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Abstract

In this paper, a Bayesian analysis is made to estimate the Reliability of two stress-
strength model systems. First: the reliability R, of a one component strengths X under
stress Y. Second, reliability R, of one component strength under three stresses. Where
X and Y are independent generalized exponential-Poison random variables with
parameters (a,A,0) and (B,A,0) . The analysis is concerned with and based on doubly
type Il censored samples using gamma prior under four different loss functions,
namely quadratic loss function, weighted loss functions, linear and non-linear
exponential loss function. The estimators are compared by mean squared error criteria
due to a simulation study. We also find that the mean square error is the best
performance of the estimator from that found in quadratic, weighted, linear and non-
linear exponential loss functions.

Keywords: Bayesian Analyses, Generalized Exponential Poisson distribution,
Doubly type Il censored sample stress -strength , Quadratic loss function, Weighted
loss function, Linear and non-linear exponential loss functions.

O gulss perisil i Liaall (SN £gil) (pa Ablyal) cilibad Lilially lgal) (oalkii Abgiga

Pu.d‘ gu’i\

pS Clua di ¢ FOe 2o laaa pla

dadal

e X sasly 9% Jadesy RT J5¥) (pmdgas dalai) dgise 3l (g5l Jilas ehal o5 Gl N &
0 5 Alise Alsde Olie XY Cun(lagin) Shlga) OB e 45580 Ladusy JEY slga)
) a3 Aald) LS Al pladialy Cieleadll S gsill (e 28 @l e Gelad o i) sl
bl e ) Lasl Allyy daal) ) Uasll dllyg 030l dllag Ll Uadll &y 8 pled Jlso
iy My el Jumd) Ao el BSlaa ehial & Wadl) Gilaaye bangic Gk e il 5jlae & Cua
) Wadll dlly a Jead¥) o) Al

1. Introduction

In 1998, Adamidis and Loukas introduced a two-parameter distribution with decreasing
failure rate [1]. This distribution is known as exponential-geometric distribution. Kus (2007)
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[2]. introduced in the same shape a two-parameter distribution known as exponential
distribution with the Poisson distribution. In (2009) [3] Barreto- Souza and Cribari-Neto
generalized exponential-Poisson with decreasing or increasing failure rate. The two parameter
exponential-Poisson (EP) with cumulative distribution function (c.d.f) is given as follows:[4]

1- exp[—A(l - exp(—Hx))]
1—exp(—2)

The Generalized Exponential-Poisson distribution (GEP) for the random variable X with

parameters (o,A,0 ) is given as follows:[3]

1—exp (—/1(1 - exp(—Hx))) ’ 1-A4,1%
1—exp(—21) - [ k .

F(x) =

x>06,1>0

F(x) = (1)

Where 4, = e 1-¢"") forq > 0 and k =1 — e~*.when « is the shape parameter
and (8, 1) represents the scale parameters .The corresponding probability density function
(p.d.f) is defined as follows:

Y
fx) = :

m [1 — e—/l(l—e—ex)]a—l e_gxe—z(l_e—ax) @

A0
fO0) = T Ax[1— A% le 0

The paper is organized as in section 2, the general expression of R,and R, are given for
one stress-strength and one strength composed under three stresses. The Bayesian estimators
are found for R, and R, under four different loss functions are given in section 3. Finally, in
section 4 the performance of the estimators is illustrating by experiment simulation study.

2. Reliability of the systems for GEP Stress-Strength Models
The purpose of this section is to obtain the reliabilities expression of two different systems
for stress- strength models.

2.1 One component system reliability.
The reliability R; of a component operating under stress —strength system given by [5]

R, =P <X) (3)

Let the strength random variable X~GEP(a,A,6) and the stress random variable

Y~GEP(f,A,0) when X and Y are independent but not identical.then the (c.d.f) for Y can be
written as follows:

() = 1- exp[—l(l — exp(—@y))] P B [1 -4, B
Y) = 1—exp(—A) a k
Now, the reliabilityR, from equation (3) can be given as follows:
o w (1-4\P aro | _ _
Ry = [y Gy(0) fOdx = [ (52) 2 Ae 0% (1 - A,)% tdx.

ald [~
- kﬁ+af0 (1-A,)P*1 4, e %% dx
Because fooof(x)dx = 1, So that from equation (2), then we can use the following:
[ee] ka
fo (1-A4,)%14, e %%dx = 5 (4)

So we get
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R1 _ kaﬁ)lfa foo —exA (1 A )B+a 1dx — a+ﬁ (5)
2.2 Three stress-one strength
The reliability of a component that has X strength is exposed to three independent stresses
namely Y;,Y, and Y;. The stress-strength reliability can be obtained as follows:
R, = P(max(Y,,Y,,Y3) < X).
Let X~GEP(a,A,0) be strength random variable and Y;~GEP(f,,4,0),
Y,~GEP(f,,4,6) and Y;~GEP (B3, A, 0)are the stresses random variables, then the reliability
can be obtained as follows [6]:

R, = f P(Y, < X)P(Y, < X)P(Ys < X) f(x)dx
x=0

Since X, Y;,Y, and Y; are non-identical independently distributed, we can get:

R, = f Gy, ()G, (x) Gy, (x) f(x)dx
x=0

I 1_Ax B1 1_Ax B2 1_Ax ,33“19 iy .
RZ:L()( k ) ( k ) ( k ) o AxeT (1= A" dx

a 1 .
R, = Wf (1= A, )PrtBatbata=1y o=0xgy
By USing equation (4) we get

a
a+ B+ B+ B3

(6)

R2=

3. Bayes analysis

In this section, the Bayes estimators of reliabilities R, and R, are given based on a doubly
type 1l censored sample using gamma prior under quadratic, weighted, linear and non-linear
exponential loss functions.

3.1 Doubly type Il censored sample

When we have n units that are subject to testing and we want to censor the work of m
units, where m=s-r+1 and r < s < n ,any censoring data (x,, ..., xs) ,S0 in this case ,it cannot
be determined the random variable in the time and thus stop the test up to get m units of
censored and upon arrival to the s, The likelihood function for this type of data[7]:
Such that X(1) < X(2) < < X(r-1) < X(r) < X(r+1) < < X(s) < X(s+1) < < X(n)

! r—1 n-s :
L(a|x)=((r_1)f’(n_s)!)(z~"(xr)) (1-Fe)" | [Fe 7

nf(xua) = H(Ww Axy e 11— Axq)" )

s s
— as—r+1(Ag)s—r+1k—a(s—r+1) nAxi e—BZfzrxi 1_[(1 _ Axi)a—l
i= (=T

Let h=s-r+1, W = (19)"ei=r n4% =0 Tiur ¥  Zicy In(1-4x)
and @(x) = ¥5_, In(1 — Ax;)~! then we have
N

nf(xi, a) = Wal k~%he—ad(x) (8)

=7
Continuing from equation (7), we find that:
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n-s

a-Fer= =) (") CI@riE )

j=0

(o)

ST ]

=0
(1 = Fx)"™* = Z( 1)) (n ) ~ajin(1-Axs) "t o —ajink 9)

(F(x)t = ((1 kAxr)a>r_1 = (1 _kAxr)

— (1 _ Axr)a(r—l)(k)—a(r—l)

n-—s

j=0

3

\.

a(r-1)

(F(x,))"1 = e~@(r-Din(1-ax) ™ g —a(r-Dink (10)
Substitute equation (8),(9)and(10)in(7) we get
n!W
babo = ((T - D!I'(n— s)!)

Z(_l)j (n J_ S) ahe—a[Q(x)+hlnk+jln(1—Axs)‘1+jlnk+(r—l)ln(l—Axr)‘1+(r—1)lnk]

Jj=0
Let uj(x) =@(x) + (h+j+r—1ink —jin(1 - Ax;) — (r — DIn (1 — Ax,)
_ nw nes n @
And Wl_—(r—l)!(n—s)! , Then L(a|x) = W1Xi25(— 1)/ ( ; )a o~ aHj(x 11

3.2 Bayes procedure
By using the Bayes method to find the posterior function under gamma prior function which
is given as follows:
a

b
m(a) = Ea’a"le"“b ,a>0b,a>0 (12)
The posterior function can be found form the following relation:
L(a|x) m(a)
P(alx) =

J, L(alx) n(a)da
By using (11)and (12) the posterior function becomes:

w1 j(n-s —aui(x) b® a-1,—ab
X (1)( )ae M rgat e

P(alx) = pa
f W1y7Z ( 1)/ ("]S)a: e~ WH(x) r.acxa‘le“7‘bda
F Z S(— 1)] (n S) aa+h—1e—a(uj(x)+b)
a
Wl—Z S(—1)/ (n S)f qath—1 g=a(kj+b) gy
Using the relation ship fo x® e Prdyx = % (13)
Then, we get

Z ( 1)] (Tl S) aa+h—1e—a(uj(x)+b)

n—s n—s I'(a+h
Zj:o 1)/ ( ) (‘u ()a+ b)2a+h)
J

P(alx) =

(14)
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3.2.1 Quadratic loss function.
The Bayes estimator for a using the quadratic loss function is given as follows:[8]
E(a 1x)
E(a~?|x)
E(a Yx) = f a 1P(a|x) da (15)

0
By compensating (14) in equation (15) we can get

o Z S(— 1)] (n s) ah+a—1e—a(uj(x)+b)
S
E(a™|x) —fo a” Ss(—1)) (n s) F(h+a2h+a)
] (u;(x) + b)
_ IR0 () i e i) da

: i I'th+a)
Srs (-1 (") (1 0)

~

an

By equation (13) we get
S (- )](n S) ['(h+a-1)

(h+a-1)
E(a™x) = (1,00 +b) (16)
=317 (") Ty
(:“J( )+ b)
o o 1)) (7=5) ghta-1 —a(uj(x)+b)
E(a~?|x) = f a 2P (alx) da = f i (1) atrete
0

_ n-s F(h +a)
0 2 ': )] +a
Z ( 1)] ( )f°° h+a-3, a(u](x)+b)da

n—s ['(h+a)
Z ( 1) ( )(/l ( )+b)(h+a)
J
n-s n-s [(a+h—-2)
mHC y()@m+wm”
E(a™?|x) = ]
Xiso(=1)/ (n S) et h%a+h)
(1) +b)

Then, the estimates will be as follows:

SIS (—1)) (n s) (M]F((l;+a)?hic)l_1) Sos(—1)) (n s) (M](F()a +bf)12a+h)
£ () (H](F()h +bc)‘3a+h> e () (H;S:Z)?af?l_n
> )“%&Sﬁﬁiﬂ
S () (H;S:Z)?af?l_n

D
=)
Il

D
Q
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- F (m— 'h+a-1)
T 1 (M) T
Ql N m;—s 1 ] m;—s F(a + h - 2) ! o "
Zj:o (_ ) ( j ) (a+h-2)
(Hj()’) + b)
And the reliabilities estimation in equation (5)and (6), we get:
" @g . @o
M0 G e T Gyt g B + P
ot b Qg t 1o t P2q + P3e

3.2.2 Weighted loss function
The Bayes estimator for o,  using the weighted loss function which is given as follows:[8]

RS o

By compensating (16) in (17), we get

Z?;S _1)) (n;s) 'h+a-1)

(h+a-1)

2 = 1/ (ptj(x) + b)
w s s I'(h+a)
1=s(_1)J (™
Z]_o ) ( j ) (yj(x) 4 b)h+a
Z;:g —1)j (n;s) [k + a2h+a)

v n-s i (n—s [h+a-1)
PS(=1)J
2 (7) (1,00 + )™
mi—s i (mi-s I'(h+a)
Z = _1)] i +a

ﬂwi = Z;nzlo_s _1)]_ (mi'—5> F(h +a-— 1)

,i=1,2,3

j (h+a-1)
(1) +b)
And the reliabilities estimation in equation (5) and (6) we get:
" a " a
1w = - yRow z

&W + BW &W + Elw + EZW + E3w

3.2.3 Linear exponential loss function
The Bayes estimator for a, 3 using the linear exponential function is given as follows:[9]

a, = %lnE(e"C“|x)E(e‘C“|x)
e o Wns(—1)) (M) ahratemaluy )
=.f e ““P(alx) dazf e ¢ !
0 0 S0 () hta)
j= j +a
77 (uj(x) + b)
R G (") Jy arretemalu@bae) gg

0
e SV

n-s F(h + a)
P () +5)"
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I'(h+a)
(,u](x)+b+ )
nes I'h+a)

i (=1 Ta
J ( )(ﬂ]() b)(h )

S0 () —— D)
&Lz—ln( (uj(x) +b+c)

c n-s I'(h+a)
X (=1 (h+a)
\ ( ) (“J( ) +b) "
I'(h+a)
3 _-t (N +b+c)
L c mL S mi—s F(h’+a)
ST () G
(.U] y)+ b)
And the reliabilities estimation in equation (5)and (6), we get:
a . a

R\L=,\ 5 yRap = — 5 5 5
a, + py @y + By + Bar + PsL

Trzs(-17 (")

(h+a)

(18)

(h+a)

TG (=1 (™)

,i=1,2,3

3.2.4 Non-Linear exponential loss function
The Bayes estimator for o, B using the non-linear exponential loss function which can be
defined as follows:[10]

_-|-12 (InE(e™“%|x) — 2E(a|x)) (19)

) e D) () e el

E(alx) —fo aP(al|x)da —j; a Y (n S) I'(h+a)
/= (1j(x) +b)

Z ( 1)1 (" S) f°° h+a a(u,(x)+b)da

s (—1)) (n s) I'th+a)

I'(h+a+1) s b)(M)
n-s a
Z ) ( )(,uj(x) n b)(h+a+1)
n—s I'(h+a) (20)
Srzs(-17 (") o
(1 () + b)
By compensating (18) and (20) in equatlon((lg) )
'(h+a
Y=/ ("
—L |, ( )(uj(x)+b+ )
c+2 n-s¢_1yj (=S I'(h+a)
Sros (-1 ("] )(H] @ 10
n—s 'h+a+1)
Z ) +a+1
( )(,uj(x) + b)(h )

n—s I'(h+ a)
Z ) ( )(‘u](x) + b)(h'l'a)

&N=

o)

h+a

E(a|x) =

E(alx) =

(h+a)

(=N
=
Il

-2
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I'Ch +
Z;m S( 1)] (ml S) ( @) (h+a)
By = -1 n (1) +b+c)
N c + 2 ml S( )] (ml S) F(h + a)
(h+a)
(:“J( ) + b)
I'h+a+1)
Zml S ) (ml S) (h+a+1)
(lij(Y) + b) )
-2 , =123
mL s mi—s I'(h+a)
\ Smios(=1)) (M) —
(4;() +b) |
And the reliabilities estimation in equation (5) and (6) we get
b ay B ay
M ay+ By T aw+ Bun + Pon + Pan

4. Simulation Study

In this section, Monte Carlo simulation is performed to compare the performance of
different estimations of R, andR,. The simulation study has been carried out for four samples
size n =15,30,50,100. The values r=5,10,16,34 and $=9,20,30,50, respectively, and the
values of c=1 ,the parameter values of the shape parameter a, the prior distribution a=2 and b=3
the results have been sufficiently replicated for L=1000 time for each experiment. The result
presented some numerical experiment to compare the performance of the Bayes estimators
under gamma prior distribution and four loss functions proposed in the previous sections. we
have presented the simulation results using MATLAB(2013) program .A simulation results are
conducted to examine and compare the performance of the estimates for parameter to the MSE.
The estimator has the smallest value of MSE as well as doubly type Il censored sample as it is
shown in the last column in Tables 3- 8.

Table 1: the experiments for real R, value

Experiments

0.28571
1.2 0.6 0.5 0.7 0.66667
2 3 0.5 0.7 0.40000

0.27778
0.23809
0.26315
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Table 3: R, estimatores performance for Experiments 1by MSE

(15.15) 0.00925 0.00927 0.01002 0.00952 BQ
(30.30) 0.00487 0.00488 0.00525 0.00500 BW
(15.30) 0.00295 0.00335 0.00404 0.00418 BQ
(30,15) 0.02087 0.01528 0.01346 0.01228 BNL
(50,50) 0.00269 0.00270 0.00287 0.00257 BQ
(50,15) 0.01300 0.00810 0.00665 0.00571 BNL
(50,30) 0.00211 0.00196 0.00194 0.00188 BNL
(15,50) 0.00300 0.00435 0.00589 0.00623 BQ
(30,50) 0.00675 0.00745 0.00825 0.00815 BQ
(100,100) 0.00143 0.00143 0.00149 0.00145 BQ.BW
(100,15) 0.00161 0.00241 0.00272 0.00342 BQ
(100,30) 0.00729 0.00803 0.00758 0.00832 BQ
(100,50) 0.00517 0.00532 0.00488 0.00526 BL
(15,100) 0.01364 0.02074 0.02588 0.02719 BQ
(30,100) 0.02970 0.03215 0.03379 0.03418 BQ
(50,100) 0.01879 0.01926 0.01985 0.01973 BQ

Table 4. R, estimatores performance for Experiments 2 by MSE

(15.15) 0.00705 0.00704 0.00701 0.00703 BL
(30.30) 0.00418 0.00418 0.00416 0.00417 BL
(15.30) 0.01197 0.00863 0.00710 0.00685 BNL
(30,15) 0.00511 0.00498 0.00523 0.00541 BW
(50,50) 0.00271 0.00271 0.00270 0.00270 BL,BNL
(50,15) 0.00459 0.00638 0.00838 0.00874 BQ
(50,30) 0.00644 0.00707 0.00762 0.00764 BQ
(15,50) 0.00548 0.00394 0.00349 0.00364 BL
(30,50) 0.00302 0.00314 0.00307 0.00321 BL
(100,100) 0.00146 0.00146 0.00145 0.00145 BL,BNL
(100,15) 0.02201 0.03112 0.03804 0.03929 BQ
(100,30) 0.03331 0.03589 0.03767 0.03803 BQ
(100,50) 0.01902 0.01948 0.01986 0.01988 BQ
(15,100) 0.00770 0.01142 0.01347 0.01446 BQ
(30,100) 0.01554 0.01667 0.01683 0.01740 BQ
(50,100) 0.00994 0.01017 0.00997 0.01024 BQ
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Table 5: R, estimatores performance for Experiments 3 by MSE

(15.15) 0.00574 0.00573 0.00557 0.00567 BW
(30.30) 0.00351 0.00350 0.00544 0.00348 BNL
(15.30) 0.00534 0.00385 0.00304 0.00324 BL
(30,15) 0.01830 0.01309 0.01094 0.01013 BNL
(50,50) 0.00262 0.00262 0.00259 0.00261 BL
(50,15) 0.01285 0.00786 0.00607 0.00538 BNL
(50,30) 0.00251 0.00249 0.00231 0.00245 BL
(15,50) 0.00379 0.00301 0.00297 0.00331 BL
(30,50) 0.00484 0.00538 0.00562 0.00581 BQ
(100,100) 0.00148 0.00148 0.00146 0.00147 BL
(100,15) 0.00252 0.00433 0.00508 0.00624 BQ
(100,30) 0.01224 0.01348 0.01297 0.01406 BQ
(100,50) 0.00871 0.00896 0.00842 0.00893 BL
(15,100) 0.00833 0.01375 0.01683 0.01858 BQ
(30,100) 0.02554 0.02776 0.02827 0.02927 BQ
(50,100) 0.01754 0.01798 0.01799 0.01825 BQ

Table 6:R, estimatores performance for Experiments 1by MSE

(15.15,15,15) 0.00165 0.00164 0.00146 0.00158 BL
(30.30,30,30) 0.00149 0.00149 0.00137 0.00145 BL
(15.30,30,30) 0.00587 0.00401 0.00310 0.00294 BNL
(30,15,15,15) 0.00667 000410 0.00286 0.00278 BNL
(50,50,50,50) 0.00109 0.00109 0.00102 0.00106 BL
(50,15,15,15) 0.00349 0.00169 0.00117 0.00116 BNL
(50,30,30,30) 0.00156 0.00174 0.00176 0.00187 BQ
(15,50,50,50) 0.00372 0.00214 0.00156 0.00152 BNL
(30,50,50,50) 0.00164 0.00184 0.00176 0.00195 BQ
(100,100,100,100) 7.546e-04 7.542e-04 7.292e-04 7.456e-04 BL
(100,15,15,15) 0.00274 0.00503 0.00620 0.00698 BQ
(100,30,30,30) 0.01007 0.01091 0.01093 0.01141 BQ
(100,50,50,50) 0.00753 0.00771 0.00757 0.00777 BQ
(15,100,100,100) 0.00307 0.00605 0.00747 0.00891 BQ
(30,100,100,100) 0.01562 0.01732 0.01703 0.01827 BQ
(50,100,100.100) 0.01064 0.01096 0.01054 0.01102 BL
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Table 7: R, estimatores performance for Experiments 2 by MSE

(15.15,15,15) 0.00144 0.00143 0.00127 0.00137 BL
(30.30,30,30) 0.00117 0.00117 0.00108 0.00114 BL

(15.30,30,30) 0.00370 0.00244 0.00179 0.00175 BNL

(30,15,15,15) 0.00733 0.00455 0.00334 0.00309 BNL
) 9.060e-04 9.055e-04 8.555e-04 8.886e-04 BL

(50,15,15,15) 0.00458 0.00228 0.00153 0.00135 BNL
(50,30,30,30) 0.00097 0.00106 0.00103 0.00112 BQ
(15,50,50,50) 0.00248 0.00147 0.00112 0.00117 BL
(30,50,50,50) 0.00176 0.00200 0.00197 0.00215 BQ
(100,100,100,100) 5.671e-04 5.669e-04 5.488e-04 5.607e-04 BL
(100,15,15,15) 0.00133 0.00273 0.00339 0.00399 BQ
(100,30,30,30) 0.00691 0.00753 0.00742 0.00786 BQ
(100,50,50,50) 0.00523 0.00537 0.00518 0.00539 BL
(15,100,100,100) 0.00273 0.00542 0.00679 0.00803 BQ
(30,100,100,100) 0.01456 0.01615 0.01601 0.01708 BQ
50,100,100.100 0.01009 0.01039 0.01010 0.01048 BQ

Table 8: R, estimatores performance for Experiments 3 by MSE
(n.m1,m2,m3) BQ BW BL BNL BEST
(15.15,15,15) 0.00160 0.00159 0.00140 0.00153 BL
(30.30,30,30) 0.00127 0.00127 0.00117 0.00124 BL
(15.30,30,30) 0.00485 0.00325 0.00246 0.00235 BNL
(30,15,15,15) 0.00700 0.00432 0.00306 0.00292 BNL
(50,50,50,50) 0.00103 0.00103 0.00096 0.00100 BL
(50,15,15,15) 0.00363 0.00173 0.00117 0.00111 BNL
(50,30,30,30) 0.00140 0.00154 0.00152 0.00163 BQ
(15,50,50,50) 0.00347 0.00208 0.00155 0.00154 BNL
(30,50,50,50) 0.00175 0.00196 0.00190 0.00209 BQ
(100,100,100,100) 6.210e-04 6.207e-04 5.993e-04 6.134e-04 BL
(100,15,15,15) 0.00211 0.00403 0.00499 0.00570 BQ
(100,30,30,30) 0.00889 0.00965 0.00961 0.01009 BQ
(100,50,50,50) 0.00639 0.00655 0.00640 0.00660 BQ
(15,100,100,100) 0.00299 0.00590 0.00732 0.00870 BQ
(30,100,100,100) 0.01562 0.01732 0.01709 0.01829 BQ
(50,100,100.100) 0.00990 0.01020 0.00986 0.01027 BL

5. Conclusion

In Tables 3-8, we observed that the value of MSE is decreases by increasing the sample size
n, m and n,m1,m2 m3 for doubly type Il censored and Bayes estimators . In general, we also
observed that the best performances were BQ,BL,BNL and BW under the Bayes method.
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