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Abstract

This paper aims to introduce the concepts of e*-closed, e*-coclosed, and e*-
extending modules as generalizations of the closed, coclossed, and extending
modules, respectively. We will prove some properties as when the image of the e*-
closed submodule is also e*-closed and when the submodule of the e*-extending
module is e*-extending. Under isomorphism, the e*-extending modules are closed.
We will study the quotient of e*-closed and e*-extending, the direct sum of e*-
closed, and the direct sum of e*-extending.

Keywords: essential submodule, closed submodule, extending modules, e*-essential
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1. Introduction

In this work M is a right module over a ring R with identity. E(M) is the injective
envelope of M. When S+ T =M implies T =M for each T< M, S is called a small
submodule of M, symbolized by S << M. See [1]and [2]. If SN T # {0} foreach 0 # T < M,
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then S is called an essential submodule of M, see[1] and[3]. A submodule S of module M is
closed if S has no proper essential extension, see[3]. If every submodule of a module M is
essential in the direct summand, then module is said to be extending. M is an extending
module if and only if each of its closed submodules is a direct summand, see [4].

In [5], Ozcan introduced a new type of submodules which defined as Z*(M) =
{a € M| aR is small in E(M)}. If Z*(M) = M, then M is called cosingular. Whilst, in [6],
Baanoon and Khalid introduced a class of submodules called e*-essential. If SN T # {0} for
each cosingular T where 0 #T <M, S is called an e* -essential submodule of M,
symbolized by S <., M. Also, in [7], the same authors used e*-essential submodules to
present a new class of submodules, a generalization of a small submodule, called e*-
essential small. If S+ T = M implies T = M for each T <.- M, S is called an e*-essential
small submodule of M symbolized by S <.« M. The generalization of the radical submodule
which is called e*-radical denoted by, Rad,.-(M) and defined as the intersection of all e*-
essential maximal submodule of a module M. Equivalently, Rad.«(M) = YXn«,.m N, see [7].
If each proper submodule of M is e*-essential small, then M is anointed e*-hollow, where M
is a nonzero module, see [7].

As in[8], we will use e*-essential and e*-essential small submodules to present a new
generalization of closed, coclosed submodules and extending modules. Namely e*-closed
submodules, e*-coclosed submodules, and e*-extending modules, respectively. Moreover,we
will prove the main properties of these concepts.

Now, let us present the following proposition that is crucial to our work.

Proposition 1.1. Assume that M is a module, {L,},ex is the collection of M's independent
submodules, and L, <.+ L', for each a € A, where L', is a submodule of M for each a € A.
Then Daeala <e GaorEALIa :

Proof. First, consider the case when the index set consists two members {L,, L,}, then by
proposition 4 in[6], L,®L, <., L'y®L',. Suppose that the result is correct for an index of
m — 1 items. Now, let {L,,L,,...,L,,} be independent family of submodules of M with
L; <, L'; foreachi=1,..,m. By the previous case we have & 'L; <, ®" 'L’;. Since
Ly <e+ L'y, We get ®"L; <, ®"L’;. Finally, let {L,}.ca be the independent family of
submodules of M and L, <.+ L', for each a € A, let S be a non-zero cosingular of @,cpL .
So S contains a nonzero element which belong t0 L' ;1) @ ... ® L' 44 for some a(i). As a
result 0 # SN (L’a(l) ) ...EBL’a(m)) < S, the submodule of cosingular is cosingular[5], so
SN (L’a(l) D .. @L’a(m)) is a nonzero cosingular submodule. Since
Loy® - ®Lgim) Ser Loy ® . ®Lgemy - Hence, SN (Lgmy® ... ®L gemy) N
(Laqy® .. ®Lgamy) #0  and  consequently SN @geply #0 . Therefore,
eaO(EALoz <e* Ga0(EAL,01-

2. e*-Closed submodules
In this section, we will prove some properties of e*-closed, as introduce in [5].

Definition 2.1 [6]

A submodule S of a module M is e*-closed in M, ifS has no proper e*-essential extension,
(symbolized by S <... M).
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Definition 2.2

Suppose that S; and S, are submodules of a module M. Then S, is called e*-closure of S;
if S; is e*-essential in S, and S, is e*-closed in M. For example, in the Z-module Z,,, we
have that (3) is e*-closure of {6), since (6) is e*-essential in (3) and (3) is e*-closed in M.

Examples and Remarks 2.3

1- For any cosingular module M, {0} is e*-closed, if {0} <., B < M, then{0} n B = {0} and
B = {0} ( submodule of cosingular module is cosingular [4]). When M is not a cosingular
module, that is not generally true. For instance, the Z¢-module Zg, {0} is not e*-closed since
{0} <, Zs.

2- Every e*-closed submodule is closed. The opposite need not always be true. For
instance, Z as a Zg-module (2) is closed in Z, but not e*-closed, see [6].

3- Assume that M is a cosingular module. Then e*-closed and closed submodules coincide.

4- Let the submodule S of M be e*-closed and e*-essential. Then S = M.

5- Every direct summand of a module M is known to be closed in M. However, there is no
association with direct summand if e*-closed.For instance, in the Zs-moduleZg, (3) is a direct
summand of Z¢ but not an e*-closed submodule.

6- It is not necessary for a module M's intersection of e*-closed submodules to be e*-closed.
For instance, in the Z-module Z®Z,, let S; = Z®{0} and S, = Z(1, 1) which are e*-closed
submodules in ZBZ,, since S; and S, has no proper e*-essential extension in Z@Z,. But S; N
S, = (2,0)Z <.+ Z®{0}. So S; N S, is not e*-closed.

The fundamental characteristics of e*-closed submodules are presented.

Proposition 2.4 [6]
Assume that M is a module, if §; < S, <, M and S; <., M, then i—z <e Sﬂ
1

1

Proposition 2.5 Assume that g:M — W'is an epimorphism and S <, M such that
ker (g) < S. Then g(8) <g«c W'.

Proof. Suppose that L' < W' with g(S) <. L .Then g1g(S) < g (L) <M from
proposition 2 in [5] we have g !'g(S)<.-M and from propositionl in [5]
g tg(S) <.~ g XL, since ker (g) <S, we have g7 lg(S) =Ker(g)+S=S, so
S <., g~ Y(L).ButSis e*-closed in M; therefore, S = g~ (L) and g(S) = L. Thus, g(S) is
e*-closed in W'.

Corollary 2.6 Under isomorphism, the e*-closed submodule is closed.

Corollary 2.7 Suppose that T; and T, are submodules of M with T; < T,. If T, <.« M, then

T, - . M
-2 is e*-closed in —.
1 Ty

Proposition 2.8 Let S; < M. Then M has an e*-closed submodule S, such that §; <.+ S,.

Proof. Consider A = {S; < M|S; <.+ S3}, A # @ since S; € A and every nonempty chain in
A has an upper-bounded in A, hence A has a maximal element, say S,, according to Zorn's
lemma, with S; <.+ S,. Claim that S, <, M. Assume that there exists S," < M such that

S, <. S, . Hence S; <.+ S,',s0S," € A. ButS, is a maximal element in A, hence S, = S,".
Thus S, is an e*-closed submodule in M.
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Proposition 2.9
Suppose that M is a module, S; and S, are submodules of M with §; < S,. If §; <.« M, then
Sl <e'c SZ-

Proof. Assume that S; is an e*-essential submodule of L, where L is a submodule of S,.
Since S; <.,+¢ M.Hence S; = L. Thus, S, is e*-closed in S,.

A module M is considered chained if either §; < S, or S, < S;holds true for each of its
submodules S;and S,. See[9].

Proposition 2.10 Assume that M is a chained module, T; and T, are submodules of M with
Tl S TZ' If Tl Se*C T2 and Tz Se*c M, then T1 Se*c M

Proof. Suppose that U < M with T; is the e*-essential submodule of U. By the hypothesis
has two cases:

Case I: If U < T, since Ty is e*-closed in T,. Hence T; = U. Thus, T; is e*-closed in M.
Case II: If T, < U since T, is an e*-essential submodule of U. Hence T, is the e*-essential

submodule of T, and T, is the e*-essential submodule of U. But T; is e*-closed in T, and T,
is e*-closed in M; therefore, T; = T, = U. Thus, T, is e*-closed in M.

The following proposition proves that the direct sum of e*-closed submodules is an e*-
closed submodule.

Proposition 2.11 Suppose that W, and W, are modules with T; < W, and T, < W, . If
T1 SE*C Wl and TZ SE*C Wz, thenT1€9T2 SE*C W1®W2.

Proof. Let T,®T, <., U,®U,, where U; < W, and U, < W,. Consider the inclusion maps
iU, »U®U, and i,:U,->UBU, . Since T,@T,<.,-U,®dU, , then
i (@) <pr &y (U1OU,) and i (Ti®T,) <0 i (U1@U;) . iy (T1@Ty) =
{u €Uyl i;(w) =u, €ETOTL}=Ty , i, '(U,BU,)=U; , i "(T4®T,) =T, and
i, N (U,®U,) =U,. But Ty <.+« W; and T, <.c W,. Hence T, = U; and T, = U,. Thus,
TleaTz Se*c W1®W2.

3. e*-Coclosed submodules
In this section, we will introduce a new concept which is a generalization of coclosed, and
prove some properties as in [10] and[11].

Definition 3.1 [7]
Let T < S be submodules of M.When % K % implies that S =T. S is said to be an e*-
coclosed submoduleof M (symbolizedby S <.+, M).

Examples and Remarks 3.2
1. Every e*-coclosed submodule is coclosed.
Let M be a module, S be an e*-coclosed submodule of M, and T a submodule of S such that

s M . . S M . .
ey Every small is e*-essential small. As a result, - Ker 7 because S is an e*-coclosed.
Thus, S = T and S is a coclosed submodule of M.
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2. The opposite of (1) need not always be accurate. For instance, the only proper submodule
of (3) in Z4 as a Z-module is (0), % ~ (3), and % ~ Ze. S0 (3) is cocolosed in Z, but it is
not e*-coclosed in Zs.

3. InZg as aZes- module, (2) is e*-coclosed in Z¢. Since the only proper submodule of (2) is

(0), 22; (2), and 2 (0) ~ 7. (2) is not an e*-essential small submodule of Z.

4. In Z as a Z-module, 2Z is not e*-coclosed submodule of Z. Since there is a proper
submodule 4Z of 2Z, % ~ (2), and % ~ Z,.(2) is an e*-essential small submodule of Z,.
5. Direct summand of a module need not be e*-coclosed. For instance, the submodule (3) is a

direct summand of Z4 as a Z-module, but it is not e*-coclosed in Zg.
6. Let M be an e*-hollow module. Then M has only one proper e*-coclosed Which is a zero

submodule. Let T be a proper submodule of M. Then T «,« M and so ﬁ Ko+ { 1 Thus, if T
is e*-coclosed in M, then T = {0}.

The next proposition gives the basic properties of e*-coclosed submodules.

Proposition 3.3 Let M be amodule and let A; < A, < M.
1) If A, is e*-coclosed in M, then % is e*-coclosed in Aﬂ.

1 1

2) If A; < A, and ’f is e*-coclosed in Aﬂ, then A, is e*-coclosed in M.
1 1
3) If A; is e*-coclosed in M, then A; is e*-coclosed in A,.

Proof.
1) Let — < =2 such that Ao/t A
L/A4 L
M/A1

L
and 224 ~ 2 Ag g result, —= e* —, since A, is e*-coclosed in M. Thus, A, = L and — =
L/Aq L L L Aq

A A, . . M
—2 Therefore, =% is e*-coclosed in —.
1 Aq Aq

2) Suppose that L < A, such that AL—2 Kot % Define /1:% — % by Am+L)=m+ L+ A4,
1

AZ/Al Ko M/A1

by (the second isomorphism theorem),

for each m € M. Easley sees that A is an epimorphism, so by proposition 3 i

Az/44 o M/A, Since 22 is e*-coclosed in =, so X4t =22 gpg A, = L+ A;.
L+A1/Aq L+A1/A;  L+Aq Ay Ay’ Ay Aq

Since A; K Ay;thus A, = L. Therefore A, is e*-coclosed in M.

3) Let L < A; such that— Ko+ 2 <= So by proposition 1 in [7], Ll Ko+ % Since A; ise*-

coclosed in M, so L = Al. Therefore, A1 is e*-coclosed in A,.

Proposition 3.4 Let M = M; @ M, be amodule, and A <.+, M;. Then A <.+, M.

Proof. Let A" < A such that— K A, = @ Hence — Kt 69 4 f,Mz So — Kt by

corollary 1 in [7]. Since A <.+, M;. Therefore, A’ = A and A Se*cc M.

Proposmon 3.5 Let M be a module and A a nonzero submodule of M. If A <,-.. M, then A is
not e*-essential small in M.
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Proof. Assume A is e*-essential small in M and A <,-.. M. Because {0} <A and A =

{%} Kt % ~ M. Then A = {0} which is a contradiction. Therefore, 4 is not an e*-essential

small in M.

4. e*-Extending modules.
We will present a new idea in this part, a generalization of the extending module as in [12],
[13] and [14].

Definition 4.1 If every submodule of a module M is e*-essential in a direct summand, the
module is said to be e*-extending.

Remarks and Examples 4.2

1. Each extending is an e*-extending module.

2. If M is a cosingular module, then e*-extending and extending modules are coincide.

3. The polynomial ring R = Z[x] is a commutative Noetherian domain such that W =
Z[x]®Z[x] as R-module is not extending [4]. Since Z[x] is a commutative domain which not
filed so by Theorem 2.10, [5] R is a right cosingular ring and by Corollary 2.7, [5] any right
R-module is cosingular module. Hence W is cosingular R-module, from (2) W is not e*-
extending.

4. The direct sum of e*-extendingis not e*-extending. For instance, the Z[x]-module Z[x]is
e*-extending because Z[x] is an integral domain, every non-zero ideal in the integral domain
is essential [3], so Z[x] is extending, hence by (1), Z[x] is e*-extending. But Z[x|®Z[x] as
Z[x]-moduleis not e*-extending.

5. Assume P is a prime number. Then the Z-module Z,®Z,: is e*-extending module.

The fundamental characteristics of e*-extending modules are then presented.

Proposition 4.3 If the module M is an indecomposable, then M is e*-extending if and only if
each of its nonzero cyclic submodules is e*-essential in M.

Proof. (=)Clear.
(&) Suppose that S is a non-zero submodule and 0 # s € S. Hence sR is e*-essential in M.
Because sR < S < M, hence S <.~ M. Therefore, M is e*-extending.

The following shows under which condition makes the e*-extending hereditary property.

Proposition 4.4 If M is an e*-extending module and S is a submodule of M such that the
intersection of S with any direct summand of M is a direct summand of S, then S is an e*-
extending module.

Proof. Let L be a submodule of S,because M is an e*-extending. There exists a direct
summand S; of M, with L <.~ S;. By the hypothesis, S N S; is a direct summand of S and
L=LNS <,~5 NS.Thus, S is an e*-extending module.

Recall that a module M is called duo, if every submodule of M is fully invariant, see [15].
Recall that a module M is called distributive if its lattice of submodulesis a distributive lattice,
thatis, An (B + C) = (ANnB) + (An ) for any submodules 4, B and C of M. See [16].

Proposition 4.5 If M is a duo (or distributive) e*-extending module, then each submodule of
M is e*-extending.
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Proof. Let S be a submodule of M and S; be a submodule of S; because M is an e*-extending.
There exists a direct summand L of M, withS; <.« L,M =L®L.S=SnNM =5n (LOL"),
but M is a duo (distributive), S = (SN L)B(SNL'). So, S N Lis a direct summand of S and
S1 =8NS <, SNL.Thus, S is an e*-extending module.

The next proposition gives the characterization of e*-extending modules.

Proposition 4.6 An R-module W is an e*-extending if and only if every e*-closed submodule
is a direct summand.

Proof.(=) Let S be an e*-closed submodule of W. Since W is e*-extending; there is a direct
summand L of W with § <.+ L. But S is e*-closed. Hence, S = L.

(<) Let S be a submodule of W. Then, by Proposition 2.8. an e*-closed submodule L exists
with § <.~ L. By the hypothesis, L is a direct summand. Therefore, W is an e*-extending.

Corollary 4.7 Under isomorphism, the e*-extending module is closed.
Proof. Clear using the corollary 2.6.

The direct summand of the e*-extending module is e*-extending, as shown by the following
proposition.

Proposition 4.8 A direct summand of e*-extending module is e*-extending.

Proof. Let S be a direct summand of an e*-extending module W. There is a submodule S’ of
W such that W = S@S’. Let L be an e*-closed submodule of S. Hence, LBS’ <.« S®S’ =
W since W is an e*-extending, so by proposition 4.6. LS’ is a direct summand of W, then
W = L@®S'@®K , for some submodule K of W . S=SnW=5Sn({LBS'®K) =(Sn
L®(SN(S'®K))= LO(SN(S'®K)). Hence, L is a direct summand of S. Thus, S is e*-
extending.

Theorem 4.9 Let W be an R-module. Then the following statements are equivalent.

1.W is e*-extending module.

2. For every submodule S of W, there is a decomposition W = L@L’, such that S < L and
S+L < W.

3. For every submodule S of W, there is a decomposition % = geag such that L is a direct
summand of W and K <, W.

Proof.

1 = 2) Let S be a submodule of W, there is a direct summand L of W such that S <,- L,
W = L@®L for some L' < W . By proposition 4 in [6]. S®L <, L&L =W . Then S +
L' < W.

2 = 3) Let S be a submodule of W, there is a decomposition W = L@L’, such thatS < L

and S+ L' <, W. y_eL_L,l +S, Since LN (L' +S) =S. Hence, Y=o X put
S S S S S S S

K=L+S.

3 = 1)Let S be a submodule of W, there is a decomposition % = %EB% such that L is a

direct summand of W and K <,- W. To show that S <,- L. Since K <., W, thenS =K n
L <, WnL=L.Thus, W is e*-extending module.
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Proposition 4.10 Let W be an e*-extending module and S be an e*-closed submodule. Then
% Is an e*-extending module.

Proof. Since S is an e*-closed submodule of e*-extending module W. Hence S is a direct
summand of W, W = S@S’, forsome S" < W. % =~ §'" since S’ is a direct summand of W. So

by Proposition 4.8. S’ is e*-extending, and by Corollary 4.7, % is an e*-extending module.

Corollary 4.11 Let f: W — W' be R-homomorphism, and W e*-extending with kerf is e*-
closed. Then f(W) is e*-extending.

We present enough requirements for the direct sum of e*-extending modules to be an e*-
extending module.

Proposition 4.12 Let W = W;@W, be a distributive module. If W; and W, are e*-extending
modules, then W is e*-extending.

Proof. Let S be a submodule of W. Since W is a distributive module, soS=SnW =Sn
(W ew,) = (SNW,®(SNW,). Since W; and W, are e*-extending modules, then there
exists a direct summand S; of W; and S, of W, such that SNW,; <.~ S; and SNW, <.+ S,.
Hence S <. S;®S,, where S;®S, is a direct summand of W. Thus, W is e*-extending.

Proposition 4.13 Let W = @;¢;W; be an R-module. Where W; is a submodule of W for each
i€l ={1,..,n}If W;ise*-extending for each i € I and every e*-closed submodule is fully
invariant, then W is e*-extending.

Proof. Let S be e*-closed submodule of W. By the hypothesis S is a fully invariant . Hence,
S=SnW=58n (@iEIWi) = EBiEI(S N Wl) Since W; is e*'extending with S n W, <Ww; for
each i € I, then there exists a direct summand L; of W; for each i € I such that Sn
W; <.+ L;. Hence, by Proposition 1.1, = @;¢;(S N W;) <. ®;¢L; . But S is an e*-closed, so
S = @;¢/L; is adirect summand of W. Therefore, W is e*-extending. m

5. Conclusions.

We Confirm the following outcomes:

1. Under isomorphism, the e*-closed submodule is closed.

Every submodule is e*-essential in e*-closed.

The direct sum of e*-closed submodules is e*-closed.

Every e*-coclosed submodule is coclosed.

The direct sum of e*-extending is not e*-extending.

The direct summand of the e*-extending module is e*-extending.

SOk wn
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