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Abstract

In this paper we introduce the notions of bi-ideal with respect to an element r
denoted by (r-bi- ideal ) of a near ring , and the notion fuzzy bi- ideal with respect
to an element of a near ring and the relation between F-r-bi-ideal and r-bi-ideal of
the near ring, we studied the image and inverse image of r-bi- ideal under
epimomorphism ,the intersection of r-bi- ideals and the relation between this ideal
and the quasi ideal of a near ring, also we studied the notion intuitionistic fuzzy bi-
ideal with respect to an element r of the near ring N, and give some theorem about
this ideal .
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Introduction

The notion of near ring is first define by G. Pliz [1] in 1983, the notion of bi- ideal interfused by
N.Ganesan [2] ,in 1986 the notion intutionistis fuzzy sets denoted by K.T. Atanassov [3], in 1987 T.T.
Chelvam , N. Ganesan denoted the notion bi-ideals of near-rings, in 1997 the notion Fuzzy Ideal
denoted by D.T.K ,and Biswas[4] , in 2012 the notion P-regular near ring denoted by Aphisit in [5].
1.Preliminaries
In this section we give some concepts that we need.
Definition (1.1) [1]

A left near ring is a set N together with two binary operations “+” and ”.” such that
(1) (N,+) is a group (not necessarily abelian )
(2) (N, .) is a semigroup.
(3)(n1+n2).n3=n1.n3+n2.n3
For alln;,n,,n;, €N,

Definition (1.2) [6]:
Let N be a near ring. A normal subgroup | of (N,+) is called a left ideal of N if
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@INCcL.
(2)vn,n,eNandforalliel,(n, +i)-n—-n, el
Definition (1.3) [7]
Let ( Ni,+,.) and (N, ,+'..")be two near rings. The mapping f : N; —N; is called a near ring
homomorphism if for all m, n € N;
f(m+n) =f(m) +'f(n) , f(m.n) =f(m) . f(n).
Theorem (1.4) [5]
Letf :(N,,+,.) > (N,,+,.") be a near ring homomorphism
(1) If lis an ideal of a near ring N,  then f(I) is an ideal of a near ring N,
(2) IfJisan ideal of a near ring N, then f'(J) isan ideal of the near ring Ny
Definition (1.5) [8]
A nonempty subset Q of a near ring N is called a quasi ideal of N if
(1) Q together with addition is a subgroup of N .
(2 QNNNQ<Q.
Definition (1.6) [2]
A nonempty subset B of a near ring N is called a bi-ideal of N if
(1) B together with addition is a subgroup of N.
(2) BNBc B.
Definition (1.7) [9]
Let N be a near ring with unity and P an ideal of N .Then N is said to be P-regular near ring if for each
X e N there exists y € N such that xyx —x € P.
Definition (1.8) [10]
A near ring N is called a distributive near ring if a(b+c)=ab+ac forall a,b,c e N.
Theorem(1.9)[11]
Let N be a P-regular near ring .Then for each n e N there exists n" e N such that n'n € P.
Theorem(1.10) [11]
Let N be a P-regular distributive near ring .Then for every left ideal L and right ideal R of N .
(P+R)n(P+L)=P+RL .
Definition (1.11)[2]
Let N be a non- empty set a mapping z: N —[0,1] is called a fuzzy subset of N, where [0,1] is a
closed interval of real numbers.
Definition (1.12) [4]
Let x be anon-empty fuzzy subset of a near ring N ,that is zz(y) =0 for somey € N ) then u is
said to be fuzzy ideal of N if it satisfies the following conditions :

@) p(z —y)zmin{u(z), u(y)};

(2) pu(z.y) = min{u(z),u(y)};
(3) u(y+z-y) zu(z);

@ puizy)zpuly) ,VyzeN.

When the subset of N satisfies 1, 2 is called fuzzy sub near ring.

Definition (1.13) [3]

An intuitionistic fuzzy set A in a non-empty set X is an object having the form

A={(X, £y (X), A, (x))|x € X}, where the functions g, : X —[01]and A, : X — [0,1] denoted the
degree of membership and the degree of non — membership of each element x € X to the set A,
respectively ,and 0 < g2, (X) + A, (X) <1 forall x € X.
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Definition (1.14)[3]
An intuitionistic fuzzy set A=(u,,4,) in N is an intuitionistic fuzzy subnear ring of N if
forx,yeN

Q) pp x-y)zmin{u, (X), 1, (y)}
(2) pa(xyz)=min{ e, (%), ua(2)}
) Aa(x-y)<max{1,(x), 2,(y)}

(4) 2n 0yz)< max{A,(x), 1(2)}
Proposition (1.15) [1]
Let X be a non- empty set . A mapping z: N —[0,1] is a fuzzy set in X , the complement of

4 denoted by u°, is the fuzzy set in X given by u°(x)=1— u(x) for all xeN for any
I < X, X, denote the characteristic function of I .
For any fuzzy set p and h €[0,1], we define two sets , U (u,,h) ={x € X|u(x) > h} and

L(z,,h)={xe X|,u(x) <h} Which are called upper and lower h-level cut of p respectively,

and can be used to the characterization of p.
2- _Dbi-ideal with respect to an element of a near ring N

In this section we devoted to study bi-ideal with respect to an element r of a near ring N and give
some properties, theorem about this ideal .

Definition (2.1)

A nonempty subset B of a near ring N is called a bi-ideal with respect to an element of N and denoted
by r-b-ideal of a near ring if

(1) B together with addition is a subgroup of N.

(2) rBNBcrB, reN .

Example (2.2).

Let N={0,a,b,c} be the near ring defined by caleys
+ 0 A b c . 0 a b c
0 0 A b c 0 0 0 0 0
a A 0 c b A 0 b 0 b
b B C 0 a B 0 0 0 0
c C B a 0 C 0 b 0 b

Then B={0,a} is b-bi-ideal since b.BNB — b.B

Remark (2.3)

If B; and B, be two r-bi-ideal of near ring N, then B;. B, of N may be not r-bi-ideal

Example (2.4)

Considers the near ring N={ 0,a,b,c} with addition and multiplication defined by the following
tables.

+ 0 1 2 3 0 1 2 3
0 0 1 2 3 0 0 0 0 0
1 1 0 3 2 1 0 2 0 2
2 2 3 0 1 2 0 0 0 0
3 3 2 1 0 3 0 2 0 2
Let B; ={0,3}and B,={1,2,3} are two 3-bi-ideal of N but B, n B, ={3}is not two 3-bi-ideal of N.
Remark (2.5)
Not all r-bi-ideal of a near ring are bi-ideal of N.
Example (2.6)

Consider the near ring N in example (2.2) let B={0,b} be b-bi-ideal but B is not bi-ideal of N since
BNB «z B
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Theorem (2.7)
Let (N, +,.)and (N, ,+',.")be two near rings , f : N, = N, be an epimomorphism and B be r-
bi- ideal of Ny .Then f(B ) is f(r)- bi-ideal of N, .
Proof
Let B be r-bi- ideal of N; , f(B) is a subgroup of N, to prove f(B) is an r-bi-ideal of N,
Let re N, ,suchthat f(r) € N, hence
r.BNB c rB Since B is r- bi- ideal of N;
f (r.BN,B) < f(r.B) f be an epimomorphism
f(r) f(B)/f(N). f(B)< f(r). f(B).
f(r)f(B)/N,. f(B)c f(r). f(B).
f(B) is f(r)- bi- ideal of N,
Theorem (2.8)
Let (Ny, +,.) and (N, ,+',.") be two near rings, and f: Nl —>N 2be epiomomorphism and J be a

f(r)- bi-ideal of N, . Then f'(J)is a r-bi-ideal of N; wherey=1(r), ker f = f (J).
Proof
Let r e N,, f* (J) is a subgroup of N,

y [Ny [
£y /IN,J) < f~Ly 1)

Fy) T @) PN T ) < F7(y). F7(9)
r.f ()N f*A)cr.f ()

— f'(J)is a r-bi-ideal of N,.

Remark (2.9)

Not all r-bi-ideals of the near ring N are quasi ideal.

Example (2.10).

Let N={0,a,b,c} be the near ring defined by caleys

+ 0 A b c 0 a b c
0 0 A b c 0 0 0 0 0
a A 0 c b a 0 b 0 b
b B C 0 a b 0 0 0 0
c C B a 0 c 0 b 0 b

Let B= {0, a} is c-bi-ideal since c.BNB < c.B but is not quasi ideal

Theorem (2.11)

Let N be a P-regular near ring and B a r-bi-ideal of N. Then every y € B There exist p’' € P and
b"eBsuchthat y=p'+b’.

Proof

Let N be a P-regular near ring and B a r-bi-ideal of Nand y € B < N, there exists z e N such that
r(yzy)—y=pfor some peP thus y=—p+r(yzy) since B is r-bi- ideal of N ,we have
r(yzy) e rBNB c rB since p € P together with addition is a subgroup of N, we have — p € P put
p'=—p and b’=r(yzy)thus y=—p+r(yzy)=p'+b' e P+B.

Theorem (2.12)

Let N be a P-regular distributive near ring and let B,, B, are a r-bi-ideals of N. if
beB,B, andyeN, then the element b can be represented as b= p+rbyb,and

b,y,b,yP < P forsome peP,r,y,eN,b eB andb, €B,.
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Proof

Let b e B, N B, since N is a P-regular near ring there exists y, € N such that rbyb—-beP
since be B, "B, by theorem (1.9) we have b= p, +b, for somep, € P and b, €B,
b=p,+b, forsome p, € P and b, € B ;since rby,b—b e P ,we have rbyb—b=p, for some

p; € P.Thus b=—p, +rbyb .Hence

= =Py +r(p, +b)yi(p, +b,)
=—Pp,+IPY, P, +rp Y0, +rby, p, + rbyb,since P is an ideal of N ,t
= Pa, FPLY: Pos TRLYID,, TBY Py, PR Y, € P
Then
—P; +XP, Y, P, + Xplylbz + Xblyl P, =P,
For some p, € P.Thus b= p, +rby,b,
So rbyb, =b—p, hence
rby;b,yP = (b—p,)yP < byP — p,yP
cP+PcP.

3-Intuitionistic fuzzy bi- ideal with respect to an element of a near ring

In this section we devoted to study fuzzy bi-ideal with respect to an element of a near ring N, we
introduce the notion intuitionist fuzzy bi-ideal with respect to an element of the near ring N, and give
some properties , theorem about this ideals.

Definition (3.1)

A fuzzy set 1 of anearringis called fuzzy bi- ideal with respect to an element of a near ring N if

(@) w(r(x-y))=min{u(r3), p(ry)}
VX Yy e N,reN.

(2) p(r(xyz))=min{ z(rx), p(rz)}
VX Y,ze N,reN.

It denoted by F-r-bi-ideal of N .

Example (3.2)
Consider the near ring N={0,1,2,3}
With addition and multiplication defined by the following tables.

+1 01 2|3 . 101123
00 (|1] 2 |3 0 [0jO|0O]|O
1110 3 |2 1 |10]1|2]|3
212 13]0 |1 2 ([0j0|0]|O
3132|110 3 |0]1]2]3

The fuzzy subset x of N which is defined by

09 ify=01
Hy)= {O otherwise

M is F-2-bi-ideal of N

Definition (3.3)
An intuitionistic fuzzy set A= (u,,4,) in N is an intuitionistic fuzzy bi-ideal with respect to an
elementr of N if forall x,y,ze N,reN,
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@) 24 (r(x-y))=min{ 22, (%), 5 (ry)}
(2) pa(r(yz))=min{ 1, (rx), 1, (rz)}
(3) Aa(r(x-y))< max{,(rx), 2,(ry)}
(4) Aa(r(yz))< max{4,(rX), 2,(rz)}
Theorem (3.4)

_An intuitionistic fuzzy set A= (u,,4,) in N is an intuitionistic F-r- bi-ideal of N if and only if the

fuzzy set u, and A are F-r- bi-ideal of N.

Proof
If A=(u,,A,)is an intuitionistic F-r-bi-ideal of N .then clearly x, is a F-r-bi-ideal of N, for all

X, ¥y €N,

2 (r(x-y))=1-14 (r(x-y))
21-max{1,(rX), 2. (ry)}
=min{1-1,(rX),1-1,(ry)}
=min{2° (), ° (ry)} ,VxyeNreN,

Za(ryz))=1-1, (r(xy2))

> 1-max {A,(rx), 1,(rz)}

=min{l-1,(rx),1-1,(rz)}

=min{/A° (), A° (rz)}
thus A is a F-r- bi-ideal of N. conversely that x, and A, are F-r- bi-ideal of N, then clearly the
conditions 1,2 of definition (3.3) are valid .Now for all X,y € N,r € N.
1-2, (r(x-y)) =72, (r(x-y))

=min{/A° (rX), A° (ry)}

=1-max{1 (9,4 (ry)}
therfore A (r(x-y))<max{1 (), 4 (ry)} Vxy.zeN,rreN,

1-2, (ryz))= 2, (r(xy2))
>min{/° (), A° (rz)}

=1-max {A,(rx), 1,(rz)}
therfore 2 (r(xyz))< max{4,(rx), 1,(rz)}

Thus A= (u,,A,) isan intuitionistic F-r- bi-ideal of N.
Theorem (3.5)

An intuitionistic fuzzy set A= (u,,4,) in N, is an intuitionistic F-r- bi-ideal of N if and only if
A= (u,, 1p) and A= (L,,4,) are intuitionistic F-r- bi-ideal of N.

Proof
If A=(u,,4,) isan intuitionistic F-r- bi-ideal of N, then u, = (4 )" and A" are F-r-bi-ideal of N,

from theorem (3.4).Therefore A= (u,,15)and A= (X,,1,) are intuitionistic F-r- bi-ideal of N.
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Conversely if A= (u,, 1) , A= (A, A,) are intuitionistic  F-r- bi-ideal of N, then the fuzzy sets
#a and #» are F-r-bi-ideal of N therefore A= (u,,A,) is intuitionistic F-r- bi-ideal of N.
Proposition (3.6)

An intuitionistic fuzzy set A= (u,,4,)in N is a F-r-bi-ideal of N if and only if all non —empty set
U (ua,h)and U (4,,t) are r-bi-ideal of N for all of N h e Im(z,) and t € Im(4,) respectively .
Proof

Suppose that A= (z,,4,) is an intuitionistic F-r-bi-ideal of N, for X,y € U(z,,h) ,we have

u, (r(x-y))zmin{, (rx), 2, (ry)}=h

Therefore r(x—y) e U(u,,h) let x,zeU(u,,h) and y € N.then
u, (r(xyz)) =min{u (rx), x, (rz)}=hand so r(xyz)e U(u,,h) hence U (us,h) is

a r-bi-ideal of N .
For all helm(z,).similarly we can show that U(4,,t) is also a r- bi-ideal of N for all

t e Im(1,) .Conversely suppose that U (u,,h)andU(4,,t) are r- bi-ideal of N for all
h e Im(x,)and telm(4,) respectively .Suppose that X,y € N and
M A(r(X-y))Smin{u A(rX),lu A (ry)}

Choose hsuch that 4 (r(x-y))<h < min{z (%), zz_ (ry)} Thenwe get X,y € U(z,,h) but

r(x—y) €U(u,,h) acontradiction. Hence (r(x-y))= min{u (rx), u (ry)}.
A similar argument shows that 4  (r(xyz)) > min{x (%), 1 (rz)}

For all X,y,z e N.likewise we can show that
A (r(x-y)) < max{ 2,1, A, (ry)}
A4 (r0y2)) < max{ 4,(1%), 2, (12)}
Hence A= (u,,A,) isan intuitionistic F-r- bi-ideal of N.

Theorem (3.7)
A non empty set B of N is  r- bi-ideal of N if and only if A= (;(B,;(i) is an intuitionistic F-r- bi-

ideal of N.

Proof

Straight forward.
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