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Abstract

This work is devoted to define new generalized gamma and beta functions involv-
ing the recently suggested seven-parameter Mittag-Leffler function, followed by a re-
view of all related special cases. In addition, necessary investigations are affirmed for
the new generalized beta function including, Mellin transform, differential formulas,
integral representations, and essential summation relations. Furthermore, crucial sta-
tistical application has been realized for the new generalized beta function.
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1. Introduction

It is commonly agreed that the classical gamma and beta functions, which perform boundless
functions, are the most significant members of the class of special functions. These well-known
functions have attracted considerable attention to studying numerous properties owing to their
miscellaneous applications in a range of scientific fields, specifically mathematical physics,
statistics, and engineering, see [1-4].

The classical gamma and beta function usually known as the Euler’s integral of first and
second kind respectively [5],
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I'(z) = footz‘l exp(—t) dt, (1.1)
0

where Re(z) > 0.
1

B(z,w) = f tZ71(1 - )W 1dt, (1.2)

0

where Re(z), Re(w) > 0. In early of the 1990s, some academics and researchers began
curious investigations to achieve extensions and generalizations of the classical gamma and
beta functions, as well as, to certify a number of beneficial properties and applications.

In 1994, Chaudhry and Zubair [6], extended the gamma function for the first time by ex-
tended the regularizer e¢,

I,(z) = Lwtz‘l exp (—t — %) dt, (1.3)

where, Re(z), Re(p) > 0.
Analogously in 1997, Chaudry et al. [7], presented an extension for beta function

Bp(z,w) = jltz"l(l -t eXp< P )dt, (1.4)

0 t(1—1)
where, Re(z), Re(w), Re(p) > 0.
In 2011, Ozergin et al. [8], implied generalizations of gamma and beta functions by means
of the confluent hypergeometric function

© p
r{“?(z) = fo B (T —t—?) dt, (1.5)
where Re(z), Re(u), Re(t), Re(p) > 0.
1
(wr) _ z—-1 w-1 - P )
= 1-— F. - 1.
b, (z,w) Jo t“7r(1 -, 1<u, T; [a-0 dt, (1.6)

where Re(z), Re(w), Re(u), Re(t), Re(p) > 0.
Thereafter, shadab et al. [9], submitted another extension of beta function by virtue of stand-
ard Mittag-Leffler function

1

tZ71 1 -tV L E, (— P )dt, (1.7)

peczw) = | s

where Re(z), Re(w), Re(o), Reo(p) > 0.

Subsequently, Pucheta [10], involved the standard Mittag-Leffler function to introduce a
modified extension of gamma and beta functions

e}

I’(2) =f t? 1 E (—t)dt, (1.8)
where Re(z),Re(a), Re(p) > 0. ’

B3 (z,w) = f t27 11 — )" L Ey(—pt(1 — 1)) dt, (1.9)
0

where Re(z), Re(w), Re(o), Re(p) > 0.
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In 2018, Atash et al. [11] considered a new extension of gamma and beta functions by using

Wiman’s function
(a.2) _
l—‘p (Z) - f

Oootz‘l E;; (—t - %) dt, (1.10)

where Re(z), Re(o),Re(1), Re(p) > 0.
p q

1
(o,1) — z-1 — yw-1 — —_
B (z,w)_f0 1= 0" gy (= 5) Eoa (- 727) at, (1.11)

where Re(z), Re(w), Re(cs), Re(1), Re(p), Re(q) > 0.

However, Al-Gonah and Mohammed [12], utilized three-parametric Mittag-Leffler function
to introduce modern extensions of gamma and beta functions

(o,4u) _ Ooz—l u (_,_P
I (z)_f0 t EM( t t) dt, (1.12)
where Re(z), Re(u), Re(os), Re(1), Re(p) > 0.
1
(o,Au) — z-1 (1 _ pyw-1gpu (_ P )
(@40 (7 1) fo 271 (1 = ¢) EM< i) 4 (1.13)

where Re(z),Re(w), Re(u), Re(o), Re(1), Re(p) > 0.

In 2020, Oraby and Rizq [13], gave additional generalized beta functions in terms of

Wiman’s function
1

Boa(zw) = JO t271(1 - OV E, (ta(l_—ft)a> dt, (1.14)

where Re(z), Re(w), Re(o), Re(1), Re(a) > 0, and Re(p) = 0.
Recently, Khan and Husain [14], supplied a new extension of beta function through Wiman’s
function

1 —_
BELP (2, w) = fo tz-l(—t)w-lE(,,l( P t)b>dt, (1.15)

ta(l -
where Re(z), Re(w) >0, Re(p) > 0; 0,2 € R{ anda,b € R*.

The major idea of this paper is to define new generalized gamma and beta functions by
means of the seven-parameter Mittag-Leffler function proposed in [15], and review all related
special cases. In addition, it develops certain vital properties and necessary functional formulas
to the new generalized beta function. Further, attempt to obtain statistical application for the
new generalized beta function that is beneficial in the area of special function’s statistical ap-
plications.

2. Generalized Gamma and Beta Functions

The purpose of this segment is to introduce the new generalized gamma and beta functions
in terms of the Mittag-Leffler function with seven complex parameters, as well as show all the
special cases derived from them.

Consider the Mittag-Leffler function involving seven parameters proposed by Rasheed and
Majeed in [15],
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puv *  (wWr(@k z"
By, (2) = ZM (0 k! I'(ok + AT (0,k + 1)’ 1)

where z € C, min{Re(u), Re(v), Re(t), Re(a,), Re(0,), Re(1,), Re(A,)} > 0. Accordingly,
the new generalized gamma and beta functions will be defined next.

Definition 2.1 Let min { Re(z), Re(u), Re(v), Re(t), Re(o;), Re(0,), Re(1,), Re(4,),
Re(p)} > 0,

* p
[P (7) = f e g (e =2)at (22)

Remark 2.2 The functions (1.12), (1.10), (1.8), (1.5), (1.3), and (1.1) are related special cases
of the function (2.2), as reviewed respectively:

u v,V,p ( ) F(Ul,ll,u) (Z)

o A

1117;;1( ) _ 1—.(0'1 Al)(z)
01 A,01

1 ,0

Ly (2) = T7(2).

1,
1u1 0T1p(Z) = F(ur)(z)
[rod (2) = T,(2).
[i1or (2) =T ().
In addition to the associative special cases of previous functions.

Definition 2.3 Let min { Re(z), Re(w), Re(u), Re(v), Re(t), Re(0;), Re(a,), Re(4,),
Re(A;),Re(z),Re(p)} > 0,and a,b € R* then

1
wv,,a,b,p — -1 —1pUVT —p
:861,11,0-2’,12 (Z, W) = jo t? (1 — t)W 1E0_1111'02'/12 (m) dt. (23)

Remark 2.4 The functions (1.15), (1.14), (1.13), (1.7), (1.6), (1.4), and (1.2) appear as special
cases of the function (2.3) respectively:

ﬁl,v,v,a,b,p (Z, W) — ﬁa,b,p (Z W).

01,1,01 01,41
1,v,v,a,a,
Bt WP (z,w) = By (z,w).
u,v,v,1,1, ( Aq,u)
ﬁdlllolp( 'W)_ pa-1 1u(ZlW)'

1,v,v,1,1,p

i P (z,w) = Y (z,w).
,1,7,1,1, A

wLn P (2, w) = BT (2, w).
1,v,v,1,1,p

1101 (Zw) = By(z,w).

1,v,v,1,1,0
on(zw) = Bz, w).

Besides the implicit special cases of the preceding functions.

3. Certain Properties of g% (z,w) in the Complex Plane
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This section will mainly focus on discussing a number of interesting properties and formulas
of the functions (2.3), such as the Mellin transform, differentiation formulas, integral represen-
tations, and summation relations.

The notion that the function (2.3) is convergent and that it satisfies the symmetric relation
with respect to the complex variables z and w is often immediately obvious. So then, we proceed
to demonstrating that the function (2.3) has a significant relationship with the Euler beta func-
tion (1.2).

Theorem 3.1 The function (2.3) satisfy the following relation

ﬁu,v,r,a,b,p (Z, W) — gwvT (—P)ﬁ(z —ak,w — bk)_ (3.1)

01,11,02,4; 01,41,02,4;

Proof.

1
wv,t,a,b,p _ 7—1 A \W-1puv,T —p
'801;/11,02,12 (Z' W) - fO t (1 t) E‘7111;0’2,12 (ta(l _ t)b> dt

k

_ © (u)k(v)k —p 1 ekt o
_Zk=0 (D k! T'(o.k + 1) (05k + 2,) j; ¢7-ak=1(1 — p)w-bk-1 gp.

This reveals our gained result directly.

The next result dictate the Mellin transform for the function (2.3) as a notable relation that
also provides a relationship between the function and the classical beta function (1.2).

Theorem 3.2 For Re(s) > 0,Re(z + s) > 0, and Re(w + s) > 0, the function (2.2) has the
following Mellin Transform representation

M {ﬁ”’v'r'a'b'p (z, W)} (s)=pB(z+as—a—-1Lw+bs—b—-1)T"" - (s). (3.2)

0'1,/11,0'2,12

Proof.
1

“ e _ 1, —p
pS 1 f tZ 1(1 _ t)w lEgll,/A:_,UZ,lz (m) dt dp-
0
Because of the uniform convergence of the above integral, one can change the order of integra-

tion. Hence

wv,t,a,b,p _
M {361'11,62,2‘2 (Z’ W)} (S) - f

0

(0]

1

v.r.ab, _ _ 1w, —p
M{ﬁ;x,‘;,ﬁ(z, W)} (s) = JO A - )" 1[ J P T E g R (m) dp] dt.

0

p

In order to simplify the above expression, set u = ta(;——t)b

implies
1 e9)
A ) Vb' - - - "
M{BrEe? (2, w)} (s) = fo (7Hae (] — WS ”[ fo w 152‘1,3102,12(—@61#] at.

The proof is immediately evident by writing the preceding integral in terms of the classical
beta function and the function (2.2). m
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Corollary 3.3 Using the inverse Mellin transform, give the following integral formula:

1
v,T.a,b, V) -
gt owy = 5o | Bletas—a=Lw b b= DI, ()7 ds. (33)

The following theorem gives further integral representations of the function (2.2).

Theorem 3.4
/2
,Bg:ﬁf,f/{; (z,w) = ZJ. cos?*710 sin™ 1O E;" ) [—p (sec?0) (csc?6)P] db. (3.4)
0
oo z—1 a+b
u,v,t,a,b,p _ |4 uV,T —p (1 + )/)
ﬁol,/ll,az,lz (Z’ W) - 0 (1 + ]/)Z+W Eol,/ll,oz,/lz ( )/a d)/ (35)

uv,t,a,b,p
Bo. A opt, W)

= 21-7-w j 1 1+ 81 -8 LEX —p 2 dé (3.6)
-1 atuozdz \ (1 + 8)a(1 — §)b '

Proof. Formulas (3.4), (3.5), and (3.6) can immediately prove by setting t = cos?8, t =
y/l1+yandt = 1:—6 in (2.2) respectively. m

A validation of the differentiation formulas for the function (2.3) is provided in the following
theorem.

Theorem 3.5 For m,n € Ny, the following differentiation formulas are hold:

m 1 —
aaz_m ;—llv)L‘iC:;Zb,{; (z,w) = J;) tz_l[ln(t)]m (1- t)w_1 Eglﬂlli‘iﬂz,/lz (ﬁ) dt. (3.7)
o™ wv,T,a,b,p _ ! 7-1 w—1 n puVv,T —P
m '30‘1,/11,0'2,/12 (Z' W) - J;) t (1 - t) [ln(l - t)] E0'1,/11,02,lz (m) dt. (38)
am+n uwv,T,a,b,p
ozmown ﬂal,ll,az,/lz (Z' W)

_ ! z—-1 m(q _ syw-1 I puvT P
_ fo £2-1 [In(O)]™ (1 — ) In(1 — O B (ta(l_t)b>dt.(3.9)

Proof. Through using Leibniz rule, we authenticate each of the above formulas,
1

o™ wv,T,a,b,p o™ z\ -1 w—1 pUV,T —pP
azm '361'/11'0'2:/12 (Z’ W) - J;) (aZm t > t (1 B t) EULALUZ,AZ (ta(l - t)b> dt

1
_ 4 —p
_ fo e @I (1 - 0" B2 (o ( 1_t)b>dt.

In an analogous manner, we acquire the formulas (3.8) and (3.9). m

What follows construct a functional and summation relations for the function (2.3), re-
spectively.

Lemma 3.6 Let Re(z+ 1) > 0,and Re(w + 1) > 0, then
ﬁ”’v’f'a'b'p (zw+1)+ ﬁ”"""a‘b Pz+1,w) = ﬁ”‘V'T'“'b P (z,w). (3.10)

01,A1,02,4; 01,1,02,4; 01,A1,02,;
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Proof.
wv,7,a,b,p uv,7,a,b,p
301’/11'62'/12 (z,w + 11) + ﬁol,/’ll,az,/lz (z+ 1L,w)
_ _ —p

— z—1 _ W z _ A\w-1 puv,T

= J(; t (1 t) +t (1 t) Eal,/ll,az,lz (ta(l — t)b> dt
! —p

— z—1 _ \w-1 puv,T

= fo (A -V ES G sa, (—ta a-0 b) dt

_ puv,t,a,b,p
= Boirr ot (z,w).m

Theorem 3.7 The following summation relation holds for the function (2.3)
m
BEVEEDP (7)) = E (m) BEVEEPP (2 4w+ m—n),mEN,.  (3.11)

0'1,11,0'2,).2 n=0 n 0'1,11,0'2,2.2

Proof. From Lemma (3.6) we have
'Bu,v,r,a,b,p (Z, W) — 'Bu,v,r,a,b,p (Z + 1,W) + ﬁu,v,'r,a,b,p (Z,W + 1).

01,41,02,4; 01,41,02,4; 01,41,02,4
Employing the same logic to the two preceding terms, implies
uw,v,t,a,b,p ( )
301111:02»12 Zw

= BEVIEOP (54 2, w) + BT (2w + 2) + 2B (2 4+ 1w + 1),

01,41,02,22 01,11,02,22 01,41,02,13
Using mathematical induction to repeat the process, we set the desired result. m

Theorem 3.8 For the function (2.3) the following summation relation holds

(o]
wv,T,a,b,p _ W)n ab,c,p
Boirronin (@1 —W) = E Iy Bot 2+ 1. (3.12)

Proof. From the definition of the new generalized beta function we have,

1
u,v,t,a,b,p _ _ 7—1 - WwpUuUVT —p
BO’LALUZ'M (z,1-w)= J;) t (1=t 01,41,02,13 (ta(l _ t)b> dt.

Recall the binomial series expansion

a-ow=y" Wt o

n=0 n! '
Hence,

wv,7,a,b,p 1— _ * (W)n ' tZin-1 puv.t ——P dt
30'1,/11.0'2'/12 (Z’ W) o n=o n! 0 01,41,02.42 ta(l - t)b

— E (W) [')ul) Iabp
j— n v,T,a,b,
= Tl' Cl,l ,0 ,A ( ) )- .
n=0 H 2,12 n 1

Theorem 3.9 The function (2.3) satisfies the following summation relation
BLVIEL (5 ) = Z BLVTEDL (5 4 n w4+ 1), (3.13)
n=0

01,A1,02,4; 01,A1,02,;

Proof. Apply the following expression in the function (2.3),
Q- l=01- t)WZ th, |t] < 1.

n=0

We get

0 1
w,v,7,a,b,p _ Z4n—1714 _ W pUV,T —P
'801'/11,0'2,12 (Z’ W) - anojo t (1 t) E01'111,0'2,12 (ta(]_ — t)b> dt

which provide the result we desire. m
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4. Statistical Application for g 7% (z,w)

Parallel to the Euler’s beta function, this section committee the statistical distribution for
the new generalized beta function (2.3), as well as mean, variance, moment generating func-
tion, cumulative distribution, and reliability function.

The new generalized beta distribution is given as

1 —p

tZ7 (1 — )WLERVE (—) (0<t<1),
f(©) = { BT (1,) rhozta (e (1 — 6P (4.1)

0 otherwise

(z,w,u,v,7,a,b,p,01,A1,05,15,a,b € RY).
Thus, the rth moment for the random variable Y given as
ﬁu,v,r,a,b,p (Z +7r W)

E(YT) = —Aluoele (4.2)

uv,t,a,b,p
By 7o, & W)

where the particular instances provide the mean and variance of the distribution respectively

Bu,v,r,a,b,p (Z + 1’ W)

0'1,11,0'2,12

p=EY)= (4.3)
ooy )
uv,t,a,b,p uv,t,ab,p uw,v,t,a,b,p
g2 = E(YZ) _ {E(Y)}Z — 501.11.0'2.12 (zw) ﬁ01.ﬂ1.02.12 (Z+2’W)_ﬁ01.11.02.12 (z+1w) (4_ 4_)
= = > . .
(B onas @)

The distribution's moment generating function can be expressed as

[o's) tn 1 [els) tTl b

_ _ wv,7,a,b,p

M) = Z B0 = Z B (4 mw). (45)
n=0 T 'Bal./ll,oz,lz (z,w) &~n=o01:

The cumulative distribution of the function is defined as
w,v,7,a,b,p
ﬁy'o'pll,az,/lz (ZF W)

F(y) = uvrab ’ (4-6)
Bovinoain W)
where ﬁ;‘;’:ﬁl;f 1, (Z W) is the generalized incomplete beta function
y —

uv,7,a,b,p _ z—1 W1 puv,T p

UYL (7w) = JO (1 — WL (—ta e t)b> dt.  (48)
(z,w,u,v,7,a,b,p,00,A1,05,1,,a,b € RY).
We can directly obtain the reliability function.
V,T,a,b,p uv,t,a,b,p
'Buvra (Z,W) _ ﬁ (Z,W)

R(t)=1—-F(t) = 11,0222 Y.01,11,92. 22 . (4.10)

wv,T,a,b,p
By 7. o, (2 W)

5. Conclusion and Discussion

This paper defines a new generalization of gamma and beta functions using the seven-pa-
rameter Mittag-Leffler function that was recently presented and then reviews all the special
functions deduced from these functions. Later, this paper was dedicated to discussing the most
prominent properties related to the new generalized beta function, such as its relationship with
the Euler’s beta function, Mellin transform, some integral representations, differential formulas,
and basic summation relations. Finally, we derive a statistical application of the new beta func-
tion by virtue of statistical facts.
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