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Abstract:

In this paper, the terms of Lascoux and boundary maps for the skew-partition
(11,7,5)/(1,1,1) are found by using the Jacobi-Trudi matrix of partition. Further,
Lascoux resolution is studied by using a mapping Cone without depending on
the characteristic-free resolution of the Weyl module for the same skew-
partition.
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1. Introduction:
Let R be a commutative ring with 1 and F be a free R-module and D;F be the divided
power algebra of degree i.

Authors in [1-3] discussed the complex of characteristic zero for the partitions
(4,4,4),(8,7,3) and skew-partition (8,6,3)/(u,1) when u=1,2 , respectively. Shaymaa N.A.,
Haytham R.H. and Nubras in [4,5] exhibited the terms and the exactness of the Weyl
resolution in the case of skew- partition (8, 6)/(2.0) , (8,6)/(2.1) and (7,7), (7,7)/(1,0),
respectively. As well Artale [6] discussed the terms for the three-rowed skew-partition and
almost skew-shape in Lascoux. In this paper, we find the terms and Lascoux resolution for
the skew-partition (11, 7, 5) / (1, 1, 1) by using the homological diagrams. We also prove
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the sequence of Lascoux is exact which does not include the characteristic-free resolution
of the Weyl module for the same skew-shape by using a mapping Cone.
Authors in [7] defined the Capelli identities as follows:
Leti, 7, #,£ € P*, so we have the following:
(1) If £ # 4, then
() 5(s) _ (s—a) 5(r—a) 5(a)
64;;' aﬂa = Laz0 aﬂa am' a¢&
() /() _ (r—a) 5(s—a) 5(a)
a;';a a@; - Zazo(_l)a@;; ¢ aj;a ¢ ai(;c
(2) Ifi#kandj # £thendl)a") = a)as)
The author in [8] defined the concept of mapping Cone as follows:
The commute diagram

Cn: Cn—l Cn Cufl Cnfg
J/fn—l J/ fn an+l J/fnJrz

dpn_ dp, dj,
Do Doy — Dy —— Dyoy —— Dy ...

If the sequence of the rows is exact and An—1: Ca®Dp -1 —— C,+1®Dyn  definite by
(o, b) — (= dn(ar),d;,_; (b) t+ fa(a)) such hat An_10An =0;V n e Z*.
Then the sequence

An—1 An An+1 An+2
Chot — Ci®Dn-1 — Cp+1®Dp —— Cp+2®Dn+1 — ... Is exact,

2. The terms of the sequence of Lascous in the skew-shape (11, 7, 5)/ (1, 1, 1)
The positions of the terms of the Lascous are determined by the length of the
permutation to which they correspond in [9] and [10].

In the case of the skew-partition (11, 7, 5)/ (1, 1, 1), we have the pursue matrix:

DoF DsF D,F

D, F DeF DsF

D, F D,F D,F
Then the characteristic zero complexes have the correspondence between their terms as

pursues:

D1oF Q@ DeF Q D,F < identity

D11F @ DsF ® D,F « (12)

D1oF @ D,F Q D3F > (23)

D11 F @ D,F Q D,F « (132)

D12F @ DsF Q@ D3 F & (123)

D1,F @ DeF Q D,F < (13)

So the sequence of Lascoux is
Di,F @ DsF @ D;F  DyoF @ D,F @ D3F

0> Di,F @ D¢F Q D, F - @ - @
D1 F @ D;F Q@ D,F D F Q@ DsF Q D, F
- DioF ® DoF K D, F . (D)

2.1 The homological diagram of the Lascoux sequence.
Consider the following diagram
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t
0 —— DuF @ DeF ® D,F — D1, F @ D,F @ D,F

kl A kz

t
0 — DypF ® DF ® D3F —— D;yF @ D,F Q@ DsF

q1 B qz

t
0 — D, F @ DF @ D,F —— Dy,F Q@ DeF ® D, F

dl

Ka1,7,5,a,1,0)F)

Diagram (2.1)
Define the maps as follows:

t1(1): D1,F @ DeF Q D, F —» D11 F @ D;F Q D,F, by t1(v) = 05, (v) ;
VEDHLF QDF K D, F

tz (v): DlZT ® DsT ® DgT - DlOT ® D7T ® D3T y by
() =07 (W) ;v € Dy,F @ DsF @ D3F

q1(v): D1, F @ DsF @ D3F —» D11 F Q DsF @ D,F |, by
1
q.(v) = 5621632 + 031 (v); v € D1, F ® DsF ® D3F

q2(v): D1oF Q D;F Q D3F — D1oF Q DeF & D,4F, by
q2(v) = 0,1 (v); v € D1yF ® D;F ® D3F
kl(v):Dlzzp ®D6T ®DZ:F - DIZ:F ®DS:F ®D3:F y by
kl(U) = 632(17); v E D]_Z:F' ® D6:F' ® DZ:F'

k,(v): D11 F ® D;F @ D,F - D1oF Q D;F ® D3F , by
kp () = % 032031 — 031 ;v € Dy F @ D,F @ D, F, and
t;(1):D11F Q@ DsF Q DuF — D1oF Q DF Q D,F , by
t3(v) = 021(v) ;v € D1 F ® DsF Q Dy F

2.2 The commutative of the diagrams

Proposition (2.2.1):
The diagram A in (2.1) is commutative.
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Proof:
We have to prove that (t, o k;)(v) = (kq © t; ) (V) SO
ty o k))(V) = 82 3, (v) = 03, 052 — ) d
(tz ° k1)(V) 21 032(v 32 Oz 21 931,
1
= (5 032021021 — 021 a31) v)
But (021 031)(x) = (031 021)(x), then
1
(t2  ky)(V) =(5 932021 021 — 031051) (V)
:G 03,051 — 631) 051(v) = (ky o t; )(V) Type equation here.

Proposition (2.2.2):
The diagram B in (2.1) is commutative.
Proof: We have to prove that (g, © t;)(v) = (t3 ° g, )(V) SO

(g2 °t)(V) = 03,05 (V) = 852 055 + 95 034,
1
= (5 031031 033 + 02 a31) v)

(q2 o tx)(v) =0z G 032021 — a31) (V)=(t3 ° q1 ) (V)

By apply the mapping Cone to the following diagram
k1
O —_— DIZ:F ®D6:F ®D2:F—) DlZT ®D5T ®D3T

k, A k,

t
0 — D, F @ D;F @ D,F ——— DyoF Q@ D,F @ DsF

Diagram (2.2)
We obtain the subsequence

«, DuF®DFQDF
O g D12T ® D6T ® DZ:F —_— @ E— DIOT ® D7T ® D3T
D11F Q@ D,F @ D,F
()

Where a3 (x) = (_632 (X), 621 (X)) and
N1 (xq,x2) = az(i)(xﬂ + G 032 021 — 631) (x2)

Proposition (2.2.3):

(Meaz)(v)=0
Proof:

(M1 0 az)(v) = n1(=032 (v),051(v))

= —053 (952(v)) + (5 932021 — 031 ) (021 ()
= _az(i)asz(v) +% 032 021041 (V) — 021 031 (V)
= _az(i)asz(v) + 03, az(i) (V) — 021 951 (V)
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= _8(2)832(17) + 8(2)832 (V) + 01031 (V) — 05103, (v) =0
From above, we obtain the subsequence (2) is complex.
Now, consider the following diagram (2.3) so we have

D1, F @ DF @ DsF
a
0 —— DYpF @DF @ DyF —2 @ —2 D, ,F @ D,F Q@ DsF
D, F @ D,F @ D,F

n, w q2

t
D1, F Q@ DF ® D,F —— D1yF @ DeF ® D,F

d’

Ka1,7,5/1,1,1)(F)

Diagram (2.3)

D12F @ DsF Q D3 F
N @ — D11T ® ‘DS:F ® ‘D4? By
D1F  D,F & D,F

n2(a,b) = ( 02103, + 631> (@ + 6(2)(b)

Proposition (2.2.4):
The diagram W in (2.3) is commutative.

Proof:
We have to prove that (q, ° n,)(a, b) = (t3 °n,)(a,b) so

(@2 °1)(a,b) = q2(357(@) + (5 B3z 021 — 931 ) (D))
= (032052)(@) + (055051 — 03,051)(b)
= (052 055 + 021031 )(@) + (921 053 + 035031 — 32057 (b)
= (052 D35 + 021031 )(a) + (321 053)) (b)Where
(£ ©1)(@ D) = 331 (G021 03 + 031)(@) + @SH(B))
= (052 035 + 021031 )(@) + (9,1 053 ) (b),
This implies that(q, o n,)(a, b) = (t3 o n,)(a, b), then the diagram w is commute
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In this part, we obtain the sequence is a complex

_ DF @ DsF @ D3F | DipF @ D;F ® DyF
0 > D, F @ DF ® D,F —> ® — ®
D,F @ D,F ® D,F Dy F ® DF Q D,F
5 D,,F @ DF ® D, F,

D1,F Q@ DsF Q D3 F D1oF @ D,F Q D3F
Now, define the map a,(a, b): @ - @
D11F Q D,F Q D,F D11F @ DsF Q D,F

az(a, b) = (_771(@; b)' Uz(a, b))

=(=057(@) = (5 952 021 — 931 ) (), (5 01 © Oz + 031)(a) + 053 (b))
D1oF @ D,F @ DsF
And the map «a;: @ — D1yF @ DgF Q D, F by
D11 F @ DsF @ D,F
a,(a,b) = 03;(a) + 9,1(b)

Proposition (2.2.5):
(az 0 a3)(@) =0

Proof:
(az o az)(a) = a,(—03; (a),0z1(a)), wherea € D1, F Q@ DeF ® D, F
:(_62(?(_ 033 )(a) — G 032051 — 034 ) 0,1 (a), G 021035 + 034 )(_632) (a) +
a'g)au(a)

By using Capelli identities, we have
032057 = 057 03 + 021 031,031 021 = 01 031
63(?621 = 0,1 63(? + 03203
=(9952 — 052 053) (@+(331 031) (@), (951 0 ) (@) = (331032) (@) —
(92105)(@) + (951035)(a) , which implies that

:( (')Z(i)632 - 02(? 03 — 051 034 )(a)+(621 d51)(a), (521 63(?)(“) — (031032)(a) —
(621 ag))(a) + (051032)(a)

=(0,0)

Proposition (2.2.6):

(@1 e az)(a,b) =0

Proof:
(a1 0 @;)(a,b) = ay(=057 (@) = (5 932021 — 031 ) (B, (5 922052 + 031 ) (@) +
053 (b))
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=(—0s5, az(i)(a) - 8§§)621(b))+632 d31(b) + (62(?632)(61) + (021031 + 62163%))(51))
By using Capelli identities

= (—62(?832 )(a) — (021031)(a) — (621632(2))(b) — (032031 )(b) + (032031 )(b) +
(8570:2)(@) + (@195 (@ + (821057 )(8) =0

Theorem (2.2.7):
The complex
D1F Q D,F Q D,F a D11F @ DsF @ D,F
0 - D, F Q@ DeF ® D,F — @ = @
D12F @ DsF @ D3F  D1oF Q D,F @ D3 F
L D1 yF @ DeF @ D, F
Is exact.

Proof: The diagrams, A and B in (2.1) are commutes and the maps.

t;(1):D1,F @ DeF @ D,F —» D11, F @ D,F @ D,F , such that

ti(v) =0,,(v) ;v EDLFQDF QD,F,and

t,(1): D1, F @ DsF @ D3F - DyoF @ D,F @ D3 F, such that t,(v) = 852 (v) ;

v E D, F @ DsF K D3F;

are injective [7] , and from proposition(2.2.3) (14 ¢ a3)(v) = 0 , then by using the
mapping Cone we get the complex

«, DiF ® DsF @ DsF
0> D;,F ® DeF Q D,F —— @
D1,F ® D;F Q D,F

D, F ®D,F QDsF is

exact. Diagram W in the diagram (2.3) is commute and
t3(v): D11 F @ DsF Q@ DyF — D1oF Q DeF Q D4F , by
t3(v) = 021(v) ;v € D11 F ® DsF Q Dy F
Is injective [7] we have the diagram (2.3) commute with the exact rows. Although
(a3 o a3)(a) = 0 And (a4 ° a3)(a, b) = 0, again by the conditions of mapping Cone, we
get the complex

. DuF ®@D7F @ D:F , DuiF ® DsF ® DuF
0D F Q@ DF @D, F — ® -5 ®
D12T ®D5T ®D3T Dl()T ® D7T ®D3T
L D FQDF QD F

Is exact.
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