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Abstract

The concept of semi-essential semimodule has been studied by many
researchers.

In this paper, we will develop these results by setting appropriate conditions, and
defining new properties, relating to our concept, for example (fully prime
semimodule, fully essential semimodule and semi-complement subsemimodule)
such that: if for each subsemimodule of 7-semimodule W is prime, then W is fully
prime. If every semi-essential subsemimodule of T"-semimodule W is essential then
W is fully essential. Finally, a prime subsemimodule H of W is called semi-relative
intersection complement (briefly, semi-complement) of subsemimodule V in W, if
VNnH =0, and whenever VNB =0 with B is a prime subsemimodule in W,
H < B, then H = B. Furthermore, some results about the above concepts have
been mentioned.

Keywords: Prime subsemimodule, Semi-essential subsemimodule, Multiplication
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Introduction

When studying semimodules on semirings which are wider than modules on rings, we
found that it has a long history in terms of building classes, which are important
generalizations of loops, and at the same time we notice important differences between them.
Among these differences there are the concepts of prime subsemimodule and semi-essential
of semimodule, so in this research we will try to address some properties of what is related to
the "semi-essential subsemimodule”. The study of semimodules over semiring has been
extensively considered, as reviewed by Golan [6].

In this paper, we mention some important definitions that we will rely obtain some
important results on the topic (semi-essential subsemimodule). Assume 7" is semiring. A left
T-semimodule W is a commutative monoid (W, +) for which we have a function T x W —
W defined by (t,w) +— tw (t €T, w e W) such that for all t,t'e T and w,v €W, the
following conditions are satisfied: t(w + v) = tw + tv, (t+tHw = tw + t'w,
(t.thw = t(t'w), 07w = 0 = t0y,. When 1w = w holds for each w €W then a left T-
semimodule W is said to be unitary [6, p.148]. A subsemimodule V of 7-semimodule W is
said to be subtractive if each of w,w'eW with w,w + w' €V implies w'eV [6, p.154]. A
T-semimodule W is said to be subtractive if all its subsemimodules are subtractive. A T'-
semimodule W is called semisubtractive if for every w,w' in W, there exists h in W such
that w = w' + h or w + h = w' [12]. A T-semimodule W is additively cancellative if for
all wr, h, k in W with w + h = w + k implies h = k [6, p.172]. If for any subsemimodules
X,Y and Z of a T-semimodule , X N (Y+2) =X NTY+ X nZ, holds then W is called
distributive. Let V and  be subsemimodules of a 7"-semimodule W, W is said to be a direct
sum of V and #, denoted by W = V@®H, if each w ¢ W uniquely written as w = v + h
where €V and heH . In this case then V (similarly H) is called a direct summand of W [6,
p.184].

Now, basic essential subsemimodule and semi-essential subsemimodule have been studied
by many researchers. The semi-essential subsemimodule has been known in more than one
style. In [12], by Tsiba, semi-essential subsemimodule was defined by "(Let W be a left T-
semimodule and V is a subsemimodule of W, then V is said to be semi-essential in W,
written as V 2, W if for any subsemimodule ' of W, H NV = 0 = H = 0)". Where this
definition was given for essential subsemimodule in [9], by Pawar. But in this research we
will rely on the semi-essential subsemimodule concept as stated in [10], by Pawar, let V be a
non-zero subsemimodule of 7"-semimodule W, then V is called semi-essential if for every
non-zero prime subsemimodule B of W then VNB # 0, i.e. if YVNB =0 implies B =0
(expressed by V <;.,n W).

This paper consists of three sections. The first section contains some of the definitions we
need in this work (preliminaries). In Section two, some new results are studied via adding the
necessary conditions. Finally, in the last section, some new concepts have been studied as
(fully prime semimodule, fully essential semimodule and semi-complement subsemimodule).

1- Preliminaries

Definition 1.1: [7] Let 0 # V be a subsemimodule of 7-semimodule W. Then V is said to be
essential in W if for each subsemimodule H of W, V n H = 0 implies H = 0 (expressed by
V<. W).

In this case W is said to be an essential extension of V.
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Definition 1.2: [4] Let W be a T-semimodule and U,V be subsemimodules of W. Then U is
said to be intersection complement of V if U NV = 0 and U is a maximal subsemimodule of
W that have zero intersection with V.

The subsemimodules U and V are said to be mutually complement if they are intersection
complement of each other.

Definition 1.3:[11] Let W be a T-semimodule and «w € W . The left annihilator of v is
defined by anny(w) = {t € T| tw = 0}.

Note: ann(w) is a left ideal of 7. If V is a subsemimodule of W, then anns(V) ={t €
T|tw = 0,Yw €V}

Definition 1.4: [13] If T is a semiring, W is a T-semimodule. A subsemimodule B of W is
called prime if

1) B is a proper subsemimodule of W and

2) If for any w e W,t €T and twr € B= w € Bor t € [B: W], where [B:W] =
{t e T|twW < B}.

Recall that, in semimodules to define the quotient W/V, ¥V must be a subtractive
subsemimodule of W. [6, p.165].

Now, if B is a subtractive subsemimodule of a 7-semimodule W, then

anng(W/B) ={t e T|t(W/B) =0} ={t eT|tW/B =0} ={t € T|tW € B} = [B: W]

Definition 1.5: [10] Let W be a T-semimodule, 0 = V < W, then V is called semi-essential
subsemimodule in W if for every nonzero prime subsemimodule B of W then VN B # 0,
e, ifVYNB=0thenB =0 (expressed by V <gorn W).

Note, every essential subsemimodule of W is semi-essential subsemimodule in W.

Definition 1.6: [6] A T-semimodule W is called multiplication if for each subsemimodule of
W is of the form I'W, for some ideal I of T.
Note, if W is a multiplication 7-semimodule then V = [V: W|W, VPV < W.

Definition 1.7: [6, p.153] A 7 -semimodule W is called finitely generated by A if A is finite
and W is the intersection of all subsemimodules of W containing A.
Note, TA = {t;a; + tya, + -+ +thay|t; €T and a; € A,i = 1,2,...n}.

Definition 1.8: [10] Let W, W' be a T-semimodules. A 7-homomorphism ¥: W — W' is
called semi-essential if W(W) is a semi-essential subsemimodule of W'.

e The radical of a T-semimodule W (denoted rad(W)) is the intersection of all prime
subsemimodules B of w, ie. rad(W) = Npespecw) B where,
spec(W) = { B: B is a prime subsemimodule of W}.

e The T-semimodule W is faithful if for any nonzero t € 7 there is an element «w € W such
that twr #+ 0.

e The T-semimodule W be denoted by (s-P) 7"-semimodule, if any prime subsemimodule of
W is subtractive in W.

2- Some new propositions and results on the semi-essential subsemimodule after adding
the necessary conditions

Proposition 2.1: [10] Let W be a 7"-semimodule and V;, V, subsemimodules of W such that
Vy <V, §V) gon W, then V, <gomm W.
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Corollary 2.2: [10] Let V; and V, be subsemimodules of a T-semimodule W. If (V; n
V,) <sem W, thenV; <., W, (i = 1,2). But the convers is not true.

Example 2.3: In this example we will explain that the convers of Corollary 2.2 is not true.

We will consider the N-semimodule W = N3, (the semimodule of integers modulo 30). In
this semimodule, there are eight subsemimodules which are V; =< 0 >,V, =< 2 >,V; =<
3>V, =<5>7V;=<6>7V,=<10 >V, =< 15> and Vs = W. And there are three
prime subsemimodules which are V,,V;,andV,. Now, 7V, <;m W = N3,, Since

07&]]2“1]3:1]5 _ . 0¢V3HVZ=V5 _
[{0 £V,0V, =V, , also V3 <gom W = N3, Since [{0 £V,0V, =7, Butv, nV; =V

is not semi-essential subsemimodule, since Vs NV, =< 0 >.o

Proposition 2.4: [3] Let W be a T-semimodule, and V; <sem W, Vo <gem W. If WV, N B) is
a prime subsemimodule in W for every prime subsemimodules B in W, then (V; n
Vz) Ssem w.

Lemma 2.5: If B is a prime subsemimodule of a 7"-semimodule W and V < W such that
V « B. Then (V N B) is a prime subsemimodule of V.

Proof: Let v € V < W and t € T such that t++ € (V N B), then tv € V and tv € B. Since
B is a prime subsemimodule in W, then «+ € B or tW < B, but tV < tW then tV < B. Now,
either (v €eVAvr €B) or (tVCS VALY € B), consequently, v € (WNB) or tVc
(VY n B), hence (V n B) is a prime subsemimodule of V.o

Proposition 2.6: [3] Let W be a T-semimodule, V;,V, be a semi-essential subsemimodules
of W such that VNV, #< 0> and all a prime subsemimodules in V; are prime
subsemimodules in W, then (V; N V,) is a semi-essential subsemimodule of W.

Proposition 2.7: [3] Let W be a 7-semimodule, V; < W, (i = 1,2,3) with V; <V, < V,. If
Vi Zsem Vo and V, <gom Vs then V; <gomm Vs.
The converse is not true.

Example 2.8: [3] In this examples we will explain that the convers of Proposition 2.7 is not
true.

We will consider the Z-semimodule W = Zz @ Z,. In this semimodule, there are eleven
subsemimodules  which are  V; =< (0,0) >,V, =< (1,0) >,V; =< (0,1) >,V, =<
(1,1) >,V =< (2,0) >,V =< (2,1) >V, =< (4,0) >, V5 =< (4,1) >,V =<
(0,1),(4,0) >,V =< (2,0),(4,1) > and V;; = W. There are four prime subsemimodules
of W which are V,,V,, Vs and V,,, and three prime subsemimodules of the subsemimodule
Vo which are V;,V, and V. Now, V, <V < W and V; <i,, W, but V, is not semi-
essential in V.0

Lemma 2.9: If W is a faithful multiplication 7-semimodule. Then V <, W if and only if
[V:y] <, T forany y e W.

Proof: Since W is a multiplication 7-semimodule, then V = IW for some ideal I in T and
I € [V:y]Vy e W. Now, assume that [V:y] nJ = 0 for some ideal ] of 7. Thus I nJ = 0,
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so(IN)HW =< 0>thenV NnJW =< 0 >.Since V <, W, it follows JW =< 0 >, but W
is a faithful 77-semimodule, then /] = 0. Therefore, [V:y] <. 7.

Conversely, if [V:y] <, T,V =IW and V N V=< 0 > for some subsemimodule " of W,
then V' = JW for some | < T then IW N JW =< 0>, thus I N )W =< 0>, but W is
faithful 77-semimodule, then I N J = 0.

- If [V:y]ln]J#0Vy€eW, then Vy e W then 3t €] such that 0 # ty € V then
V<, W.

- If [V:y]n] =0 for some y € W, then ] =0, hence V' =< 0 >. Consequently,
V<., W.o

Lemma 2.10: Let E be a maximal ideal of T, then T\ E is closed under multiplication.

Proof: Let s;,5, ET\E , then T's; + E =T — 3t €T such that ts; + e =1 for some
t € T,e € E, consequently, ts;s, + es, = s,. If 535, € E, then s, € E, hence s;s, € E. That
iSSlsZ € T\E Od

Lemma 2.11: Let W be a T-semimodule, E a maximal ideal of 7T, then: T(W) =
anny (T\E) = {w € W|sw = 0 for some s € T\E} is a subtractive subsemimodule of W.

Proof: Since 0 e W, since 1.0=0A1¢ E — Ty(W) # ¢. Let wy,w, € Tg(W), then
s;wy =0 and s,w, = 0 for some s;,s, € T\E , hence s;s,(w; +w,) =0 and s;s, €
T\E then by Lemma 2.10 we have (w; +w,) € Te(W). Let w € Tz(W) and t € T, then
sw =0 for some s & E, hence s(tw) =0 — tw € Ts(W). Now, if w,,w; +w, €
Tz(W), then s;uw; =0As,(wy +w,) =0 — sp51w = 0A S S + 515w, =0 —
S1S,w, =0 — w, € Tg(W). O

e We say W is E-cyclie provided 3 s € T\E and «w € W such that sW < Tuw.

Lemma 2.12: Let 7 be a semisubtractive commutative semiring with identity. Then a T-
semimodule W is cancellative multiplication semimodule if and only if for each maximal
ideal E of T either W = T (W) or W is E-cyclic.

Proof:

= ) Assume that W is multiplication and E is a maximal ideal of 7. Suppose that W = EW.
Let w € W, then Tw = AW for some ideal A of 7. Hence Tw = AW = AEW =
EAW = EW — w = ew for some e € E. Since T is semisubtractive we have either
l=s+e or l+s=e for some SET (then s € T\E) =

{e1thersw+ew=ew—>sw=0 o ETy(W) — W =Te(W). If W = EW,
or w=w+sw —sw =0

there exists x € W and x & EW, then there exists I < T such that 7x = IW. Clearly, I
E, hence there exists s € [ As & E,sW < Tx and W is E-cyclic.

Conversely, assume that for every maximal ideal E of T either W = T;(W) or W is E-
cyclic. Let V<W and [=ann(W/V). Clearly, IWc?V. Let yeV and
K ={t e T|ty € IW}, if K = T, then y € IW. If not, then there exists a maximal ideal Q of
T suchthat K € Q. If W = T,(W) then sy = 0 for some s & Q, hence s € K € Q, whichis a
contradiction. Thus, by hypothesis there exists r € @,z € W such that ¥W < Tz. It follows
that 'V is a subsemimodule of Tz. Hence rV = Jz where ] is the ideal {t € T|tz € rV} of T.
Note that r/W =JrW CJzCV —r] S —>riy €r?V =rJz € IW. But this gives a
contradiction v2 € K € Q by using Lemma 2.10, thus K =T and y € IW. Therefore,
V = IW and W is a multiplication semimodule. o
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Lemma 2.13: Let E be a prime ideal of a semiring 7', with T is semisubtractive and W is
cancellative faithful multiplication 7"-semimodule. Let a € T,x € W satisfy ax € EW, then
a€EorxeEW.

Proof: Assume that a ¢ E. Let K = {t € T'|tx € EW}. If K = T, then x € EW. If not, then
there exists a maximal ideal Q of T such that K < Q. Clearly x & To(W) (since if sx =0 €
EW — s € K € Q). By Lemma. 2.12 we have W is Q-cyclic, that is 3w € W, q ¢ Q such
that gW < Twr. In particular gx = sw, and gax = ew for some s € 7 and e € E. Thus
saw = ew — I h € anns(w) such that sa+ h =e or sa=e+ h. But W is faithful,
hence h=0, sOo sa=e€E —s€E as E is prime ideal and a € E. Then gx = sw €
EW — q € K < Q, which is a contradiction. It follows that K = 7" and x € EW, as required.

Corollary 2.14: Let W be a faithful multiplication T"-semimodule, then E is a prime ideal of
T with W = EW if and only if EW is a prime subsemimodule of W.

Proof: Since W is a multiplication 7-semimodule and W # EW then there exists V < W

such that V = EW.

=) Assume that E is a prime ideal of T, to prove V = EW is a prime subsemimodule of W.
Lett e T, w eWand twr €V = EW, (By Lemma 2.13) then t € E or w € EW =

PV, but E is a prime ideal of T, then t.s € E for any s € T = tw € EW for any w € W,

therefore, tW € EW =V = EW = 7V is a prime subsemimodule of W.

<) Suppose that V = EW is a prime subsemimodule of W, to prove E is a prime ideal of T".
Let t,,t, €T and t,.t, €E, let w €W then (t;.t,)w € EW =7V implies

t,(t,w) € EW =7V, then by using Lemma 2.13 we have t, € E or t,wr € EW =7V. ButV

is a prime subsemimodule in W, then wr € V or t, € [V: W]. Thus, E is a prime ideal of 7.0

Theorem 2.15: [7] If W is a faithful multiplication T"-semimodule. Then V <., W if and
only if [V:y] <sem T forany y € W.

Proof:

=) LetV <o W, V = IW, then I < [V:y] foreach y € W. To prove [V:y] <¢em T
Suppose that [V:y] n E = 0 for some prime ideal E of T, then I n E = 0 (since I < [V:y]),
then (I N E)W =< 0 >, thus V N EW =< 0 >. But by Corollary 2.14 we obtain EW is a
prime subsemimodule of W, hence EW =< 0 >, as W is faithful 7-semimodule, thus E =
0. Therefore, [V:y] <¢em T

S) VY] <em TYY EW,V =W and YV N B =< 0 > for some prime subsemimodule
B of W, then B = EW for some prime ideal E of 7. Now, VN B =< 0 > then IW N EW =
< 0>, implies (I N E)YW =< 0 >, since W is faithful 7-semimodule, thus I N E = 0.

- If [V:y] N E = 0 forsomey € W, then E = 0 (since [V:y] <gem T).

- If [V:y]nE #0 forall ye W, thismean Vy €W, 3t € E suchthat 0 # ty € V,
then V <¢.;, W.

Inanycase V <gopy W.O

Lemma 2.16: [10] Let W be a 7-semimodule, V < W and B is a prime subsemimodule of
W. If WNnB:y)=ann(W), for each y € W and y ¢ (V nB), then (VN B) is a prime
subsemimodule of W.

Proposition 2.17: If W is a T-semimodule, V;,V, semi-essential subsemimodules of W, if

(Y, N B:y) = ann(W) for each prime subsemimodule B of W for each y e W and y ¢
(V1 nB), then (V; nV,) is a semi-essential subsemimodule of W.
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Proof: Let B be a prime subsemimodule of W such that (V; n1V,) N B =< 0 >, implies
V,n(V;NB) =<0>. Then by Lemma 2.16 we get V; N B is a prime subsemimodule in
W, since V, <gem W, then VLN B =< 0>, but V; <;ery W then B =< 0 >, therefore,
V1 NVy) <gem W.O

Lemma 2.18: Let W, W' be a T-semimodule, ¥: W — W' be a T-homomorphism. If B' is a
prime subsemimodule of W' then W~1(B’) is a prime subsemimodule of W.

Proof: Let t € T, w € W such that tw € ¥~1(B') then W(tw) € B', since ¥ is a T-
homomorphism then tW(w) € B'. But B’ is a prime subsemimodule in W' then either
Y(w)€eB or tW' <B. Therefore, w € ¥"1(B) or Y I1(tW') =tW c ¥~ 1(B"),
consequently, ¥~1(B") is a prime subsemimodule of W.o

Corollary 2.19: Let W be a T-semimodule, V < B < W, where V is subtractive, and
oW — % be the natural map, then B is a prime subsemimodule in W if and only if ?; IS a

prime subsemimodule in >

Proof: Let t €T, w+7V € % such that t(w + V) € %, implies tw +V eg , therefore,

tw € B, since B is a prime subsemimodule in W, then either «w € B or tW < B, then either
B w B B . . . . w

w+VE Sort (7) Sh .Therefore, 5 isaprime subsemimodule in >

Conversely, by Lemma 2.18 we have then ¢! (g) = B (where ¢ is the natural map of W

W, . : .
onto 7) is a prime subsemimodule of W.o

Proposition 2.20: [3] Let W, W' be a T-semimodules, ¥: W — W' be an isomorphism. If
V <¢em W, then¥(V) <,y W'.

Lemma 2.21: Let W be a semisubtractive, W' cancellative 7"-semimodules and ¥: W — W'
be a homomorphism of semimodules. If B is a subtractive subsemimodule of W such that

ker® c B, then ¥~1(¥(B)) = B.

Proof: B € W~1(¥(B)) in general, true.

Let w € ¥~1(W(B)), then ¥W(w) € W(B), that is ¥(w) = ¥(B) for some b € B, since W
is semisubtractive, then there exists h € W such that w + h = b or w = b + h, in any case
h € ker?¥, hence h € B by our hypothesis, sow =b+h —w € BBw +h=b — w € B
as B is a subtractive. Therefore, ‘P‘l(‘P(B)) = B.oO

Note, if ¥: W — W' such that ¥ is onto then [B: W] € [W(B): W'].

Lemma 2.22: Let W be an (s-P) semisubtractive, W' cancellative 7-semimodules and
Y: W — W' is an epimorphism of semimodule. If B is a prime subsemimodule of W such
that kerW € B, then W(B) is a prime subsemimodule of W',

Proof: Lett € 7,4’ € W' and tw' € W(B), since W is epimorphism, then there exists w €
W such that W(w) =w', thus t¥Y(w) € WY(B) implies Y(tw) € ¥(B) — tw €
Y-1(P(B)), by using Lemma 2.21 we obtain tw € B. Since B is a prime subsemimodule in
W, then either w € B or t € [B: W], thus either ' € W(B) or t € [W(B): W']. Therefore,
Y(B) is a prime subsemimodule of W'.0
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Proposition 2.23: Let W be an (s-P) semisubtractive, W' cancellative T-semimodules and
Y: W — W' be a T-epimorphism such that ker(¥) € rad(W). If H <., W', then
YHH) <gem W.

Proof: Let B be a non-zero prime subtractive subsemimodule of W such that ¥ ~1(H) N B =
< 0 >. By Lemma 2.21 we have then ¥~1() n ¥~*(¥(B)) =< 0 > implies ¥~1(H n
Y(B)) =< 0 >, thus I N ¥(B) =< 0 >, since ker(¥) S rad(W) < B, for every prime
subsemimodule B of W and by Lemma 2.22 we get W(B) is a prime subsemimodule of W'.
But H <g.,, W' then W(B) = 0. Thus B € ker(¥) €S Y 1(H), hence B=¥Y 1(H)NB =
< 0 >. Therefore, ¥~1(H) < em W.O

Remark 2.24: If B is a prime subsemimodule of 7-semimodule W, and B < B’ < W, then
B is a prime subsemimodule of B’

Proof: Itis clear. o

Proposition 2.25: Let W be a finitely generated faithful and multiplication 7"-semimodule,
then I <., J ifand only if IW <, JW for every two ideals I and J of T".

Proof:

=) Assume that <, / , to prove IW <., JW.

Let B be a prime subsemimodule in JW such that IWNB =<0 >, since W is a
multiplication 7"-semimodule then there exists a prime ideal E of T such that B = EW.
Now, <O0>=IWNEW =UNE)W thus INE)W =<0>, but W is a faithful T-
semimodule, then (INE) =0, since B=EW £ JW and W is a finitely generated T-
semimodule then E < J and since E is a prime in 7. By Remark 2.24 we have E is a prime in
J.Butl <., J thus E = 0. Therefore, IW <., JW.

<) Assume that W <., JW , to prove [ <, J.

Let E be a prime ideal of J such that (/NE) =0, then I N E)W = 0.W implies IW n
EW =< 0 >, since E is a prime ideal of / and by Corollary 2.14 we obtain EW is a prime
subsemimodule in JW, but IW <, JW, then EW =< 0 > and since W is a faithful T-
semimodule, then E = 0. Therefore, I <, J.O

3- Fully prime semimodule, fully essential semimodule and semi-relative complement

The main objective of this section is to generalize the definition of each (semi-uniform,
fully prime, fully essential and semi-complement) on semimodules after studying the above-
mentioned definitions in modules. See [2], [5] and [8].

Definition 3.1: [1] A T-semimodule W is called uniform if for each subsemimodule V of W
is an essential subsemimodule in W.

Definition 3.2: A 7-semimodule W is called semi-uniform if for any subsemimodule V of W
IS a semi-essential subsemimodule in W.

Example 3.2.1: Consider the N-semimodule N5, (the semimodule of integers modulo 36). In
this semimodule, there are nine subsemimodules which are V; =<0 >,V, =< 2 >,V; =<
3>V, =<4>V:=<6>V,=<9>V,=<12>"V;=<18>andV, = N3,.  And
there are two prime subsemimodules which are V,, and V5. Now, V; NV, #0and V; N V; #
0, fori =2,3,..,9thenV; <,.;n N3¢. Therefore, N-semimodule N34 is semi-uniform.
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Example 3.2.2: Consider the N-semimodule N,, (the semimodule of integers modulo 24). In
this semimodule, there are eight subsemimodules which are V, =< 0 >,V, =< 2 >,V, =<
3>V, =<4>V;=<6>V,=<8>7V,=<12>and Vg = N,,. And there are two
prime subsemimodules which are 1,, and V;. Now, Vg N V; =0 then Vg is not semi-
essential in N,,. Therefore, N-semimodule N,, is not semi-uniform.

Definition 3.3: A 7-semimodule W is called fully prime if for each proper subsemimodule V
of W is a prime subsemimodule in W.

Example 3.3.1: Consider the N-semimodule N,z (the semimodule of integers modulo 15). In
this semimodule, there are two a nonzero proper subsemimodules of N;c which are V; =<
3> andV, =< 5 >. And they prime subsemimodules in N, 5. Therefore, N-semimodule N, s
is fully prime semimodule.

Example 3.3.2: Consider the N-semimodule N,, (the semimodule of integers modulo 24). See
(Example 3.2.2), note, V, =< 8 > is not prime subsemimodule in N,,. Therefore, N-
semimodule N,, is not fully prime.

Definition 3.4: A non-zero T-semimodule W is called fully essential, if every nonzero semi-
essential subsemimodule of W is an essential subsemimodule in W.

Example 3.4.1: Consider the N-semimodule Ng (the semimodule of integers modulo 8). In
this semimodule, there are two a nonzero proper subsemimodules of Ny which are V; =< 2 >
andV, =< 4 >. Now, V; =< 2 >< o Ng =< 2 ><, N3 And V, =< 4 ><,,,, Ng =<
4 ><, Ng. Therefore, N-semimodule Ng is fully essential semimodule.

Example 3.4.2: Consider the N-semimodule N,, (the semimodule of integers modulo 24). See
(Example 3.2.2), note, Vs =< 6 > is semi-essential of N,,. But, Vs =< 6 > is not essential

subsemimodule in N,,, (since, < 6 >N< 8 >= 0. Therefore N-semimodule N, is not fully
essential.

Definition 3.5: Let W be a T-semimodule and V < W. A prime subsemimodule H of W is
called semi-relative intersection complement (shortly semi complement) of V in W if
VNH =0 and whenever VN B = 0 with B is a prime subsemimodule in W such that
H < B,thenH = B.

Example 3.5.1: Consider the N-semimodule N,, (the semimodule of integers modulo 24). See
(Example 3.2.2), note, V; =< 3 > is semi complement of V, =< 8 > in N,,, (since < 3 > is
a prime subsemimodule in N,, and < 8 >N< 3 >= 0).

Remark 3.6: If W is a fully prime 7-semimodule and < 0 ># V < H < W, then V is semi-
essential subsemimodule of 7 if and only if it is essential subsemimodule of .
Proof: Clear. o

Remark 3.7: [3] Let W be a T"-semimodule. Then W is a uniform T'-semimodule if and only
if W is a semi-uniform and fully essential 7"-semimodule.

Proposition 3.8: If W is a faithful and multiplication 7'-semimodule. Then W is a semi-
uniform 7" -semimodule if and only if 7" is a semi-uniform semiring.

Proof:

=) W is a semi-uniform T-semimodule and I <7, then V =W <., W, and by
Proposition 2.25, I <., T therefore T is a semi-uniform.
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. . . .. assumption
<) T is a semi-uniform semiringand V < W -V =[Wthen | < T ——— [ <,,;,;, T,

by Proposition 2.25) then V <,,, W. Therefore, W is a semi-uniform J-semimodule. 0O

Corollary 3.9: [3] If W is a fully prime T-semimodule. Then W is a uniform 7" -semimodule
if and only if W is a semi-uniform 7"-semimodule.

Proposition 3.10: Let W be a nonzero faithful and multiplication 77-semimodule. Then W is
fully essential 77-semimodule if and only if 7" is fully essential semiring.

Proof:

=) Assume that W is fully essential 7"-semimodule. To prove 7 is fully essential semiring.
Let I <ge;n T, since W is a multiplication 7-semimodule, then there exists V < W

such that V=IW and I € [V:y] for each y e W thus, [V:y] <¢e; T Vy € W. By

Theorem 2.15 we obtain:
assumption

V<emW——>V <, W, and by Lemma 29 we get [V:y|<, T VyeWw. If
JnI=0,where] <T,eitherJn[V:y] =0 forsomey € W then] = 0.

Orwe have JNn[V:y] =0 forany y e W, thatisVy e W,3te€Jsuchthat 0 #ty eV =
IW, hence ] n I # 0, which is not possible. Therefore, 7 is fully essential semiring.

<) Assume that 7 is fully essential semiring, to prove W is fully essential 7"-semimodule.
Let V <;em W, then:

V:y]l <¢em T VY EW (V:y] <. T, Vy €W, by Lemma 2.9 we get V <, W.
Therefore, W is fully essential 7"-semimodule. o

assumption

Proposition 3.11: Let W =W, @ W, be a T-semimodule, where W, < W, (i = 1,2),
<0># Vi < Wiv (l = 1, 2) |f Vi Ssem Wi' (l = 1,2) then (VI @ VZ) Ssem W. But the
converse is not true.

Proof: Let 0 # B = 3,(B) @ 3,(B) be a prime subsemimodule in W =W, @ W, , where
3;(B) is natural projection function of W on W;, (i = 1,2). If BN W; # 0, by Lemma 2.5
we have B N W, is a prime subsemimodule in Wy, since V; <;em Wy thenV, N (BNW,) #
0, consequently, there exists 0 #b eV, NBNW,, then 0 b €V, NB, thus 0 #b €
(V1 @ V,) n B, therefore, (V; & V,) N B # 0. Similarly, if BNnW, # 0, then (V; @ V,) n
B #0.

Assume that BN W; = BnNnW, =0, thus 0 is a prime subsemimodule in W;, (i =1,2).
Then any subsemimodule of W; is prime subsemimodule by Remark 2.24 (i = 1,2). Then
3;(B) is a prime subsemimodule in W; ,i = 1,2, since V; <sern W; then V; N 3;(B) # 0 for
(i=1,2).

Let 0# b =23,(b)+2,(b) €B, if 3,(b)=0 then 0#b=2,(b)EX(B)NW, SBN
W; = 0 contradiction. Then 1,(b) # 0, also 3,(b) # 0, Hence 0 # b = 3,(b) +3,(b) €
BNV DKBNV,)SV, ®V,. That is, 0+be (V, BV,)NnB. Therefore,
(vl @ vz) Ssem W.o

Example 3.12: In this examples we will explain that the convers of Proposition 3.11 is not
true.
We will consider the Z-semimodule W = Z, @ Z,. And V, =<2 > < Z,,V, =< 2 > < Z,
then,
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WL ®V,) = (<2>B<2>) Sgom (Zy D Zg) = (W, ®W,) (since ((< 2>@<2>)n
B+ 0)) for any B is a prime subsemimodule in W = Z, @ Z. But < 2 > is not semi-
essential subsemimodule in Z, (since < 2 >N< 3 >=< 0 >). O

Proposition 3.13: Let W =W, @ W, be a 7-semimodule, where W; <W,i = 1,2,
<O>#V, <sW,and < 0>V, <W,,if (V, BV,) <;em W then V; <., Wy, provided
that every a prime subsemimodule in W, is a prime subsemimodule of W. [3, see Prop. 2.6].

Proposition 3.14: Let W = W, @ W, be a fully essential 7"-semimodule, where W, and W,
are subsemimodules of W, < 0>+ N, <W;,i =1,2 , then (V; ® N;) <;ery W if and
only if V; <gerp W;,i =1, 2.

Proof:
=) Assume that (V;BN,) <gem W, to prove N; <gorm W;,i =1, 2.

Since (V;BN,) <gern W and W =W, @ W, is fully essential 7-semimodule then
(MON,) <, W, let <O0>+H, <W; <W, then (N;BN,) NH; #< 0>, implies
MNH)+WNV,NH) #< 0>, But (W, nH;) =< 0>, conesquntly (N, NH;) #<
0 >, then V; <, W, therefore V; <;ern W;. Similarly, IV, <¢ern W.

&) Assume that V; <g.,, W;, (i = 1,2), to prove (V;BN;) <gem W.
By Proposition. 3.11 we obtain (N, ®N;) <gem W.O

Proposition 3.15: Let W =W, @ W, be a distributive and fully prime 7-semimodule,
where W; and W, are subsemimodules of W, <0># N, <W,(i=1,2), then
(MLBN,) <gem W ifand only if NV; <oy W;, (i = 1,2).

Proof:
= )Assume that (V;®N;) <sem W, to prove IV; <;orn W; (i = 1,2).

Let P, be a prime subsemimodule of W, such that N; N P; =< 0 >, since W is fully
prime and P; < W, < W then P; is a prime subsemimodule in W. Since W =W, @ W,
thus W, N W, =< 0>, implies P, NN, =<0> for each N, <W,. Now, (N N
PAV,NP;) =< 0 >, since W is distributive T-semimodule thus (V; @ N;) N P; =<
0 >, but (V; @ N,) <gem W, therefore, P; =< 0 >, consequently NV; <qe;n W;. Similarly,
*7\6 —sem WZ
&) Assume that V; <g.., W;, (i = 1,2), to prove (M;BN;) <gem W.

Then by using Proposition. 3.11 we get (V;®N;) <sem W.O

Proposition 3.16: Let W be an (s-P) 7"-semimodule, 0 = V < W and # is a non-zero prime

subsemimodule in W. Then H is semi- complement of V in W if and only if O@}[) <sem % .

Proof: Let h: W — g be the natural map.
=) Assume that H is a semi-relative intersection complement of V in W, to prove
VBH) w

7{ =sem %
Let — be a prime subsemimodule of — such that ——

VoH) 1B _< 0 >, by Corollary 2.19 we

get h 1( —) is a prime subsemlmodule inW. Then B =h~ 1( =) is prime in W, thus —— (VEB?{)

UOTNE _ 0 >thus (V@ H) NB = H, therefore, (V N B) @ 7{ = 71,

N
% =< 0 >, then
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then (WNB) <H, and since (WNB) <V then WNB) < (VNH). Since H is a semi-
relative intersection complement of V, then VNB =< 0>, butVNH =<0 >,and H € B

(VOH) w

then H = B, consequently, % =< 0 >. Therefore, 5 Ssem -

<) Assume that W;ﬂ <sem % to prove H is semi-relative intersection complement of V in
w.

Let B be a prime subsemimodule of W suchthat ¥ € Band V N B =< 0 >. Suppose
that be VO H)NB, thus b =1v +h, wherevr EV,h € H and b € B. Since H € B
then h € B, but B is subtractive subsemimodule of W and b = (v + h) € B then v € B, thus

v € V N B, therefore, v = 0, implies b = h, consequently (V @ H) N B = H. It follows

that ((V?[H)) n % =< 0 >. But by Corollary 2.19 we have % is a prime subsemimodule of %

and (Vf[}[) Ssem%v then %=<O>, implies B = H, therefore H is semi-relative

intersection complement of V in W.o

Proposition 3.17: Let W be an (s-P) 7-semimodule, <0 >V <W. If U is a semi-
complement of V in W, then (V @ U) <;ern W.

Proof: Let h: W — % be the natural map. Since U is a semi-complement of V in W, then by
Proposition 3.16 we have (V:;u) <sem % , and by Proposition 2.23 we get

Bt (%) <sem W, implies (VOU) <o W.O
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