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Abstract

A graph G with p vertices and q edges is said to be antimagic if its edges can be
labeled with 1,2, ..., g such that the weights of vertices of G are pairwise distinct. The
graceful labeling of a graph G with g edges is an assignment of integers from the set
{0,1, ..., g} to the vertices of G, such that no two vertices receive the same label, where
each edge is assigned the absolute value of the difference between the labels of its end
vertices and the resulting edge labeling runs from 1 to q is inclusive. Moreover, if the
induced edge labeling is simultaneously antimagic, that is, the sums of the labels of
all edges incident to a given vertex are pairwise distinct for different vertices, we call
the graceful labeling graceful antimagic. In this study, we will exhibit the existence
of graceful antimagic labeling for two families of graphs the first derived from the
path graph Pn, and the second from the cycle graph C,. Both families were derived
using the idea of a rooted product between the two graphs.
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Introduction

Let G = (V,E) be a finite, simple, and undirected graph without loops or multiple edges,
where V(G) and E(G) represent vertex and edge sets of G, respectively. A graceful labeling
of a graph G with g edges is an assignment of integers from the set {0,1, ..., q} to the vertices
of G, such that no two vertices receive the same label, where each edge is assigned the absolute
value of the difference between the labels of its end vertices, and the resulting edge labeling
running from 1 to q is inclusive. The subject of graceful labeling was first introduced by Rosa
in 1966 [1], where it was named as a S-valuation, and this labeling was later renamed graceful
labeling by Golomb [2].

The Ringel-Kotzig conjecture that all trees are graceful is still open. Hartsfield and Rangel
[3] , introduced the concept of antimagic labeling in 1990. A graph G with p vertices and g
edges is said to be antimagic if its edges can be labeled with 1,2, ..., g such that the weights of
the vertices of G are pairwise distinct. Hartsfield and Ringel proved that paths P,, complete
graphs K,,n > 3, wheels and cycles graphs are antimagic. Moreover, they conjectured that
every tree except P, is antimagic, and every connected graph except P, is antimagic. Both
conjectures are still open. Vasuki B, Shobana L and Ahmed [4] proved that (a, d) antimagic for
some special graphs. For more information on graceful and antimagic labeling please refer to
[5], [6] and [7].

In recent years we have observed the popularity of labeling that simultaneously satisfies
several conditions, see [8]. For the graceful labeling, if the induced edge labeling
simultaneously admits vertex antimagic labeling, then it is called graceful antimagic labeling.
The concept of graceful antimagic labeling was first introduced by Ahmed et al. [9] , who
proved that the path graph P,,n > 3, star and double star graphs, all non-isomorphic trees up
to eight vertices, cycles C,, for odd numbers, complete graphs and some related graphs are
graceful antimagic. N Shawkat and M Ahmed [9] proved that existence of graceful antimagic
labeling for split of the star graph K ,, K, , graph, P, + K,, graph, jellyfish graph J,, ,,, Dragon
graph Tj ,,, kite graph (T, ,,) and the double comb graph DCO,,. A graceful antimagic labelling
fis an injection from the vertex set of G into the set {0,1, ..., |[E(G)|} such that the induced edge
labeling f*, defined as f*(uv) = |f(u) — f(v)| for every edge uv € E(G), has the following
two properties: First f*(uv) # f*(zw) for all pairs of distinct edges uv, zw € E(G), i.e, the
labelling f is graceful, and second, for all pairs of distinct vertices u,v € V(G) is wts-(u) #
wtg+(v), where wips(u) = Yovere) [ (uv), i.e., f¥is an antimagic. [10].

In this study, we address the problem of finding graceful antimagic labeling for some families
of graphs related to paths and cycles.

1. MAIN RESULTS
1.1 Path related graphs

In this subsection, we deal with some graphs derived from the path. The rooted product of
graph G and rooted graph H, denoted by G o H, is defined as follows: take |V (G)| copies of H,
and for every vertex v; of G, identify v; with the root node of the i-th copy of H. The graceful
antimagic of a graph P, o C, are given in figure 1.
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Figure 1: Graceful antimagic labeling of Py o

Theorem 1.1.1: The graph B, o C, is graceful antimagic for n > 4, n # 0 (mod 8).
Proof: Let the vertex set and the edge set of the graph B, o C, be
V(B,oC,) ={vi:i=1,2,-,4n},
E(B,°Cy) ={vjvjy1:i=12,--,n— 1}
U {viVnsi ViVantir VntiVansi Van+iVansit L = 1,2, -+, nb
For n = 4, n # 0 (mod 8), we define a vertex labeling g,:V(B, o C,) - {0,1,+:-,5n — 1} as
follows
( 5i—5

2
10n — 5i

wheniisodd,1<i<n

wheniiseven,2 <i<n

15n—51+3 {wheni=n+1,n+3,---,2n—1, for n even

2 \wheni =n+1,n+3,-,2n, for n odd

—5n—4 (wheni =n+2,n+4,~-,2n, for n even

_ 2 \wheni=n+2n+4,-,2n-1, for n odd
Br(w) = 20n—5i+1 {whenl =2n+1,2n+3,-~-,3n—1, forneven
wheni=2n+1,2n+3,---,3n, for n odd

51—10n—2 wheni=2n+22n+4,--,3n, for n even
wheni=2n+2,2n+4,---,3n—1, forn odd

51—1571—1 {Wheni =3n+1,3n+3,--,4n—1, forneven

wheni=3n+1,3n+3,---,4n, for n odd
25n + 4 5i {When i=3n+23n+4,-,4n, for n even
\ 2 wheni=3n+23n+4,---,4n—1, fornodd.

Evidently all vertices have distinct labels. First, we prove that 3, is a graceful labeling, thus
we check the induced edge labels and show that they are distinct.
Fori=1,2,---,n—1
Bi(Wivis1 ) = |B1(v;) — B1(Vir1)]

5i—-5 10n-5(i+1 ..
|2 — (i+1) when i is odd

|5(i+1)—5 __10n-5i
2
= 5n — 5i.
Fori=1,2,---,n
PiWivnyi ) = 11 (v) — B1(Wnsi)l

5i—5 15n—-5(n+i)+3 .
|2 — (2 ) | when i is odd

|10n—5i __ 5(n+)—5n—-4
2 2
_ {Sn —5i+ 4 wheniisodd

~ 5n — 5i + 2 when i is even.

when i is even

| when i is even
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B1(Wivansi ) = 1B1 (i) — B1(Van+i)l
5i—5 20n-52n+i)+1
2 2
|10n —5i 52n+i)—10n—-2
2 2
_ {Sn —5i 4+ 3 wheniisodd
5n — 5i + 1 when i is even.
.Bik(vn+iv3n+i ) = |.31(Un+i) - ,81(7-73n+i)|
|15n—5(n+i)+3 5(3n+i)—15n—1

- — 5 | when i is odd

|5(n+i)—5n—4 . 25n+4-5(3n+i)
2 2
_ {Sn —5i+2 wheniisodd
5n—5i+4 wheniiseven.
P1(WVan4iVan+i ) = |p; (Vani) — 1 (V3n4)l
|20n—5(§n+1)+1 _ 5(3n+1)2—15n—1| when iis odd
|5(2n+i) 10n—2  25n+4-— 5(3n+i)
2
{Sn —5i+1 wheniisodd

5n—5i+3 wheniiseven.

’ when i is odd

| when i is even

| wheni iseven

| when i is even

Combining the previous, we obtain that the edges receive the numbers 1,2,---,5n -1
Therefore, labeling B; is graceful.
Secondly, we will deal with the antimagic property of antimagic labeling.

wtg:(v1) = |B1(v1) — B1(v)| + [B1(Vn41) — B1W)| + |B1(V2ns1) — B1(v1)]

|0 __1lon- 10| + |15n—5(n+1)+3 _ O| + |20n—5(2n+1)+1 ~0

2
= 15n —

Fori = 2,3,-~-,n -1,

wig:(v;) = |B1(vy) — B1(wi— )| + 181 (v) — B1(Wir DI + 1B1(Vnsi) — B1 (W]

+ 1B1(Wan+i) — B1 ()]
_{(5n—5i+5)+(5n—5i)+(5n—5i+4)+(5n—5i+3) when i is odd
~l(5n—=5i+5)+ (5n —5i) + (5n —5i + 2) + (51 — 5i + 1) when i is even

_ {ZOn —20i+12 wheniisodd
20n—20i+8 wheniiseven.

witg: (Vn) = |B1 (V) — B1(Wn-D| + |B1 (W) — B1(W2n) [+|B1 (Vi) — B1 (W)l

2
_ { 8 when nis even

12 when nis odd.

Fori=1,2,---,n,
Wtﬁi(vnﬂ‘) = |B1(v) = B1 (WD) + 181 Vnyi) — B1(Vans)l

_ {(Sn— 5+ 4) + (5n — 5i + 2) wheniis odd

(51 =5i+2) + (5n — 5i + 4) wheniis even

= 10n — 10i + 6.
wigr (Wani) = [B1(vi) = B1(Wans )| + |B1(Wansi) — Br(Vzny )l
_{(5n—5i+3)+(5n—5i+1) when i is odd
“l(5n—=5i+1) + (5n — 5i + 3) when i iseven
= 10n — 10i + 4.

5n 5n—-10 5n 5n—4 5n 5n-2 .

|— — —| —— —| —— | when n is odd
)2 2 2 2 2 2
- 5n-5  5n-5 5n—-5  5n+3 5n-5  5n+l

| |+| |+| |whennlseven
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wigs (Wani) = |B1(Wnyi) — B1(Wsnsd| + 1B1(Wansi) — Br(Vzny )l
_{(5n—5i+2)+(5n—5i+1)wheniisodd
“ l(5n —5i +4) + (5n — 5i + 3) when i is even
{10n —10i +3 wheniisodd
10n —10i +7 wheni is even.
Thus,
wig: (V3n) < wig: (V2n) < wig: (Van) < wigs (V) < wig: (Van—1) < wigs(V3n_1) <
wig: (Van_1) < Wigs(Van_z) < Wig:(Von—3) < wig:(Van_3) < wig:(vp_q) <+ <

wig: (V1) < wig: (v,).

This implies that the vertex weights are distinct, and we can observe the following.
1. wtg(vy) < wtg+(v,) for every n > 5, while wtg: (v1) > wtg-(v,) only when n = 4.
2. The antimagic labeling holds for every n > 4, n # 0 (mod 8), however when n = 8, we
can easily show that wtg-(v,) = wtg-(v3) and similarly when n = 16, then wtg-(v,) =
wtg+(vs) and so on.
Thus, the B, o C, graph admits a graceful antimagic labeling, for every n > 4, n Z 0 (mod 8).

Theorem 1.1.2: The graph P, o K, 4 is graceful antimagic forn > 2, n # 0 (mod 6).

Proof: Let the vertex and the edge set of the graph P, o K, , be

V(B oKyg)={v;:i=1,2,..5n}

E(Pyo K1) = {viviy1:i = 1,2, ..,n = 13U {ViVnyi, Vansi ViVansis ViVansi F L= 1,2, .0}
Forn > 2,n # 0 (mod 6), we define the vertex labeling B,: V( P, o Ky 4) = {0,1, ...,5n — 1}
as follows:

(512—_5 wheniisodd,1<i<n

10n->5i

2
15n—5i+3 {wheni =n+1,n+3:,2n—1, forneven

2 wheni=n+1,n+3,:--,2n, fornodd

wheniiseven,2<i<n

5i—-5n—8 {when i=n+2,n+4,--,2n, for neven
2 wheni=n+2,n+4,---,2n—1, forn odd

20n-5i+1 (wheni=2n+4+1,2n+ 3,:--,3n— 1, forn even
2 {when i=2n+12n+ 3,---,3n, forn odd
B2(vi) =3 si_10n-6 (wheni=2n + 2,2n + 4,---,3n, forn even
2 {wheni=2n+2,2n+4,~--,3n—1, for n odd
25n—5i—1 {when i=3n+1,3n+3,---,4n— 1, forn even

2 wheni=3n+1,3n+3,:--,4n, forn odd
si-15n—-4 (wheni =3n+ 2,3n+ 4,---,4n, for neven

2 {wheni=3n+2,3n+4,---,4n—1, for n odd
30n—5i-3 {when i=4n+1,4n+ 3,---,5n—1, forneven
2 wheni =4n+ 1,4n + 3,---,5n, forn odd
si—20n-2 (wheni =4n+ 2,4n+ 4,---,5n, for n even
L 2 {Wheni=4n+2,4n+4,---,5n—1, for n odd.

First, we will check the induced edge labeling.
Fori=1,2,---,n—1
Bz (Wivis1 ) = |B2(vi) — B2 (Vis1)]

{|—5i‘5 — lon-5G+1) when i is odd

2 2

10n—5i __ 5(i+1)—510n-5i ;s

| > = | when i is even
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= 5n — 5i.
Fori=1,2,---,n
B (Wivnii) = |1B2(vi) — B2(Vp4i)l

5i—5 15n—5(n+i)+3 ..
— | when i is odd

2 2
= |10n—5i 5(n+i)—5n—8| ..
— when i is even
2 2
=5n—5i + 4.

B (Wivanyi ) = 1B2(vi) — B2 (W2n4i)|

5i—5 20n—-52n+i)+1 ‘.
— ( ) | when i is odd

2 2
10n—-5i 5(2n+i)—-10n-6 ..
T~ 5 when i is even
=5n—5i+ 3.

B (Wivsnyi ) = 1B2(vy) — B2 (V3n4i)l

5i—5 25n—-5(3n+i)—-1 ..
| — | when i is odd

2 2
10n-5i 5(3n+i)—-15n—4 ..
S~ 5 when i is even
=5n—5i+ 2.

B (Wivanyi ) = |B2(v) — B2 (Vansi)l

5i—5 30n—-5(4n+i)-3 ..
T > | when i is odd
|10n—5i 5(4n+i)—20n-2

2 2
=5n—-5i+1.

| when i is even

This implies that the edges receive distinct labels from the set 1,2, ...5n — 1. Thus, the
labeling B, is graceful.
Now we check the induced vertex weights
wigs (V1) = [B2(v1) — B2(v2)| + B2 (1) — B2 (Wny )| + B2 (V1) — B2(Vansa)l
+ 182 (Wans )| + |B2(v1) — B2 (Vans1)
=]0-5n—5|/+]0-5n—1|+]0-5n—2| 4+ |0 —5n— 3| + |0 — 5n — 4|
= 25n —15.
Fori=2,3,--,n—1
wig:(vy) = |B2(v) — B2 (vi— )| + |B2(vi) — B2 (Vi )| + [B2(vi) — B2 (Vny )]
+ 1B2(v) = Bo(Wons) | + |B2(vi) — B2 (Vans )| + 1B2(v) — B2 (Va4 )]

5i— 5 10n-5i-5 5i— 5 10n-5i+3

5i—5 10n-5i+5

| |+ % |+ 1% |+
2
5i—5 10n-5i+1 5i—-5 10n-5i—-1 5i—5 10n-5i-3
— - when i is odd
=<1 2 2 2 2 2

10n—5i 5i—10 10n—- 51 10n—- 51 5i—8

o i) ot ot

10n->5i 5i— 6 10n— 51 5i—4 51 51 2
k| - |+| > |+|5 —-—— | when i is even

= 30n — 301 + 15.

witgs (V) = |B2 (V) — B2(Vn—1)| + 1B2(vn) — B2 (Wan)| + [B2(vn) — B2 (Vsn)l
+ 1B2(vn) — B2(van)| + |B2(vn) — B2(vsn)]
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2 2

2 2

2 2

2 2
when n is even
= 5n-5 5n+5 5n-5 5n+3 5n-5 5n+1 5n-5 5n-1

s B e R e R et
2 2 2 2 2 2 2 2
|5n—5 5n-3

2

5n 5n—-10 5n 5n—-8 5n 5n—-6 5n 5n—-4 5n 5n-2
|+ |+ |+ 5 -2+ |

|+

| when n is odd

=15.
Fori=1,2,---,n
wig: (Vnti) = [B2(Wnyi) — B2(v)|
|10n—5i+3 5i—5

2
5i—8 10n-5i

— -
=5n—-5i + 4.
witgs (Vansi) = |B2(Vansi) — B2(v)]
|10n—5i+1 5i—5
2
|ﬂ __1on-5i
2 2
=5n—5i+ 3.
Wtﬂ; (v3n+i) = |B2(U3n+1) ﬁz(%)'
|10n—5i—1 5i-5

| when i is odd

| when i is even

| when i is odd

| when i is even

> — | when i is odd
5i—4 10n->5i

2 2
=5n—>5i+ 2.

Wtﬁ; (Van+i) = 1B2(Wansi) — B2 (V)]
|10n—5i 3 5i—-5

2
|5i—2 __1lon-— 51
2 2
=5n—-5i+ 1.
From the vertex weights we can observe the following:
1. The weights for the pendent vertices are arranged in decreasing order, where
Wtﬁ; (v5n) < Wtﬁ; (v4n) < Wtﬁ; (v3n) < Wtﬁ; (UZn) < Wtﬁ; (USn—l) < Wt[:’; (v4n—1) <
Wtﬂ; (v3n—1) < Wtﬁ; (v2n—1) << Wtﬁ; (v5n—(n—1)) WtB; (v4n—(n—1))
< wig; (Vsn-m-1)) < wip; (Van-m-1).
2. For the vertices of the path graph (center vertices), we have
wig: (V) < wigs (V1) < wigs(Vn_z) < ... < wips(v,), foreveryn = 2,n % 0 (mod 6)
and for the vertex v, it holds wig: (v,) < wtgs(v) forn < 5,whileforn = 7,n # 0 (mod 6),
Wt (Vinjej41) < wtg; (1) < weg; (Vinss)+2)-
However, when n = 6 we can easily show that wig: (v1) = wtg: (v,) and similarly when n =
12, wtg:(v1) = wtp:(v3) and so on.
3. When n = 4, wtgs (V2n—3) < wig: (vy,) < witgs (Vsp—4).

| when i is even

| when i is odd

when i is even

This means that the vertex weights are pairwise distinct.
Thus, the graph P,  K; 4 is a graceful antimagic, for every n > 2,n # 0 (mod 6).

Theorem 1.1.3: The graph K, o nP; is graceful antimagic forn > 2, n # 1 (mod 3).

Proof: Let the vertex set and the edge set of the graph K, o nP; be
V(KyonP;) ={v;:i=1,2,..,4n + 2},
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E(Kz o nP3) = {v1v; } U {V1Vnti, ViVnyi, V2Van+is Van+iVensi P L = 3,4, ..n + 2}
For n = 2,n # 1 (mod 3), we define the vertex labeling f5: V( K, e nP;) - {0,1,2, ...,4n +
1} in the following way
( 6n—3in—i+2 fori=1,2,
2n—i+3 fori =3,4,..,n+ 2,
Bs(v) ={i—n—2 fori=n+3,n+4,..,v42
i—2 fori=2n+3,2n+4,..,3n+ 2,
n—i+4fori=3n+3,3n+4,..,4n + 2.
First, we will check the induced edge labeling.
B3 (v1v2) = |B3(vy) — B3(v2)]
=|(n—-3n—14+2)—(6n—-32.n—2+ 2)|=3n+1.
Fori=3,4,..n+2
B3 (v1vny) = |B3(v1) — B3 (Vnyd)]
=|(6n—-3n—-1+2)— ((n+ ) —n—2)|
=3n—i+3,
B3 (Wnyivi) = |B3(Vnsi) — B3 (i)
= |((n+i)—n—2)—(2n—i+3)|
=2n—2i+5,
B3 (V2v3n41) = |B3(v2) = B3 (Van+i)l
=|n—32)n—-2+2)—(Tn—-3n—i+4)|=4n—i+4,
B3 Wan+iVan+i) = IB3(Vansi) — B3 (Vzn4d)|
=|("Tn—0CBn+i)+4)—-2n+i-2)|
=2n—2i+6.

This implies that the edges are labeled with numbers 1,2, ...,4n + 1. Therefore, S5 is a
graceful labeling.
Now we prove that the induced edge labeling is antimagic.

wtg:(vy) = | B3(wy) = B3(w) | + X218 (v) — B3 (nsd)
Gn+D| +322 [Gn+1) - (—-2)]
=3n+1+Y"2@n—-i+3)

5n% +7n+ 2

—

wtg: (v,) = | B3(v2) = B3 (W) | + Z42185(v,) — B3 (Wsnyo)|
=[0-Gn+D)| X2 0-(n—i+49)]
=3n+1+YM2(An—i+4)

_ 7n?+9n+2

2
Fori=3,4,..n+2
witg: (vy) = |Bs(vy) — B3 (Vi)
=|2n—-i+3)—-({—-2)|
=2n-—2i+5,
wig: (Vn+i) = |Bs(Wnsi) — Bz ()| + | B3 (Vnsi) —B3 (w1l
=|i—-2)—-2n—-i+3)|+|(i—2)—Bn+1)|
=5n —3i + 8,
witp: (WVzn+i) = 1Bs(Vansi) — B3 (Vzny i)l
=|2n+i—2)— (4n—i+4)|
=2n—2i+ 6,
wig: (Wan4i) = |B3(Vznsi) — Bs(Wansd| + B3 (Vznyi) — B3 (w2)]
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=|(dn—-i+4)-Cn+i—-2)|+|(dn—-i+4)—(0)]
= 6n — 3i + 10.
From the vertex weights we can observe the following.
1. wig:(vy) <wtg;(vony) fori=3,4,..,n+2,andfori = 3,4,..,n + 2 the weights of
vertices v; are odd numbers while the weights of vertices v,,,; are even numbers.
2. wig:(Vansi) < wtp;(vpyy) fori=3,4,..,n+2,
3. witg:(Vnyi) < wipg:(V3pyy) fori=3,4,..,n+2,

4. witg:(V3ny3) < wig:(v1) < wig: (v2).

This implies that the vertex weights are pairwise distinct when n Z 1 (mod 3).
When n = 4 we can easily show that wtg: (Vn43) = Wtgs (Vans1), Wigz (V2n) = Wig: (Vans2)
and when n = 7, witg: (Vn43) = Witg: (Vanse), Wigs (Vi) = wip: (v4y,) and so on. Thus, the
graph K, o nPs is graceful antimagic, forn > 2,n # 1 (mod 3).

Theorem 1.1.4: The graph P, o K,, , is graceful antimagic for every odd n,n > 3.
Proof: Let the vertex set and the edge set of the graph P, o K, , be
V(PyoKpnp)={viri=12,...2n+ 4},
E(Pz ° Kn,Z) = {ViVan+1, Vi Vant2» UntiVan+3r Vn+iVonta 2 0 = 1,2, 0, nF U {Vopni2Vona )
For odd n,n > 3, we define the vertex labeling B,: V(P, o Ky, 2) = {0,1, ...,4n + 1} such that
20— 2 fori=1,2,..n,
_)2i—-1 fori=n+1,n+2,..,2n,
AW =21 i1 fori=2n+12n4+2
i—4 fori =2n+ 3,2n + 4.

We start with checking the induced edge labeling.
Fori=1,2,---,n
Bi Wivani1) = |Ba(vi) —Pa(Vzns1)l
=|2i—2)—2n+2n+1-1)|

=4n — 2i + 2,
Bi (Vivanyz) = 1Ba(vi) —Ba(Wany2)l
=12i—2—-2n+2n+2-1)|

=4n — 20 + 3,
Bi (Vn1iVans3) = |Ba(Wnsi) —Ba(Vanys)l
=2n+i)—1—-2n+3—-4)| =2i,
Bi WnyiVanta) = |Ba(Wnsi) —Ba(Vznya)l
=2(n+i)—1-Cn+4-4)|=2i—1,

BsWantaVant2) = |Ba(Vonta) —Ba(WVani2)l
=|12n—-(4n+1)| =2n+1.

Thus, the edges receive the numbers 1,2, ...,4n + 1. Therefore, B, is a graceful labeling.

Second, we check the antimagicness.

Fori=1,2,---,n

wig: (V) = |Ba(Wy) —Ba(Wans2)| + |Ba(vy) —Ba(Wans1)l

=M@4n—-2i+3)+An—-2i+2)

=8n—4i+5,

wtg: (Vnti) = [Ba(Vnsi) —Ba(Wans+a)| + 1Ba(Wnsi) — Ba(Wanss)l
=QRi—-1)+ Qi) =4i—-1,

wig: (V2n+1) = 2ic1lBa(ans1) — Ba(wy)]

wtg: (Wans1) = izalBa(Wans1) — Ba(w)]
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= Y,(4n—2i+2) =3n%+mn,
wtg: (Vans2) = |.Bzik('72n+2) — Bi(W2nsa) | + Xiz1lBa(Wans2) — Ba(wy)|
=2n+1+Y",(4n—2i+3)
= (2n+1) + (3n? + 2n)
=3n’+4n+1,
witg: (Van+3) = LicalBa(Wantz) — Ba(Wnyi)|
= Y,(20) =n*+n
Finally,
weg; Wanea) = | BiWansa) = BiWans2) | + ZeilBe(vansa) = Bawnsd)|
=2n+1+Y-,2i—1)
=n?+2n+1.

This implies that the weights of the vertices are arranged in decreasing order, where
wig: (Vns1) < wig:(Vpgp) < - < wig: (Vo) < wipg: (V) < wig: (vp_q) < -+ <
wig: (V1) < Wig: (Vane3) < Wig:(Vansa) < wig;(Vany1) < wigy (Vans2)
Thus, the weights are all distinct and we can observe the following particular note witg: (v1) <
wtg: (V2n43) for every odd n > 9, while wtg: (v2n43) < wig: (v1) whenn < 9.
Hence, the graph P, o K, ,, is a graceful antimagic, for every odd n,n > 3.

1.2 Cycle related graphs
In this subsection, we study some graphs derived from the cycle graph. We start with graph
C3 which is obtained from a cycle on n vertices with one chord of length three.

Theorem 1.2.1: The graph C3 is graceful antimagic for n = 1(mod 4) and for n =
2(mod 4), wheren > 9..

Proof: Let the vertex set and the edge set of the graph C2 be

vcH ={w;:i=1,2,..,n},

E(C) ={vvip,:i=1,2,..n=1}U {v,v} U {v,v3}.

Forn = 9,10 and 13 the desired labeling is given in figure 2.

For n = 1,2 (mod 4), n > 14, we define the vertex labeling Bs: V(C3) - {0,1,...,n + 1} as
follows

= wheniisodd,1<i<n

i . T
Bs(v;) = n+2—5 when11seven,2§1£H+1
n—% wheniiseven,[g]+3§ign_

Figure 2: Graceful antimagic labeling of C3, C3, and C3;.

3843



Shawkat and Ahmed Iraqi Journal of Science, 2024, Vol. 65, No. 7, pp: 3834-3849

First, we prove that this labeling is graceful.
Fori=1,2,---,n—1
Bs(vivip,) = |ﬁ5(?i) — Bs(ir1)|

( i—1 i+1 .. . n
—(n+2— > )| whennsodd,lSlS[E]

2

2
i—1 (i+1)
2 T

i i+1-1
(n+2——)—(2—)‘ wheniiseven,ZSiS[g]-i-l

]‘ when iisodd,[2| +2<i<n-1

i i+1—-1 hen i n i< 1
\(n —E)—T’ w enllseven,H+3_L_n—
n—i+2 When1SiS[§]+1
A n-i when[§]+2SiSn—1

Bs (vnv1) = 165 (v) — Bs(v1)]

{5 when n is even

nT_l when n is odd

Bs(vnv3) = |Bs(vy) — Bs(v3)|
n—-2

2

when n is even
n-3

—~ when n is odd.

This implies that the edge labels are 1, 2, ...,n + 1. Hence, the labeling S5 is graceful.
Now we check the weights of vertices under the induced edge labeling <.

wig:(v1) = |Bs(v1) — Bs ()| + |Bs(v1) — Bs(v2)]

0—Z2|+]0=(n+1)] whenniseven
2

- n

|0 —%1| + 10— (n+ 1)| when n is odd,
3n+2

2
3n+1

when n is even

. when n is odd
wig: (V) = |Bs(v2) — Bs (i) + |Bs(v2) — Bs(vs)]
=|(n+1—-0[+[|(n+1)— (DI
=2n+1,
witg: (v3) = |Bs(v3) — Bs (V)| + |Bs(v3) — Bs (W) + |B5(v3) — Bs(va)]
1—(n+ 1|+ |1—§| + |1 — n| whenn iseven

(n

[1-—(+ 1D+ |1— ;1)| + |1 —n| whenn is odd

5n—-4 .
when n is even

5n-5
2
Fori=4,5..n—-1

wig: (V) = [Bs(vi) = Bs (i) | + 1Bs (Vi) — Bs(Vis1)]

when n is odd.
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ii-2 i i .. .
(|(n+2—5—7 + |(n+2—5) _E| wheniiseven 4 <i < [g] +1
i—-1 2n—i+5 i—-1 2n—i+3 .. .
1 | —_—— | when i is 0odd,5 < i < [Z]
2 2 2 2 2

n+2  3n+6 n+2 3n-6 . n :

__| |———| wheni = -+ 2 and n is even

_ )l 4 4 4 2

n+3 3n+5 n+3 3n-7 . n+1 :
R |T_ " |WhenL=T+2andnlsodd

(n—i)—i_—2|+|(n—£)—£| Wheniiseven,[2]+3SiSn—1
2 2 2 2 2

L . 2n_i+1| Y Lt 2n_i_1| wheniisodd [2]|+4<i<n-1
2 2 2 2 2
(2n—2i+5 when4 <i<|[}]+1
n—1 wheni=§+2andniseven
=
n—2 wheniznTH+2andnisodd
(2n—2i+1 when[}]+3<i<n-1
Finally,
wtg: (V) = |Bs(Wn) — Bs(Vn-1)| + 1Bs (V) — Bs ()| + | Bs () — Bo(v3)|
2—n—_2|+ |2—0| + |2—1| when n is even
2 2 2 2
n—-1 n+1

|___|+|"—_1—0|+|n—_1—1| when n is odd.
2 2 2 2

_ {n when n is even
n—1 whenn is odd.

Hence, from the weights of vertices, we can observe the following, for every odd n >
17,n = 1(mod 4) and for every even n > 14,n = 2(mod 4).
1. For4 <i<n-—2, wtg:(v;41) < wtg:(v;), moreover the weight of the vertex v, is even,
while the weights of vertices v;, for 4 < i < n — 2, are all odd.
2. wtg:(vy) < wig:(v1) < wig:(v;) < wig:(vs).
Now, we need to check that the weights of the vertices v;, for 4 < i < n — 2 and the remaining
four vertices, v4, v,, v3 and v,, are pairwise distinct.
1. For even n we have

wig: (w;) < wigs(vy) < wip: (UnTJrz) < wig: (UnT—z) < wigr(v1) < wig:(v;) <
Wtﬁ; (vg).

2. For odd n we have

wig: (vﬂs> < wigs(vy) < wip: (Un_+3) < wig: (Un_—3) < wigr(v1) < wig:(v;) <
Wip: (03)2. ’ i

Hence, the graph C3 is a graceful antimagic labeling, for every odd n,n > 9,n = 1(mod 4)
and for every even n,n = 10,n = 2(mod 4).
Let G and H be two graphs, then the graph G + H is obtained by joining every vertex of the
graph G with all the vertices of H.

Theorem 1.2.2: The graph K,, + C5 is graceful antimagic for every n > 3.
Proof: Let the vertex set and the edge set of the graph K,, + C5 be
V(Kp+C3) ={vi:i=12,..,n+3},

E(Kn + CB) = {Uivn+1r ViVn42,ViVn43il = 12, ---'n} U {vn+1vn+2' Un+2Un+3,Un+3Un+1}.
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For n > 3 we define the vertex labeling
Be:V(Kyn + C3) — {0,1,2, ...,3n + 3} as follows

i wheni=1,2,..,n
Bs(v)) =ini+i—n*—-2n—1 wheni=n+1,n+3

3n+3 wheni=n+2.
First, we investigate the properties of the induced edge labeling ¢ (v;).
Fori=1,2,---,n
Bs(Wivns1) = |Be (Vi) —B6(Vns1)l
=li-(n+D+m+1)-n2-2n—-1)]
=1
Be(Wivni2) = |Be(vi) —B6(Vns2)l
=|li—-3n+3)]
=3n+3—|,
Be(Wivni3) = |Be(vi) —Bs(Vny3)l
=li—-(mn+3)+(m+3)—n?—2n—-1)|
=2n+2-—1i
B6(Vn+1Vn+2) = |B6e(Wns1) —Be(Vne2)l
= |mn+D+n+1)-n?-2n—-1)—3n+3)|
=3n+3
B6(Vnt2Vn+3) = |B6e(Vns+2) —Be(Vne3)l
= |@Brn+3) - +3)+(m+3)—n?—2n-1)|
=n+1
Be(Wni3Vni1) = 1Bs(Wnt3) =B (Vns1)l
= |+ +m+3)—n?-2n—-1D-mnr+D+nm+1)—n2-2n-1)]|
=2n+ 2.
As the edge labels are 1,2, ...,3n + 3 we get that S, is a graceful labeling.
Now we check the corresponding vertex weights.
Fori=1,2,---,n
wip: (Vi) = |Bs (Vi) —Bs(Wn+1)| + 1B (Vi) —Be(Wn+2)| + 1Bs (Vi) —Bs(Vn+3)l

=|i-0|+|i-Gn+3)| +|i-@n+2)|

=5n+5—-1i
wtg: (Vni1) = |Be(Wns1) —BeWns2)| + |B6(Vns1) —Bs(Wna3)| + Xiz1lBe(Vny1) —Be (vl
0-GBn+3)| +]0-@n+2)| +3~, |0—i]

n?+11n+10

2
wtg: (Vni2) = |Be(Wns2) —Be(Wns1)| + |B6(Vny2) —Bs(Wna3)| + Xiz1lBe(Vns2) —Be (vl
= |@n+3)-0| +|G@n+3)—Cn+2)| +3%,1Bn +3) —i|
= (3n+3) + (n+ 1) + 20D

2
_ 5n%+13n+8

wig: (V2n+3) = 1Bs(Vn+3) —Bs(Wn+ | + |B6(Wns3) —B6(Vns2)| + XicilBe(Vns3) —Bs (v
=|@n+2) -0l +|@rn+2)-Gn+ | +I%, |@n+2)—i]
=@n+2)+(n+1) + 202

__3n2+9n+6
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It is clear that the weights of the vertices v;, for 1 < i < n form an arithmetic progression
with the common difference 1, which is given by 4n + 5,4n + 6, ---, 5n + 4 on the other hand
5n + 4 < wtg: (Vpy1) < wigs (Vni3) < wigs (vn42). Thus, the graph K, + C5 is graceful
antimagic for every n > 3. m

In the next theorem we deal with graph K ¢ which is obtained from the graph C2 by joining
the vertices of graph K,, with one vertex of degree three of C3.

Theorem 1.2.3: The graph KC3 is graceful antimagic for every n > 11,n = 3(mod 4).
Proof: Let the vertex set and the edge set of the graph KC2 be

VKC3) ={v;:i =1,2,...,2n},

E(KC3) ={vjviy1:i=12,..,n—1}U{v,v}U{v,v3} U {v,v,4; i =1,2,..,n}

For n > 11,n = 3(mod 4), we define the vertex labeling B,: V(KC3) - {0,1, ...,2n + 1} as

follows
(i-1

2
An+4—i

Br (i) = 4 spis_2i

wheni =1,3,...,n
wheni =2,4,..,n—1

wheni=n+1n+2,..,22

5n+1-2i

L . Whenl — 3n+7 3n+9

27 27

First, we show that 3, is a graceful labeling.

Fori=1,2,---,n—1

B7 (ivis1) = |B7(v) —B7(Visa)l
“—(2n+2-2)| wheni=13,..,n-2

v, 2N,

|(2n+2—§')—(‘+1) 1| wheni=2,4,..,n—1
=2n+2-—i
B7 (1) = |B7(vy) —B7(v1)]
— (pz1_1-1
2 i
n-1

ﬁ7<§nv3> = 1670) 7 (v3)

ForL = 1,2,---,n
ﬁ;(vnvnﬂ') = |B7(vn) _ﬁ7(vn+i)|

n—-1 5n-2(n+i)+5
|T—f| henl—12 n+5

n-1 5n-2(n+i)+1 +7 n+9
|T — T| wheni = nTT e,
n+5
n+3—i wheni =1,2,. —
= . . n+7 n+9
n+1—i wheni = — e

As the edges receive the numbers 1,2, ...,2n + 1 the labeling g, is graceful.
Second, for the antimagic labeling we will get:

wtg:(v1) = |B7;(v1) =B, ()| + |B7(v1) —B7(v2)]
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= [o-==[+10-@2n+ 1)

__5n+1

2
wig: (v3) = |B7(v2) =B, (vl + |B7(v2) —B7(v3)|
=2n+1-0|+|2n+1) —1]|
=4n+1,
wtg:(v3) = |B7(v3) =B (V)| + |B7(v3) —B7(va)| + |87 (v3) —B7(va)]
= 1-@n+ Dl +]1-2n| + [1-2
In-5

Fori2= 45 - n—1
wtg:(v) = | B3 (W) = Biwir) | + | B3 (W) = B3 (wiy) |

|(2n +2 —%) —%| + |(2n+ 2 —i) —i_—zl when i is even
|i _ 4n—i+3|
2 2
=4n+5 - 2i.
Fori=1,2,--,n
witgs (Vn4) = Iﬁé‘(vnﬂ) B7 (v)|

3n—2i+5
- | wheni=1,2,. ”;'5

i-1 4n i+5
2

| when i is odd

3n—-2i+1

| - ——| whenlznT”,”T”,...,n.
n+3—i wheni=1,2,. ";'5
n+1—i Whenl—"T”,nT”,...,n.

Finally,

wtgs () = | i) = i) | + | Bi(vn) = Bi(un_ Dl + 2.2, | B3 (W) — B (vny) | +
S r | B3 wn) = B3 i) | + | B (wn) — B3 (w3) |

3n 2i+5 —1 3n 2i+1

2

n—1

3n+5 |+ __1|

n-1

o] 4t

|+2” -

sy g [t

n?+7n+12

2
Hence, from weights of vertices, we can observe the following for every n>11,n=

3(mod 4).
For +1 <i <2n—1, wig:(vi41) < wig:(vy).

Wtﬁ; (Vn41) < Wtﬁ; (V-1)-

1. For 4 <i<n-—2, wig:(v;41) < wtg:(v;), moreover the weight of the vertex v, is
even while the weights of vertices v;, for 4 < i < n — 2, are all odd.
2. wig: (V1) < wig: (V) < wig: (v,) < wig:(v3) < witgs (v,).

Thus, the graph K C2 admits a graceful antimagic labeling, for n > 11,n = 3(mod 4).

2. Conclusions

In this paper, we addressed a new concept of graceful labeling that induces edge labeling as
an antimagic, which was recently presented by [1]. We proved that some families of graphs
admit this labeling, and our future work involves finding another family of graphs that admits
graceful antimagic labeling.
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