26Y(1 — @) )l

Proof. We must demonstrate this

w(f *g)"(w)

2+ F*9) W) <1l-g
‘2 N 2w 2 + ¥ k(k — Dagbw*™?! <1 (21)
—w2+ Y7 kagbwk1 - '
From (17) holds if
Y1 k(k + 1) lag|1be [lw]*** 1.
1 =0 klagllbe|lwlk+t = '

then
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S k(k+2—
Z ( 1—¢ D laellbellwl < 1. (22)
From Theorem 2.1, we get =
—t\¥ h+1
- ) T(u+——=) 1+ +D]"
oo/[(k+1)+6((1—k)+2y(k—a))]( J 1) ! \
Z| T+ DT (k+u+ "5 wllb
Ak 10k
k=1\ 26Y(1—a)
<1 (23)
By combining (22) and (23) we get
<k(k+2—£)>|wlk+1
1—¢
—t\k h+1
—) T(u+——)[1+t(k+ D™
/[(k+1)+5((1—k)+2y(k—a))]( ) (e RE1 \
| Dk + DT (k+u+75-) |
<L 26Y(1 - a) I
|W|k+1
—t\k h+
—) T(u+——)[1+ 1k +1)]
([(k+1)+5((1—k)+2'U(k—a))]( ) ( 2) h+1 \’
L. ke + D (k+u+75=)
= (k(k +2— s)) 26Y(1-a)
Hence
%! 1
( —t\* h+1 \ K+
\r —— 1 k+ D™
/[(k+1)+6((1—k>+2y(k—a>)]( I Gl | +h(+1+ )]\
- Tk + D (k+u+73=)
= (k(k +2— s)) 260Y(1—a) (

\
As a result, the evidence is now complete.
The close-to-convexity property of the considered subclass functions is demonstrated in the
following theorem.

Theorem 4.4. Let (f * g)(z) € Y.(a,6,Y,t,u, h,t). Then the function (f * g) is of close-to-
convex order &, (0 < € < 1),in|z| < ry, where

r3(a, B, Y, T,u,h,t)
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—t\* h+1 k+1
=) T +— [1+z(k+ D™
/[(k+1)+5((1—k)+2y(k—a))]( ) (u h+1
(lwl- 2_(2_5))| I‘(k+1)F(k+u+T

[
VS
e

klw|2 | 20Y(1—a)

\

Proof. We must demonstrate this
[(f xg)(w)—1| <1-—g¢,

\l
)

that is

(f*g@)' W) —1] < |w|™% + Z klagllbellw|™t—1<1-—¢

IF = gy W) = 1 < Wl + > Klayllbliwl™ < 2— &,
From Theorem 2.1, we get )

> lallbel < e :
k=1

—t h+1 N
[(k+1)+8((1—K) +2Yk—a))] (—) F( "‘T) [1 +hg<1+ D]
F(k‘|‘1)f'(k-|-u+T)

then
k h+1

—t m
G 1+ 5001 — 0 + 20k - ) LT )[”h(ffl)] \
F(k+1)l“(k+u+T)

|
kzlL 20Y(1 —a)

||ak||bk|

<1 (24)
Observe that (24) is true if
k|W | k—1-2+2

w|=2 = (2 —¢)

D el 1)]m\
|

( ORI
| [(k+1)+6((1—k) +2Yk—a))] _— 1)F(k . +M)

< 2
a 260Y(1 —a)
that is
—t\* h+1
—_ — )1 k+ 1™
/[(k+1)+6((1—k)+2y(k—a))]( ) F(u+ [ +hTEr1+ )] \
Kot o (Iw |2_(2—5))| r(k+1)r(k+u+T I
v klw|~2 k 26Y(1 —a) )
Hence
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—t\k h+1 I
/[(k+1)+6((1—k)+2y(k—a))](_) Pt [173{1“) \
(Iwl~ 2_(2—5))| I‘(k+1)1‘(k+u+T) I
|

IA

klw|-2 | 20Y(1—a)

\

As a result, the evidence is now complete.

5. Extreme points Theorems
Theorem 5.1. Let (f * g)o(w) = %with (k=1)and

(f *@(w) =
20Y(1 — a) k

—+ w.
w —t\* h+1

— ) Tu+——)[1+t(k+ D™
[(k+1)+5((1—k)+2y(k—a))]( ) r(er ) e

F(k+1)F(k+u+T)

Then (f x g) € Y(a,8,Y,t,u, h,t),ifand only if it can be expressed in this way

(f * 9)(w) —Zukq*g)k(w) (e = 0, Zuk = 1), (25)
Proof. Suppose (f * g) can be wrltten as in (25). Then

(fxg)w) = Z e (f * @ w) = po(f * g)o(w) + Z e (f * g (w)

1+ U 20Y(1 — ) .

v k —t\ h+1 :
-t h+1 ) N

[(k+1)+6((1—k)+2y(k_a))]< ) F( +— )[1+ t(k +1)]

r(k+1)r(k+u+hzj)

Therefore,
h+1

= 26Y(1 — @)
z.uk N
= +25=) [L+ 7k + DI

(F) r(e+5
[+ D+ 8(C =) + 2y (k)] r(k+ Dr (k +u + 251
—t\¥ h +
—) T(u+——)[1+1(k+ D™
(e 1) +8(( =k + 2y~ )] . )I‘(k(+ )T (Zk 2 TERESY

2
26Y(1 — a)
=Z“"_1=1_“°S1'
k=1

So by Theorem 2.1 we have (f * g) € Y.(a,6,Y, T, u, h,t).

Wk
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Conversely, suppose (f * g) € Y.(a,6,Y,t,u, h, t). Since
26Y(1 — a)

akbk < % ht1 ,k > 1.

M(w+"5=) [1+1(k + D™

h + 1)

r(k+1)r(k+u+T

—t
[(k+ 1) +6((1 - k) +2y(k—a))](4)

We set,

k h+1

M(w+"5=) [1+ 7k + D]™
F(k+1)F(k+u+M)

2
26Y(1 — @)

—t
[(k+1)+6((1—k) +2y(k—a))](4)

Up = akbk,k

=>1
and py =1 — 22 Uk- Hence

(fxg)w) = Z#k(f*g)k(W) = Uo(f = g)O(W)"'z.uk(f*g)k(W)

As a result, below are the outcomes
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