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Abstract

The aim of this paper is to introduce the definition of a general fuzzy norned
space as a generalization of the notion fuzzy normed space after that some
illustrative examples are given then basic properties of this space are investigated
and proved.
For example when V and U are two general fuzzy normed spaces then the operator
S:V — U is a general fuzzy continuous at u € V if and only if u, —»u in V implies
S(u,) =S(u) in U.
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1. Introduction

Zadeh in 1965[1] was the first one who introduced the theory of fuzzy set. When Katsaras in 1984
[2] studying the notion of fuzzy topological vector spaces he was the first researcher who studied the
notion of the fuzzy norm on a linear vector space. A fuzzy metric space was also studied by Kaleva
and Seikkala in 1984 [3]. The fuzzy norm on a linear space has been studied by Felbin in 1992 [4]
where Kaleva and Seikkala introduce this type of fuzzy metric. Another type of fuzzy metric spaces
was given by Kramosil and Michalek in [5].

A certain type of fuzzy norm on a linear space was given by Cheng and Mordeson in 1994 [6] so
that the corresponding fuzzy metric is of Kramosil and Michalek type. A finite dimensional fuzzy
normed linear space was studied by Bag and Samanta in 2003 [7]. Saadati and Vaezpour in 2005 [8]
studied complete fuzzy normed spaces and proved some results. Bag and Samanta in 2005 [9] studied
fuzzy bounded linear operators on a fuzzy normed space.

*Email: manarnaji33@gmail.com
847



Kider and Gheeab Iragi Journal of Science, 2019, Vol. 60, No. 4, pp: 847-855

Bag and Samanta in 2006 and 2007 [10], [11] was proved the fixed point theorems on fuzzy normed
linear spaces introduced by Cheng and Mordeson. The fuzzy topological structure introduced by
Cheng and Mordeson of the fuzzy normed linear space was studied by Sadeqi and Kia in 2009 [12].
Kider introduced a new fuzzy normed space in 2011 [13]. Also, he proved this new fuzzy normed
space has a completion in [14]. Nadaban in 2015 [15] was studied properties of fuzzy continuous
mapping which defined on a fuzzy normed linear space that introduced by Cheng and Mordeson.

The definition of the fuzzy norm of a fuzzy bounded linear operator was introduced by Kider and
Kadhum in 2017 [16]. Fuzzy functional analysis is developed by the concepts of fuzzy norm by
different authors have been published for reference one may see [17- 25].

This paper is structured as follows:

Basic properties of fuzzy absolute value are presented in section two. The notion of general fuzzy
normed space is introduced in section three then we proved some properties of this space. In the last
section, we continue with the study of the general fuzzy normed space by proving other properties of
this space.

2. Basic Properties of Fuzzy Absolute Value

Definition 2.1: [10]

A continuous triangular norm(t-norm) is a binary operation @ : [0,1]x[0,1]-[0,1] with the

following conditions hold for all m ,n ;s ,t €[0,1]:

(1) m@n=n@ m

(2) m®1=m

3) MR (N t)=(MR n)Rt

@) ifm<nandt<sthenm@ t<n s.

Example 2.2: [11]

(DLet m@ n=m. n for all n, m € [0,1] where m .n is multiplication in [0,1]. Then @ is continuous t-
norm.

(2)Let m®Q n=m A n for all n, mg[0,1] then & is continuous t-norm.

Remark 2.3: [24]

(1)for all n > m there is k with n@® k >m where n, m, k €[0,1].

(2)there is q with g&® q > n where n, q €[0,1].

First, we need the following definition

Definition 2.4: [26]

Let R be a vector space of real numbers over filed R and ©,& be continuous t-norm. A fuzzy set Ly
‘Rx[0,0) is called fuzzy absolute value on R if it satisfies the following conditions for all m , n R
and for all t, s €[0,1]

(Al) 0<Lg(n, s)<1 for all s>0.

(A2) Lg(n, s) =1 < n=0 for all s>0.

(A3) Lg(n+m, s+t)>Li(n, SYOLg(m, t).

(A4) Lg(nm, st)>Lr(n, s) @ Lr(m, t).

(A5) Lg(n, .):[0,00)—[0,1] is continuous function of t.

(AB6) limg_, o Lg(n, s) =1.

Then (R, Lg, ©,®) is called a fuzzy absolute value space.

Example 2.5: [26]

Define Lr(a, t) = %m for all a € R then Ly is a fuzzy absolute value on Rwherea©@ b=a®b=a-b

forall a, b € R where a - b is the ordinary multiplication of a and b.
The proof of the following example is clear hence is omitted.

Example 2. 6:

Define Ly: RX [0,00) —=[0,1] by
(1 if t>|ul

La(u, )= {0 if t<|ul

then L, is a fuzzy absolute value on R . L, is called the discrete fuzzy absolute value on R.
3. General Fuzzy Normed Space
The following definition is the key of all results in this section
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Definition 3.1:

Let V be a vector space over the filed R and ©,&® be continuous t-norms. A fuzzy set G:Vx[0,0)
is called a general fuzzy norm on V if it satisfies the following conditions for all u, veV and for all
a €F, s, t € [0,00):

(G1) 0< Gy (u, s)<1 for all s>0.

(G2) Gy(u, s)=1 < u=0 forall s>0.

(G3) Gy(au, st) > Lg(a, s) ® Gy (u,t) for all @ #0 €R.

(G4) Gy(utv, s +t) = Gy(u, s) © Gy(v, t).

(G5) Gy(u, .) : [0,00) — [0,1] is continuous function of t.
(G6) lim;_,, Gyy(u 1) =1

Then (V, Gy,©O,Q) is called a general fuzzy normed space.
The following example is an application to definition 3.1
Example 3.8:

Define G|.|(u,s)=ﬁ for all ueR .Then (R ,G;,©,®) is a general fuzzy normed space with a®

b=a® b=a . b for all a ,b € [0,1]. Then G|, is called the standard general fuzzy norm induced by
the absolute value |. |.
Proof:
(G1) since [u>0 for all u€ V and 0 < t so 0<G( u ,t) <1.
(G2)G)(u ,t) =1 if and only if fm =1 if and only if [u| = O if and only if u= 0.
(G3) To verify G |(au, st) = L, (a,s) . G|,(u, t) for all ueV 0 # a €F and
s, t €[0,00) first for t =0 or s =0 the inequality is clear . When t+0 and s# 0 the inequality becomes
st N t .

T > ppn ® P thatis G (au, st)> L, (a,s) © G(u, t).
(G4) For s ,t >0 we will show that
G (u+v, s +t) > G| (u,s) © G (v,s). For t =0 or s =0 the inequality is clear. But for t+ 0,s #

.. . . +t t . R
0 this inequality is becomes ———>—"— which is true for every u, v € Vand s, t > 0
s+t+|utv| T s+|u| t+|v|

(G5) Let (t,) be sequence in [0,00) such that t, — t. Now for every u € V, lim,_,o, G| (u, t,) =

. tn _ llmn—wo tn
Mo el = T o Hlimn o T
t
o = G (WD) S0 Gy (untn) = Gy (u).

Hence Gy: [0,00) — [0,1] is continuous of t

|

3 t —_
lim;_, o §+% =1.
Then (V, Gy, ., .) is a general fuzzy normed space.
Example 3. 9:

If (V, |I.I]) is normed space and Gy : V % [0,00) — [0,1] is defined by :
Gy (ut) = m then (V.G ,© ,® ) is general fuzzy normed space where u® v=uAvandu & v=
u. v for all u ,v € [0,1]. Then G is called the standard general fuzzy norm induced by the
norm ||.|.
Proof :

According to example 3.8 conditions (G1), (G2) ,(G3), (G5) and (G6) are holds .
it remains to prove (G4) that is for s ,t >0

Gy (ut v, t+8) 2 Gy (wt) A Gy (v, 9)
For t 0 and s+ 0 this inequality is equivalent to
t+s > t A N

t+s+H||utv|| T tH | ul|  sH| vl
Then (V, Gy A, .) is general fuzzy normed space .
Example 3.10 :
Let (V,|| .]I) be vector space over R, define

_(1 if llull<t

S PR

t —
t+|u|
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Whereu © v=u @ v=uAv forall u, ve [0, 1] and u®Q v=u . v for all u, ve [0,1]. Then G is called
the discrete general fuzzy normon V.
Proof:

It is easy to check (G1), (G2), (G5) and (G6) we verify the condition (G3) for any u € V, 0 #
a € Randt>0

1 if |lau|| < t?
G,(au, t? ={
a(@ ) 0 if |laul| = t?
1 if |a|llull < t?
G,(au, t? ={
@50 i Jallull = 2

_ (1 if lalllull < t?
L@, 9 ® Gaw 9= { | o el > £2
Hence G4(au, t2) > Ly(a, )& G4(u ,t)
Now to check the condition (G4) let u, ve V, s, t € [0, o) if
|lu+ V]| >t +sthen t<||u|| ors <||v| . Ift>]u]] ors>||v]| thent+ s >|ul||+]|V]| =|| u+ V|| which is
contradiction . So when t <||u|| then G4 (u ,t) =0 also when s <||v|| implies G4(v,s) =0. Thus G,4(u
) © G4(v,s) =0. Therefore the inequality Gg(u + v, t+5s)>G4(u ,t) © G4(v,s) holds . If |Ju + v || <
t+sthen Gg(u+v,t+s)=land Gg(u+v,t+s)>G4(u,t) © G4(v,s) holds.
The proof of the following example is clear and hence is deleted.
Proposition 3.11:

Suppose that (V, ||.||) is a normed space define Gy (u, s) = m for all u € V and 0< s. Then (V,

Gy,©,Q) is generala fuzzy normed space where a©O b=a@ b=a.bforalla, be[0,1].
Lemma 3.12:
Let (V, G,,©,&) be a general fuzzy normed space then G (u, .) is a nondecreasing function of t for
allu eV thatisif 0<t<s then Gy, (u,t) < Gy(u,s).
Proof:
Suppose that 0<t < s and Gy (u, S) < Gy (u, t). Then
Gy (u, YO Gy(0, s—t) < Gy (u, S)< Gy (u, t). Thus Gy (u, t) ©1<Gy(u ,s) that is
Gy(u ,t) <Gy(u, s) .This is contradiction.
The proof of the following result is clear, hence is omitted.
Remark 3.13:
Let (V,Gy,©,®) be a general fuzzy normed space and let u € V, s>0 ,0<n<1.
1-If Gy (u, s)=(1—n ) we can find 0< t< s with Gy (u ,t)> (1—n).
2- If Gy (u, s)=(1—n) we can find 0< s< t with Gy (u ,t)> (1—n).
Definition 3.14:
Let (V,Gy,©,®) be a general fuzzy normed space. Then
GFB(u ,n ,s) ={ m eV: Gy(u—m, s)>(1—n) } is called a general fuzzy open ball with center ueV
radius n and s>0 and GFB[ u,n ,s]={m eV : Gy(U—m ,s ) >
(1—n)} is called a general fuzzy closed ball with center ueV radius n and s>0.
Lemma 3.15:
Assume that (V, Gy, ©, Q) is a general fuzzy normed space then
Gy(u—m, t2) = Gy (m—u, t) for all u, m €V and t>0 with fuzzy absolute value of this
type Ly(a, t) foralla € R and t>1.
Proof:
Gy(u—m, t2) = Gy[(-1)(m—u, t*)] = La( —1 ,H® Gy(m -y, )
=1 Q Gy(m—u,t)=Gy(m—u,t).
Lemma 3.16:
Let (V,Gy,©,Q) be fuzzy normed space then :
(1) the function ( a, b )— a+b is continuous .
(2) the function (a, a) — aa is continuous .
Foralla,beVand0# « €F.
Proof:

1-if a,, » aand b,, — b then as n— oo then lim G, (a, — a, %)=1 and
n—-oo
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lim Gy, (b, — b, £)=1. Now
n—oo 2

Gyl(an + by) — (a+ b) D] = Gy(an —a,5) ® Gy (by —b5)
lim Gy[(a, +bn) — (a+ b) ] =
lim Gy (an — &, )® 1im Gy (bn —b,2)>1®1=1
Hence the addition is a fuzzy continuous function.
2-Suppose that a,, - a and a,, - a as h— oo that is for any given 0 <r<1 there is N; such that Gy(a,
—a,t) > (1 -r) for all n> N; Also for any given p>0 there is N, such that Lg(a, — a,t) > (1 -p) for
all n> N,. Now take N= min{ N;, N,} we have
Gylana, — a a, 2t?]= Gy[ay,(a, — a)+ a(a, — a), 2t?]
= Gylan(a, —a), tz] O Gyla(an — a), tz]
2 Ly(ay .t) @ Gyla, — )] O Lr(an, — at) @ Gy(at)
2 Lp(an, ) @ (1-1) O (1-p) ® Gy(at)
Now choose g>0 such that
Lr(an 1) ® (1-1) O (1-p) ® Gy(at) > (1-q). Thus
Gylana, — a a, 2t?] > (1 -q) for all n> N.
Definition 3.17:

A subset M of general fuzzy normed space (V, G, ,©,Q) is called a general fuzzy open for any u
€ M we can find 0< n<1, s>0 with FB(u, n,t) € M . A subset W € V is called a general fuzzy closed
set if W€ is a general fuzzy open.

Definition 3.18:

Let (V,G,,©,Q) be a general fuzzy normed space. A sequence ( u,) in V is said to be general
fuzzy approaches to u if every 0 < e <1 and O< s there is N € Z such that G, [ u,, —u, s] > (1 —¢) for
every n> N. If (u,) is general fuzzy approaches to the fuzzy limit u we write lim,,_,,, u,= U Or
u, —Uu.Also lim,_ Gy(u, —u,s)=1ifand only if (u,) is general fuzzy approaches to u.
Definition 3.19:

A sequence (v,) in a general fuzzy normed space (V,Gy,®,®)is said to be a general Cauchy
sequence if for each0 < r < 1 ,t > 0 there exists a positive number N € Z such that Gy[v, —
v, t] > (1 —r) forallm,n > N.

Definition 3.20:

Let (V,Gy,©,Q) be a general fuzzy normed space and let ME V. Then the general closure of M is
denote by MG or GCL(M) is smallest general fuzzy closed set contains M .

Definition 3.21:

A subset M of general fuzzy normed space (V, G,,®,®) is called general fuzzy dense in M if M¢
=V
Definition 3.22:

Let (V,Gy,©,Q) be a general fuzzy normed space. A sequence ( uy,) is said to be general fuzzy
bounded if there exists 0< q <1 such that Gy (u, ,s)>(1—q) for all s>0
4.0ther Properties Of a General Fuzzy Normed Space
Definition 4. 1:

Let (V,Gy,© ,®)and (U,Gy,© ,& ) be two general fuzzy normed spaces the operator S: V— U is
called general fuzzy continuous at v, €V for every s>0 and every 0 <y < 1 there exist t(depends on
s and y and v,) and there exists § (depends on s and y and v) such that for all veV with Gy[v —
Vo, s] > (1 —6) we have Gy[S(v) — S(vy),t] > (1 —y) if S is fuzzy continuous at each point veV
then S be general fuzzy continuous .

Theorem 4.2:

Suppose that (V,Gy,© .®Q) and (U, Gy,O,Q) are two general fuzzy normed spaces. The operator
S:V — U is a general fuzzy continuous at u € V if and only if u,, —u in V implies S(u,) =S(u) in U.
Proof:

Let the operator S be a general fuzzy continuous at u € V and assume that
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(up) € Vand u, - u. Suppose thate € (0, 1) andt > 0 so we can find 0 < § <1 and s > 0 for
every VeV whenever Gy[v —u,s] > (1 — &) implies Gy[S(v) — S(u),t] > (1 —¢) butu, —u then
there is N € Z with for every n > N we have Gy[u, —u,s] > (1 — §). Therefore forn > N we have
GylS(u,) —S),t] > (1 —¢€). Thus S(uy,) - S(u)

Conversely, assume that for every sequence (u,) in V with u,, »u implies (S(un)) — S(u) suppose
that S is not fuzzy continuous at u. This means that for every y,0 <y < 1 and for every s > 0 there
exists 0<e<1 and ueV with Gylv—us]>0—-e)but Ly[G(v)—G),t]<(A-vy)
Now , for any n € N we can find u, € X with Gy[u,, —u,s] > (1 - %) but Gy[S(u,) —S),t] <

(1 —7v). Then (S(u,)) does not general fuzzy approaches to S(u). Therefore S is general fuzzy
continuous at u.
Definition 4.3:

Let (V,Gy,©,®)and (U,Gy,O,® ) be two general fuzzy normed spaces. Let T:V — Ube an
operator T is called uniformly general fuzzy continuous if for t > 0 and for every 0 < a < 1 there
exists B [depends on t and o] and there existss > 0[ depends on t and o] such that Gy[T(v) —
T(u),t] > (1 — «) whenever Gy[v —u,s] > (1 —p) forallv,u €V
Theorem 4.4:

Suppose that (V, Gy,©,®) and (U, Gy,©O,& ) are two general fuzzy normed spaces. Let T: V —»U be
uniformly general fuzzy continuous operator. If (u,) is a general Cauchy sequence in V then (T(uy))
is a general Cauchy sequence in U
Proof:

Because T is uniformly general fuzzy continuous then for any t > 0 and for every 0 < € < 1 there
iss>0and there is0<d <1with Gy[T(v)—T(u),t]]> (1 —¢€) wheneverGyl[v—u,t]>
(1—98) forallu,v €V. But (v,) is Cauchy sequence in V so correspondingto 0 < § <lands>0
there is N € Z with Gy[v, — vip, s] > (1 —8) for anym,n = N, We now conclude that Gy[T(v,) —
T(vm),t] ] > (1 —¢) forall m,n > N this implies that (T(v,)) is general Cauchy.

Definition 4.5

Let (V,G1,0,Q) and(V,G,,O,Q) be general fuzzy normed spaces and for all (u,) € V, uinV
then limp e Gy [u, - w,s] = 1 if and only if lim,_e Gz [u, - u,t] =1 for allt> 0,s > 0. Then G,
and G, are said to be equivalent general fuzzy norms on V. Also (V,G{,O,®) and (V,G,,0,Q)
are equivalent general fuzzy normed spaces.

Theorem 4.6

If we find k € R with % G,(v,t) < G1(v,s) < kG,(v,t) forall v e V and t>0, s>0 then the two
general fuzzy normed spaces (V,G{,©,Q) and (V,G,,O,&) are equivalent.

Proof
Letv, - vin (V,G;,0,®) so forall 0 < e < 1,s > 0 so we can find N € Z with Gy [v, -v,s] >
(1-¢). Hence Go[Va-v,t] = 1 Gy[vp-v,s] > &2 = (1-1) for

some o < r < 1.Thereforev, = v in (V,G,,©O,®). Now assume thatv, — v in (V,G,,0,&) so for
allo<r<1, t>0 so we can find N € Z with Gy[v,-v,s]>(1—r) for alln>N.
Now G, [vy-Vv,s] = % Ga[vp-v,t] > (1—:) =
(V’Gl’Oi®)'
Definition 4.7:

A general fuzzy normed space (V, Gy,©O,&) is said to be a general complete if every general
Cauchy sequence in V is general fuzzy approaches to a vector in V.
Definition 4.8:

The continuous t-norms ) is said to be distributive on the continuous t-norms @ if
a®[b O c] =[a®b]O [a®c] for all a, b. ¢ € [0, 1].
Theorem 4. 9

Let (V,G1,0,8) ,(V5,G,,0,) ... ,(V,,G,,O,Q) be general fuzzy normed spaces,
then (V,Gy,©O,®) is a general fuzzy normed space.Where V=V, XV, X .. XV, with
Gy[(V1, Vg, oo, Vo) = Gy[(ve, 1) O Gy[(vy, t) O ... © Gy[(vy, 1) and & is distributive on ©.

(1—q) for some0 < q < 1.Therefore v, = v in
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Proof:
(G1) Since 0 < G1(v4,t) <1,0 < Gy(vy,t) <1,...,0 < Gu(vy, t) < 1.

Then 0 < Gy(v,t) <1.

(G2) 0 < Gy[(v1,Va, ..., vy, t) <1, if and only if G;(v,t) © Gy(vo, ) © ... © Gy(vy, t) =1, if and
only if Gy(vq,t) =1, Gy(vy,t) =1, ..., Gy(vy, ©)=1, ifand only if vy =0,v, =0, ... ,v, =0 if and
only if v=(vy, vy, ...,vy) =(0,0,...,0)=0.
(G3) Forany 0+ a eF
Gyla(vq, vy, .., Vp), ts] = Gy[(avy, avy, ..., avy), ts]
= Gy(avy, ts) © Gy(avy, ts) © ... © Gy(avy, ts)

> Lp(a, t) ®G; (v4,5) O Lp(a, 1) @ Gz(vy,s) O ... © Lg(a, t) @ G,(vy,s)
By definition 4.8 then
Gyla(vy, vy, .., Vi), ts] = Lp(a, t) ®[G1(v4,8) © G2(vy,5) © ... © Gu(vy,s)]
then Gy [a(vy, vy, ..., Vp), ts] = Lg(a, t) ®Gy[(Vy, Va2, ..., Vi), S]
(G4) Gy[(v1, V2, .., Vi, ) * (Ug, Up, oy Up), E +8) =
Gy[(vi +uq, vy +uy, ..., vy +uy)t+5]
= Gi(vi+u,t+s) O G (vy +uy,t+5)O ... ©Gy(vy +uy,t+5s)
2 G (v, ) O G1(ug, 8) O G (v2,8) O Gz(uz,s) O ... O Gp(vn, ) © Gp(up, )
= GV[(Vl' V2, ey Vn)' t]+ GV[(ull Uz, ...y un)r S]
(G5) Since Gy (vq,.) , G3 (vg,.), -, Gu(vy, . ) are continuous function of t then Gy [(v4, Vs, ..., Vy,.) IS
continuous function of t .
(GO)limy 00 Gy [(V1, Vo, o, Vi, ) =
limn—>00[ G'1 (Vl:t) O GZ (VZ't) O .0 Grn (Vn't)]z
limn—wo[ Gy (Vl't) © limn—mO[ Ga (Vz;t) ©..0 limn—»oo[ Gn (ant)
=1010.01=1
Thus (V, Gy,©,®) is a general fuzzy normed space.
Theorem 4.10 :

Let (V,G;,0,) ,(V,,G,,0,Q) , ... ,(V,,G,0O,Q) be general fuzzy normed spaces,
then (V, Gy,©,®) is general complete general fuzzy space if and only if (V;,G;,0,8), (V,,G,,0,Q
)y ooy (Vy, G, O,Q) are general complete general fuzzy normed space. Where V=V, X V, X ... X V,
and Gy[(vqy X vy X ... X vp,t) = G1[(vy,t) O Gy[(vy,t) © ... © Gyu[(vy 1) also & is distributive
on ®.

Proof:

Assume that(Vy,G1,0,Q), (V5,G6,,0,8), ..., (V,,G,,0O,Q), are general complete fuzzy normed
spaces.

Let (vy) be a general Cauchy sequence in V then vy, =(v™, vi™, . v&™ ) and
vk=(v§k), vgk) , ...,vf,k) ). Now since (v,y) is a general Cauchy sequence in V this

means that Gy (v, — Vi, t) converges to 1 but this implies that

Gy [(Vim), ng), ...,Vl{lm) ) — (Vik), ng), ...,Vr(lk) ), t]= Gl(vgm) — ng),t) O G, (ng) — ng),t) O,
00 Gy (V™ = v 1) converges to 1.

It follows that G, (v{™ — v t) converges to 1, G, (vi™ — v 1)

converges to 1, ..., G, (v™ — v t) converges to 1. Hence vPyisa

general Cauchy sequence in (V;, G1,©,®),(v§’)) is a Cauchy sequence in

V5,G,,0,), ..., (vfl’)) is a Cauchy sequence in (V,, G,,O,&).

But (Vy,G1,0,Q), (V,,G6,,0,Q)..., (V,,G,O,®)are general complete so there is v, in V;, v, in
V. ..., vp InVy, such that lim; o, G4 (V?) — vy, t)=1,

lim; o0 Go (VY = Vo, ) =1, ..., 1im; e, G (vY? — v, ©)= 1. Now put

v=(vy, vy, ..., vp) thenv e V; XV, X ... XV, and

lim;_, o Gv(vj —v,b)= limj_,oo Gy (V?) —v,t) © lim]-_,oo G, (Vg) -vy,t) O... © lim;_,, Gn(vg) -
V) =1010..01=1

Conversely assume that (V, G,,©®,&) is general complete let (vf)) be a general
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Cauchy sequence in (V,G1,0,Q), (vg)) is a general Cauchy sequence in (V,,G,,0,Q)..., (vr(lj)) isa

general Cauchy sequence in (V,,, G5, ©,Q). It follows that

G, (v™ — v 1) converges to 1, G, (vi™

Gy (VO™ — v 9 1) converges to 1. Put vy, =(v{™, vi™, . vI™ ) and

VkZ(Vik), ng), ...,VI(.lk) ). Now

Gy (Vi — Vi ) = Gy [(Vim), ng)’ ...,Vr{lm) ) — (Vik), ng), ...,VI(lk) ), 1]
=G, v —v¥ 1,06, v{™ —vi?1H,0.,...0 G, W —vP

Convergesto 1,0 1,0 ..., 1 =1. Hence Gy(vy, — Vi, t) converges to 1.

— vgk),t) convergesto 1, ...,

Therefore (v,,) is a general Cauchy sequence in V so there is v=(vy, v5, ..., v,)

VEV =V, XV, X .... x V, such that

1= ML Gy (v = v )= ImLe G —v,) @ limLe,Ged —vy) ® ... @
limj_, o, Gn(vr(lj) — Vp, £). This implies that

lim; e Gy (v — vy, ©)=1, 1m0 Gy (v — vy, ©) =1, ..., limy o G (v — vy, )= 1. Hence

(V1,G1,0,Q), (V5,G,,0,Q), ..., (V,,G,,O,&) are general complete general
fuzzy normed spaces.
5.Conclusion

The main goal of this paper is to define a general fuzzy norm and started to prove
its basic corresponding theory as a new approach in the study of fuzzy functional
analysis but before that, we have to introduce definitions, properties that related with
a general fuzzy normed space. Then try to introduce other notions such as general
fuzzy continuous operator, uniform general fuzzy continuous operator, general
complete fuzzy normed space. At this end, we prove that the general fuzzy normed
spaces V;, Vs, ..., V,, are general complete if and only if V; XV, x .... XV, isa
general complete general fuzzy normed space.
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