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Abstract.

In this study, we prove that let N be a fixed positive integer and R be a semiprime
I'-ring with extended centroid C-. Suppose that additive maps f and g: R = R such
that f is onto, satisfy one of the following conditions (i) f and g belong to I'-N-
generalized strong commutativity preserving for short; (I'-N-GSCP) on R
(ii) f and g belong to T'-N-anti-generalized strong commutativity preserving for
short; (I'-N-AGSCP) on R. Then there exists an element A € C- and additive maps
&,nand n, : R — Cr such that is of the form g(x™) = lax + é(x) and f(x) =
A ax + n,(x) when condition (i) is satisfied, and f(x) = —A7lax + n,(x) when
condition (ii) is satisfied for all x € R and a € T.

Keywords: semiprime I'-ring, extended centroid, I'-N-anti-generalized strong
commutativity preserving maps.
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1. Introduction and Preliminaries
In 1964 the concept of a I'-ring first introduced by Nobusawa [1]. In 1966 thisI'-ring is
generalized by Barnes [2]. Let R and /"be additive abelian groups, if there exists a mapping R
x I' x R — R, such that (x, a, y)—Xay which satisfies the conditions
(eR,
(i) (x +y)az = xaz + yaz ,x(a + B)z = xaz + xBz,xa(y + z) = xay + xaz,
(i) (xay)Bz = xa(yBz) forall x,y,z€ Rand a,f €T .

Then R is called a I'-ring. Let R be a I'-ring, an additive subgroup A of R is called a right
(left) ideal of R if ATR c A (RI'A c A). If A is both a right and a left ideal, then we say A is an
ideal of R. A T"-ring R is said to be prime if xI'RI'y = (0) with x,y € R, impliesx=0o0ry=0
and semiprime if x/'RI'x = (0) with x € R implies x= 0. Let R be a I'-ring and A be a subset of
R, the subset Ann;(A) = { r € R: Aar =(0) for all « € I" } is called a left annihilator of A. A
right annihilator Ann,.(A) can be defined similarly. If Aiis a left and right annihilator in R, then
Ann(A) denotes its annihilator. Moreover, if = Ann(Ann(A)), then an ideal A of R is closed
and the annihilator of any ideal A of R is a closed ideal. The set Z(R) ={x € R : xay = yox for
alla e I'andy € R} is called the center of the I'-ring R [3]. Let R be aTl-ring and Q the quotient
I'-ring of R then a set Cr= {g € Q: gaf = fag forallf € Qand a € I'} is called the
extended centroid of aI'-ring R [4]. IfR is aT'-ring then [x,y], = xay — yax forall x,y €
R and a € I' is called the commutator of x and y with respect to a € I'. A mapping f of a I'-
ring R into itself is said to be commuting if [f(x),x], =0 forallx e Randa €T. A
mapping f of a I'-ring R into itself is said to be centralizing if [f(x), x], lies in the center of R
for every x € Randa € I' [5]. The concept that strong commutativity preserving maps of
semiprime rings (SCP) was first introduced by Bell and Mason in [6]. In a I'-ring R, a map
f:R — R is I'-strong commutativity preserving (I-SCP) on a set S €R if [f(x),f(¥)]e =
[x,y], forall x,y € Sand a € T [7]. In [8] Hamil and Majeed introduced the concept of a
generalized strong (co)commutativity preserving right centralizers on a subset of a I'-ring. An
additive mapping d: R — R is called a derivation of a-ring R if d(x,y) = d(x)ay + xad(y)
forallx,y € Rand a €T. LetR be aT-ring, an additive mapping d: R — R is called a semi-
derivation associated with a map g:R — R, if every x,y € Randa €T, then d(x,y) =
d(x)ag(y) + xad(y) = d(x)ay + g(x)ad(y) and d(g(x)) = g(d(x)). Also T'-ring R is
said to be 2-torsion free if 2x = 0, x € R implies that x = 0 [9]. In this study, assumption the
identity.

Let R be a I"-ring additive maps f, g: R — R then
f(ayBg(z) = gx)aypf(z) forallx,y,z€ Randa,B €T  (*).

We will extend the results of Bresar and Miers [10] to semiprime I'-ring.
Now, we will present some new definitions and proven results.

Definition 1.1:Let R be a I'-Ring, two maps f, g: R = R are said to be I'-generalized strong
commutativity preserving for short; (I'-GSCP) onasetS C R if

[f(x),g)]a =1Ix,V]e forallx,y € Sand a €T.

Definition 1.2:Let R be a I'-Ring, two maps f,g: R — R are said to be I'-anti-generalized
strong commutativity preserving for short; (I-AGSCP) onasetS € R if
[f(x),g)]a=1[y.xlqe forallx,y €Sanda €T.

Definition 1.3: Let N be a fixed positive integer and R be a I'- Ring, two maps f, g: R — R are
said to be I'-N- generalized strong commutativity preserving for short; (I'-N-GSCP) mapping
onasetS C Rif
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[f(x),9(y)g =[xVl forall x,y €Sanda€T.
Definition 1.4: Let N be a fixed positive integer and R be a I'-Ring, two maps f,g: R — R are

said to be I'-N- anti—generalized strong commutativity preserving for short; (I'-N-AGSCP)
mapping onasetS C R if

[f(x),g0)]a =1y, x]lg forallx,y € Sand a €T.
Definition 1.5: Let R be a I'-ring, A biadditive mapping B: RxR — R is called a biderivation if
B(xay,z) = B(x,z)ay + xaB(y,z) and B(x, yaz) = B(x,y)az + yaB(x,z) for all x,y €
Rand a €T.

Definition 1.6: Let R be a I'-ring, an element x € R is called an idempotentif « € ' such
that x? = xax = x.

Theorem 1.7 [11]: Let R be a semiprime I'-ring with extended centroid C and S be a set.
Suppose that additive maps f, g: S — R, satisfy (*). Then there exist idempotents ¢, &,, &5 €
Cr such that gag =0,fori#j, e+e+te=1 ,5af(s)=0, gag(s)=0 and
gsaf(s) = ABezag(s) foralls € S,a, B € I' and for some invertible A € Cr, where Cp- is the
extended centroid of R.

Corollary 1.8 [11]: Let R be a semiprime I'-ring and a, b € R satisfy aaxfb = baxfa for all
x € Rand a, B € T. Then there exist idempotents &, €;, €5 € C such that g;ae; = 0, fori #
Jj, &1+ +e3=1,aa=0,eab=0and esaa = ABe;ab for some invertible A € Cr,
where Cr is the extended centroid of R.

2. The Main Results
Lemma 2.1: Let R be a I'-ring, and B: RXR — R be a biderivation, then B(x,y)fzy[u, v], =
[x,V]eBzyB(u,v) forall x,y,z,u,v € Rand a, B,y €T.
Proof: We compute B(xau, yBv) in two different ways.
B(xau,ypv) = B(x,yBv)au + xaB(u, ySv)
forallx,yu,v€Rand o, €T. (2.1)
It follows from (2.1) that
B(xau,yBv) = B(x,y)Bvau + yBB(x,v)au + xaB(u, y)Bv + xayBB(u, v)
Analogously, we obtain
B(xau,yBv) = B(xau,y)Bv + yBB(xau,v)
= B(x,y)auBv + xaB(u,y)pfv + yBB(x, v)au + yfxaB(u,v)

Comparing B(xau, yBv) in both computations, we arrive at

B(x,y)B[u, v]e =[x, y]aBB,v) forall x,y,u,v € Rand a,f €T. (2.2)
Replacing u by zyu and using the relations
[zyu, v]q = [2,V]qyu + zy[u, v], and B(zyu,v) = B(z,v)yu + zyB(u, v).
B(x,y)B([z,v]ayu + zy[u, v]a) = [x,¥]aB(B(z,v)yu + zyB(u,v))
B(x,y)B[z,v]layu + B(x,y)Bzy[w, vl = [x,¥]aBB(z, v)yu + [x, y]aBzyB(u, v)
By (2.2), we get
B(x,y)Bzy[u,v]y = [x,¥]aBzyB(w,v) for all x,y,z,u,v € Rand a, B,y €T.
We obtain the assertion of the Lemma.

Theorem 2.2: Let R be a semiprime I'-ring with an extended centroid C, and let B: RXxR — R

be a biderivation. Then there exist an idempotent ¢ € C- and an element u € Cr such that (1 —
€)aR € Crand eBB(x,y) = uyeB[x,y], forallx,y e Randa,B,y €T.
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Proof: By Lemma (2.1) B(x,y)Bzy[u,v]e = [x,V]eB2zyB(w,v) forallx,y,z,u,v €
Rand a,B,y €T.

Letx,y e Rand e = (1 — ¢),then

eayfeax = ea(xfeay) = eaxfeay. We get

1-8ayp(1—e)ax =1 —¢&)axB(1 —¢e)ay forallx,y ERanda,p €T.

Then, (1 — ¢)aR < Cr.

Now, let S = RxR and define A:S—- R by A(x,y)=[x,y],. Note that the mappings
A,B:S — R. By Theorem (1.7), there exist mutually orthogonal idempotents &, &,,&5 € Cr
with sum 1 such that for some A € Cr, we have, &fBB(x,y) =0, ¢&,B[x,y], =0 and
&PBB(x,y) = AyesBlx,yly forallx,y e Rand a,B,y €ET. We set € = &5 + &, u = Ayes,
and note that € and u have desired properties.

Corollary 2.3: Let R be a semiprime I'-ring with extended centroid Cr, and let f:R - R be a
commuting additive mapping. Then there exists A € Cr such that f(x) = Aax + &(x)
for all x € R and a € T where an additive mapping ¢: R — Cr.

Proof: Linearizing [f(x),x], =0 for allx € R and a € T', we obtain

[f(x),y]e = [x, f(¥)]a- Hence, we see that the mapping (x,y) — [f(x), ], is a biderivation.
By Theorem (2.2) there exists an idempotent € € C and an element u € C such that (1 —
g)aR < Cr, and ea[f (x), V], = uvealx,yl, holds for all x,y € R and a,y € I'. We have
eaf(x)ay — eayaf(x) = uyeaxay — uyeayax

eaf(x)ay — uyeaxay = eayaf(x) — uyeayax

(eaf (x) — pyeax)ay — ya(eaf (x) — uyeax) = 0

Thus, eaf (x) — uyeax € Cr. Now, let 1 = uye and define a mapping ¢ by

E(x) = (eaf (x) — Aax) + (1 — &)af (x). Note that £ maps in C- and that

E(x) + dax = eaf (x) + laf (x) — eaf (x), then

f(x) = Aax + &(x) holds for every x € R and a € T.

Proposition 2.4: Let R be a 2-torsion free semiprime I'-ring with extended centroid Cr, and S
be a subring of R, if f: R = R a centralizing additive mapping of S, then f commuting of S .

Proof: A Linearizing of [f(x), x], € Z, we obtain
In particular, [f(x),x?], +[f(x),¥]a + [f (¥),x]4 € Z forallx E Rand a €T
[f(x?),x]q € Z. Since [f(x),x], € Z, we have [f(x), x%], = 2[f (x), x]ax. So,
(2.3)2[f (%), x]qax + [f (x?),x]¢ € Z forallx € Sand a €T.
By assumption, [f(x2),x?], € Z for all x € S and a € T. That is

Now forallx € Sand a €T. QRA[f(x?), x]gax + xa[f (x?),x], € Z
fixx € Uand let z = [f(x),x], € Z, u = [f(x?),x], . We must show that z = 0. By (2.3)
we have

0 = [f(x),2zax + u], = [f(x),2zax], + [f (x), u]y = 2za[f (x), x]o + [f(X), ulo =

2z% + [f(x),u],. SO,

[f(x),u], = —2z% forallx € Uand a €T. (2.5)
According to (2.4) .

We have 0 = [f(x), uax + xaul, = [f(x), uax],+[f (x), xau], =

[f (x), u]gax + ua[f (x), x]a + [f (x), x]qau + xa[f (x), u]q, applying (2.5)

—2z%ax + uaz + zau — 2xaz?> = 0

we then get —4z%ax + 2zau = 0. So, zau = 2z%ax. Multiplying (2.5) by z and using the last
relation we obtain —2z3 = [f(x),2z%ax], = 2z3. Asresult z3 = 0. Since the center of a
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semiprime I'-ring contains no nonzero nilpotents, we conclude that z = [f(x), x], = 0. then f
commuting .

Corollary 2.5: Let R be a 2-torsion free semiprime I'-ring with extended centroid C, and let
f:R — R beacentralizing additive mapping. Then there exists A € C suchthat f (x) = Aax +
&(x) forall x € R and a € T where an additive mapping é: R — Cr.

Proof: Combining Proposition (2.4) and Corollary (2.3), we get f(x) = dax + &(x)
forallx € Rand a €T.

Corollary 2.6: Let R be a semiprime I'-ring with extended centroid Cr, and let f:R - R be a
centralizing additive mapping. If either R has a 2-torsion free or f is commuting on R. Then
there exists A € C such that f(x) = Aax + &(x) for all x € R and a € T where an additive
mapping &: R — Cr.

We begin with technical lemma.

Lemma 2.7: Let A be the ideal of T-ring R generated by all commutators in R. Suppose that
(Aoyuo — DaA =0 for some Ay U € Crand a,y € T. Then there exists an invertible
element A € Cr such that (A— Ay)aR € Cr and (A~1— pg)aR S Cr. Moreover, if Ay = p,,
then A = A1,

Proof: Since Ann(A) be a closed ideal then there exists an idempotent € € C such that
Ann(A) = eaR = eaQNR. Define L, u € Cr by A=2ga(1—¢€)+¢, u=poa(l—¢e)+e.
Whence (Ayu — 1) = (Agyuo — 1D a(1 — &) which yields (Ayu — 1)a(A®Ann(A)) = 0, for
some g, g € Crand a,y €T (Agyuo—DaA =0 and (1—e)adnn(4A) =0. Since
A@®Ann(A4) is an essential ideal of I'-ring R it follows that Ayu — 1 = 0, that is, u = 171,
Clearly, Ay = po implies A= p = 2A"1. We claim that eyR € Cr. Indeed, there exists an
essential ideal E such that eaE S R. So, eaE € eaQNR = Ann(A), that is, AyeaE = 0 which
gives eyA = 0; thus, [eyR,R], = €Y[R, R], = 0 which shows that eyR € Cr Therefore, as
A—2y = (1 —2Ay)as, we see that (1 — Ao)aR € Cr. Similarly, we have (17! — py)aR S Cr.

Theorem 2.8: Let R be a semiprime I'-ring with extended centroid C-. Suppose that an additive
map f:R — R is [-SCP. Then f(x) = Aax + £(x) where 2 € Cr, A> =1 and an additive
mapping &: R - Cr.

Proof: Our first goal is to prove that f is commuting. For x,y € R and «, 8 € T, we have
[f W2, [y, D)alp = [F G2, IF (), f()]alp

= [f G If ), fF D)l + [F ), [f (2, f ()]l p, by (T-SCP) map

= [0, [y, ¥%lalpg + FO), [¥2 xlalp = [f ), [¥?, x]a] g Thus,

[f(yz): [y! x]a]ﬁ = [f(JI); [yz; x]a]ﬁ fOT all x,y € R and alﬁ € F (26)
Replacing x by yfBx in both sides (2.6), we get

[f ), [y, yBx1elp = [f ), yBly. x1a1g = [F ), ¥1pBly. x1o + ¥BIf ), [y, X1alp-
And

[f ), [y yBxelp = [f ), ¥BIy% %1l = [F W), ¥1BIy% xla + YBIf ), [¥2, X146

Comparing both results and by using (2.6), we arrive at

FO2),y1pBly. xla = [f D), ¥1pBly* xla forallx,y ERanda,p €T 2.7)
Replacing x by xaz, z € R in (2.7),
[f ), y1pBy, xazle = [f W), ¥1pBly? xazl, forallx,y,z € Randa,f €T.
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We obtain
[f ). ylgBxaly, zle = [f (V). y1gBxaly? zl,
forallx,y,z € Rand a, €T (2.8)
Replacing y by f(r), r € R in (2.6), thus we obtain
[f(F ), fpBxalf (1), 2]a = [F(F (), fF (M pgBxalf (r)? 2]a
According to (I'-SCP) map, we get
[f ()2, r1pBxalf (r), zlo = [f (), rgBxalf (r)?, 2],
forallx,z,zr e Rand a,f €T (2.9)
Now fix r € R and we show that [f(r),r ], = 0. As a special case of (2.9), we have

[f ()2, r1pBxalf (r), Tl = [f (), rlgBxalf (r)?, 7],

forallx,re Randa,f €T (2.10)
Applying Corollary (1.8), we see that there are mutually orthogonal idempotents ¢, €5, &5 € Cr
suchthat & +&, +&3=1,B[f(),rle =0,&B8[f(r)%r], =0,
&Bf()%1 1. = vassB[f (r), 7], for some invertible v € Cr. By (2.9) we thus obtain

[f (1), r1gBxalf(1)?, z]a = (&1 + &2 + 3)BIf (), T1pfxalf ()%, z]a
= (&2 + &3)BIf (1), r1pBxalf ()% 21,
= (&2 + &3)BIf (M rgBxalf (r), z1a
= (e2)BIf (r)?, r1pPxalf (1), zla
= vaeflf (), rlgfxalf(r),zl,

Setting 4 = vaes, we thus have

[f(),rlopxalf(r)? — uBf(r),z] =0 forallx,z€ Rand a,B €T.

That is, [f(r)? —uBf(r),Rl, €I, where I = {q € Q:[f(r),r],Rq = 0}. Of course, | is a
right ideal of Q.

Now, for any z € R, we have

uBlr,zlq — fF(r)Blr, zlg — I, z1oBf ()

=uBlf (), f@la — fFBIf(r), f (D)o — [f (), f(2)]aBf (r)

= [uBf (1), f Do = [f(% f(@D]a = Bf () — fF(r)?, f(D)]a

which shows that

uBlr,zlg — f)BIr, zlg — I, zl.Bf(r) €I .forallr,z € Rand a, B €T. (2.11)
Replacing z by zar in (2.11), we get

uplr, zlgar — f(r)Blr, zlgar — [r,zlgarBf(r) € 1.

On the other hand, since [ is a right ideal, we have

(ﬂﬁ[r; Z]a - f(T),B[T, Z]a - [T, Z]aﬁf(r))ar €l

Comparing the last two relations we get [r, z]| B[ f (r),rlo €1 forallr,z€ Rand a,p €T.
That is,

[f(r),r1.BRBIT, 21,Bf(r), ], =0 forallr,z€E Rand a,B €T. (2.12)
Replacing z by f(r)Bz and using [r, f(r)Bzly = [r, f(r)]Bz + f(r)BIT, 24

it follows at once that

[f (), 71aBRBIT, f ()1 BRBIf (1), 7] = 0.

Since R is semiprime I'-ring it follows that [f(r),7] = 0 for allr € R and a € T'. Thus we
proved that f is commuting.
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According to Corollary (2.3), we have f(x) = Agax + &,(x), x € R and € T, where A, € Cr
and &, is an additive map of R into C.. Therefore, the relation

[f (), fO)]e = [x,¥]a Can be rewritten as

(%5 — Dalx, yl, = 0, which shows that (12— 1)ad = 0.

By the Lemma (2.7) there is A € C- such that 22 =1 and (1 — Ay)aR S Cr. Forany x € R and
a € T', we thus have

f(x) = Agax + &y(x) = dax + (g — Dax + &(x) = Aax + &E(x)

where &(x) = (g — A)ax + & (x) € Cr, This proves the theorem.

Assuming that f is onto then even a stronger result can be easily obtained.

Theorem 2.9: Let R be a semiprime I'-ring with extended centroid C-. Suppose that an additive
maps f,g: R — R are I'-GSCP. If f is onto, then there exists an invertible element A1 € C and
an additive maps &,m:R - Cp. Such that g(x) = dax + &(x), f(x) = 27 tax + n(x)
forall xe Rand a €T.

Proof: Define a biadditive map B:R X R = R by B(x,y) = [x,g(y)], - Clearly, B is a
derivation in the first argument. Pick x, € R; as f is onto, we have x, = f(x;) for some x; €
R.Thus B(xg,y) = [f(x1), 9)]a = [%1, Y]« This shows that B is a biderivation. By Theorem
(2.2) there are &,u € Cr, € an idempotent, such that (1 —&)aR € Cr, ealx,g(¥)], =
eauflx,yl, forallx,y € Rand a, € T. Thus,

[R,eag(y) — eaufyl, = 0 and eag(y) — cauBy € Cr for ally € R and a, B € T. Whence
g)— eaupy = (eag(y)— eaupy) + (1 —e)ag(y) € Cr,

and so g(y) = Agay + &o(y) where A, = eau € Cr,

¢o(y) = g(y) — eauBy € Cr. By (I'-GSCP) map it now follows that

[, f)]e =[f(x),g(f(x)]e =0 forallx e Rand a €T; that isf is commuting.
Therefore, f is of the form f(x) = poax + ny(x), po € Cr,no(x) € Cr.

By [f(x),g(¥)]« = [x,¥], it now follows at once that (A,fu, — 1)ad = 0.

By the Lemma (2.7), there is an invertible A € C such that (1 — Ay,)aR < C,

(171 — uo)aR S Cr. Whence

fx) = poax +no(x) = A7 tax + (g — A Dax +1o(x) = 2~ tax + n(x)

gx) = Agax + & (x) = dax + (g — Dax + & (x) = dax + &(x)

where n(x) = (o — A Dax + 19 (x) € Cr, §(x) = (Ao — Dax + &o(x) € Cr.

Theorem 2.10: Let R be a semiprime I'-ring with extended centroid C, N be a fixed positive
integer and suppose that an additive maps f and g: R — R such that f is onto, if one of these
conditions is fulfilled:

(i) f and g belong to I'-N-GSCP on R.

(i1) f and g belong to TI'-N-AGSCP on R.

Then there exists an element A € C and additive maps &,n,and n, : R - Cr such that
g(x™) = dax + &(x) and f(x) = A7tax + n,(x) when condition (i) is satisfied, and f(x) =
—A"Yax + n,(x) when condition (ii) is satisfied for all x € Rand a €T.

Proof: Suppose that f and g be T'-N-GSCP on R.
Define a biadditive map B:R X R - R by

B(x,y) =[x, 9(y™)], forallx,y € Rand a €T. (2.13)
It is clear that B is a derivation in the first argument. Pick x, € R ; as f is onto, we have x, =
f(x1) for some x; € R.
Thus B(xy,¥) = [f(x1),g(¥y™") ] = [x1, ¥]e this shows that B is a derivation in the second
argument, so B is a biderivation on R.
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By Theorem (2.2), there are e,u € Cp, € an idempotent , such that
(1—-¢)aR € Cr and eB[x,g(y™) e = eBuylx,yl, forallx,y € Rand a,B,y € T. Thus
[R,eag(y™) — efuyy] = 0 and so (eag(y™) — efuyy) €R forally € Rand a,f,y €T.
When

gO™) — epuyy = (eag(y™) — efuyy) + (1 —e)g(y™) € Cr
forallye Rand a,f,y €T . (2.14)
So we have
gy™) = Aoy + & (y) where A, = e and &,(y) = g(y™) — efuyy € Cr
forally e Rand a,B,y €T. (2.15)
By condition (i), we have
[x, f()]e = [F(x), 9(f (x™)]a forallx,y ERanda €T. (2.16)
From (2.15) and (2.16), we get

[, f()]e = [f (%), doaf (x) + S (f(x))]e = 0 forallx e Rand a €T .
That is f is commuting on R. So, by Corollary (2.6), f is of the form
f(x) = yoax + ny(x), where uyandny(x) € € forallx € Rand a €T.
Substituting (2.15) and (2.16) in condition (i), we get
Aovto — DB [x,y]la =0 forallx,y e Rand a,B,y €T. (2.17)
It follows that (Ayyue — 1)aA = 0 where A be the ideal of R generated by all commutators in
R, By Lemma (2.7) ,there is an invertible element A € C such that (41— 1y)aR € C and
(A1 — py)aR € Cr, when
f(x) = poax +no(x) = A ax + (o — A7 Dax + 1 (x) = 17 ax +n;(x)
gx™) = pay + & (x) = dax + (Ag — Dax + &y(x) = Aax + &(x).
Where M (x) = (uo — A Dax +no(x) € Cr,§(x) = (Ao — Dax + & (x) € Cr.
Suppose that f and g be T'-N-AGSCP on R.
Define a biadditive map B:R X R —» R by
B(x,y) = [g(y™),x], forallx,y € Rand a €T.

By similar argument then used to prove the theorem when condition (i) is satisfied, we can get
g(x™) = pay + &y(x) where Ay € Cr, and é,(y) € Cr forally € R, and f(x) = poax +
Mo (x)
Where uy € C,ny(x) € Cr for all x € R. Thus from condition (ii), we get
(Aoyto — DB [x,y]l4a =0 forally € Rand a,B,y €T. By Lemma (2.7), there is an
invertible element A € C suchthat (1 — Ay)aR € Crand (A1 + pg)aR S Cr, when
fx) = poax +no(x) = =27 ax + (o + A Dax + 1o (x) = =17 ax +n,(x)
g(x™) = gax + &(x) = dax + (Ay — Dax + & (x) = Aax + &(x).
Where 1,(x) = (1o + A Dax + 1no(x) € Crand &(x) = (Ag — Dax + &(x) € Cr .

3. Applications

Lemma 3.1: Let R be a semiprime I'-ring and a,b € R such that aaxfb = baxfa
forallx € Rand a,f € T.If a # 0,then a = Aab for some A in the extended centroid C- of
R.

Proof: Thus, elements a and b satisfy the requirements of Corollary (1.8). Therefore, there
exist mutually orthogonal idempotents ¢, €,, &5 € Cr such that for every x € R we have
gag(x) =0, saf(x) =0 and e;ag(x) = ABesaf (x) where an invertible element 1 € Cr.
Lete; = 0,6, = 0,65 = 1, note that ¢4, €,, €5 € C- satisfies the assertion of the Corollary.

Lemma 3.2: Let R be a semiprime I"-ring. If functions f: R — R and g: R — R are such that

()ayBg(z) = gx)ayBf(z) forallx,y,z € Rand a,B €T, if f # 0, then there exists A in
the extended centroid C- of R such that g(x) = Aaf(x) for allx € Rand a €T.
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Proof: By Theorem (1.7), there exist mutually orthogonal idempotents ¢,, €,, €5 € Cr such that
for every x € R we have g;ag(x) = 0, ;af (x) = 0 and e3ag(x) = ABegaf (x) where A4 is
an invertible element in Cr. Let &, =0,&, = 0,65 = 1, note that &, &,,&5 € C satisfies
assertion of the theorem.

Theorem 3.3: Let R be a semiprime I'-ring. If f is a semiderivation of R (with associated
function ) then either f is a derivation or f(x) = Aa(1 — g)(x) forallx e Randa €T, A €
Cr where C the extended centroid of R and g is an endomorphism.

Proof: We may assume that f # 0. In this state, g is a I"-ring endomorphism. Note that
fxay) = f(x)ag(y) + xaf (y) = fXay + g(x)af (y)

can be written in the form

1-g)af(y) =fx)a(l—g)(y) forallx,y € Rand a €.

In particular, (1 —g)(x)af(yBz) = f(x)a(1l —g)(yBz) forallx,y,z€ R, and a,pB €T.
But on the other hand,

| (1=g)@af(yBz) = (1= g)(af(y)Bg(2) + (1 — g)(aypf(2),
an
fOA=g)yB2) = f()a(l - g)(¥)Bg(2) + f(DayB(1 - g)(2).

Comparing the last two relations and applying

(1-g)@af(y) = fx)ad-g)»).

We get

1-g)XayBf(z) = f(xX)ayf(1—g)(z) forallx,y,z€ Rand a,p € T.

If g =1 then f is a derivation; therefore, we may ssume that 1 — g # 0 and so the assertion
of the theorem follows immediately from the lemma (3.2), i.e., (x) = Aaf(x) forall x €
Rand a € T. Replacing g(x) by f(x) and f(x)by(1—g)(x) We get flx) =
A(1—g)(x) forallx e Rand a €T .

Corollary 3.4: Let R be a semiprime I'-ring, and let f: R - R be additive mapping. If g a I'-
ring endomorphism of R. Then there exists A € C- where C the extended centroid of R and an
additive mapping &: R = C such that f(x) = Aax + &(x) forallx € Rand a €T.

Proof: Application (*), the identity
f(x)axBg(x) = g(x)axBf(x) forallx € Rand a,f ET.
By Theorem (3.3), every semi-derivation f of a prime I'-ring R is either a derivation, or it is of
the form
f(x) = 2a(1 — g)(x), where A € C and g a I'-ring endomorphism of R.
We get
f(x) =2a(1—g)(x) = dax + lag(x) = Aax + &(x)
where é(x) = Aag(x). Then
f(x) =2Aax +&(x) forallx e Randa € T.

References

[1] N. Nobusawa, "On A Generalization of The Ring Theory", Osaka J.Math.; vol. 1, pp. 81-89, 1964.

[2] W.E. Barnes, "On The I'-rings of Nobusawa" Pacific J. Math.; vol. 18, no. 3, pp. 411-422, 1966.

[8] M. A. Oztirk, M. Sapanci, M. Soytiirk, and K. H. Kim, "Symmetric Bi-Derivation on Prime
Gamma Rings" Scientiae Mathematicae; vol. 3, no. 2, pp. 273-281, 2000.

[4] M. A."Ozt'urk and Y. B. Jun, "On The Centroid of The Prime Gamma Rings II" Turkish J. Math.;
vol. 25, pp. 367-377, 2001.

3052



Abdulridha and Majeed Iragi Journal of Science, 2023, Vol. 64, No. 6, pp: 3044-3053

[5] A. H. Majeed and S. k. Motashar, "I'-Centralizing Mappings of Semiprime I'-rings" Iraqi Journal
of Science; vol. 53, no. 3, pp. 657-662, 2012.

[6] H.E. Bell and G.Mason, "On Derivations in Near Rings and Rings" Math. J. Okayama Univ.; vol.
34, pp. 135-144, 1992.

[71 ©O. Arslan and B. Arslan, "Strong Commutativity Preserving Derivations on Lie Ideals of Prime T"-
Rings" Mathematica Moravica; vol. 23, no. 1, pp. 63-73, 2019.

[8] S. A. Hamil and A. H. Majeed, "Generalized Strong Commutativity Preserving Centralizers of
Semiprime I'- Rings" Iragi Journal of Science; vol. 60, no. 10, pp. 2223-2228, 2019.

[9] K. H. KIM and Y. H. LEE, "On Generalized Semiderivations of I'-Rings" Electronic Journal of
Mathematical Analysis and Applications; vol. 5, no. 2, pp. 18-27, 2017.

[10] M. Bresar and C. R. Miers, "Strong Commutativity Preserving Maps of Semiprime Rings" Canad.
Math. Bull.; vol. 37, no. 4, pp. 457-460, 1994.

[11] A. A. Abdulridha and A. H. Majeed, "N-(anti) Strong Commutativity Preserving Maps on
Semiprime I'-Rings" AIP Conference Proceedings; Accepted for publication.

3053



