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Abstract

In this paper, our purpose is to study the quaternary continuous classical boundary
optimal control vector problem dominated by a quaternary linear parabolic boundary
value problem. Under suitable assumptions and with a given quaternary continuous
classical boundary control vector, the existence theorem for a unique quaternary state
vector solution to the weak form is stated and demonstrated via the method of
Galerkin. Furthermore, the continuity of the Lipschitz operator between the state
vector solution to the weak form for the dominating equations and the corresponding
are proved. The existence of a quaternary continuous classical boundary optimal
control vector is stated and demonstrated under suitable Assumptions. The
mathematical formulation for the quaternary adjoint boundary value problem
associated with each considered boundary value problem is obtained and the Fréchet
derivative for the objective function is derived. Finally, the necessary conditions for
the optimality theorem of the problem are stated and demonstrated.

Keywords: Quaternary continuous classical boundary optimal control vector
problem, Quaternary linear parabolic boundary value problem, Method of Galerkin,
Lipschitz continuity operator.
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1. Introduction

Optimal control problems play an important role in many practical applications, such as in
medicine [1], aircraft [2], economics [3], robotics [4], weather conditions [5] and many other
scientific fields. They are two types of optimal control problems; the classical and the relax
type, each one of these two types is dominated either by ODEqs [6] or PDEgs [7]. The
Continuous Classical boundary optimal control problem (CCBOCP) dominated by a couple of
parabolic, elliptic, or hyperbolic PDEgs was studied in [8-10]. Later on, these studies for these
three types were generalized to deal with CCBOCP dominated by triple linear PDEQs
(TLPDEQs) of them so as [11-13]. In each type of these mentioned CCBOCP, the authors
introduced a new mathematical model and they also studied and proved the following theorems;
the existence theorem for a unique state vector solution for where the classical continuous
control vector CCBCV is given, The continuity of the Lipschitz between the state vector
solution to the weak form for the dominating equations and the corresponding CCBCV is
proved. The existence theorem of a classical continuous optimal control
vector(CCBOCV)under suitable conditions is stated and proved, of course, a new mathematical
formulation for the adjoint boundary value problem associated with each considered boundary
value problem (according to each problem) is obtained so as the Fréchet derivative of the
objective function, and the necessary conditions for the optimality theorem.

All of the above mentioned studies encouraged us to consider generalizing the study of the
CCBOCP dominated by TLPDEQgs of parabolic type to a quaternary continuous classical
boundary optimal control vector problem (QCCBOCVP) dominating by quaternary inear
parabolic boundary value problem (QLPBVP). According to this idea of generalization, the
mathematical model for the dominating equation is needed to be discovered, as well as the
objective function. The study of the QCCBOCVP dominating by the QLPBVP that is proposed
in this paper starts with the state and prove of the existence theorem of the quaternary state
vector solution of the weak form for the QLPBVP using the method of Galerkin, under suitable
assumptions and in case the quaternary CCBCV (QCCBCYV) is known. The continuity of the
Lipschitz between the quaternary state vector solution of the weak form and the corresponding
QCCBCV is proved. The existence theorem of a QCCBOCYV is stated and demonstrated under
suitable Assumptions. The mathematical formulation for the quaternary adjoint boundary value
problem (QABVP) associated with the QLPBVP is obtained and the Fréchet derivative for the
objective function is derived. The optimality theorem of the problem is stated and demonstrated.

2. Problem Description:

Let O c R2be a bounded open region with boundary I'Q =IxQ , 2= TxI and x =
(x1,x,). The QCCBOCVP consists of the state quaternary equations, which are considered as
follows(in Q):

d G
Vit — lz,jzla_xi(all'j TZ) + b1y, — bsy, + beys + byy, = f1(x, 1), (1)
3 2
Yar — iz,j=1a_xi (azij 6_32) +byyz + bsy1 — boys — bi1ys = fo(x, 1), )
3 2
Y3t — iz,j=1a_xi (a3ij 6_32) + b3ys + by, — bey1 + bisys = f3(x, 1), (©)
d 3
Yar — Lz,j=1a_xi(a4ij a_i/]l) + byys — byy1 + b11Y2 — bisys = fa(x, 1), (4)
with the following boundary conditions and initial conditions :
dyr Ay,
63; =Yij=1 an-ja—zjcos(nr,xl-) =u,(x,t),on % (5)
¥r(x,0) = y7(x),on Q. (6)
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Where f = (fy, fo, far fo) € (L2 (Q))4 = [2(Q) is a vector of functions for each (x,t) €

Q, U = (ug, uy, Uz, uy) € (LZ(Z'))4 =L%(%)is a QCCBCV and y = (y1,¥2, V3 Vs) =
Vutr Yuz» Yuz» Yus) € (H2(2))* = H?(Q)is the quaternary state vector solution corresponding
to the QCCBCV u, and n,. (for r = 1,2,3,4)is a normal vector on the boundary X from out and
(n,, x;) is the angle between n, and x; — axis.

The set of admissible QCCBCYV is defined by:

W,={#el?X)|iel=U,xU,xU; xU, c R*a.e inX}, U is aconvex set.

The objective function is defined by:

. — 1
min Go (1) = > el llyr — yrdlIiZ(Q) + B”ur”?}(z)] , BERT @)

Let V=V, xVy,XxVsxV,=(HQ)*=HQ), st V={B: B=(vy,v,vs0,) €
HY(D),v, =v, =v3 =v, = 00n0Q}.
The weak form of QLPBVP, with y € (HZ(.Q))4 = H2(QD) is:
16 v1) + a1 (6 y1,v1) + (b1 (D)y1, v1) g — (bs(©)y2, v1)q + (b (D)3, V1) +

(b7 ()yav1)a = (f1,v1)a + (U, v)r (8a)
(r1(0),v1)q = 7, v1)a (8b)
V20, v2) + ax(8,y2,v2) + (b2 (£) Y2, V7)o + (bs(£)y1,v2) 0 — (bo(t)ys,V2) 0 —
(b11(O) Y4, v2)a = (f2,v2)a + (U2, V2)r (99)
(72(0),v2)q = ()’g» V2)a (9b)
(736 v3) + az(t,y3,v3) + (b3 (D) Y3, v3)a + (bo(£) Y2, v3) — (be(D)y1,V3)q +

(b15(D)Ya, v3)a = (f3,v3)a + (U3, v3)r , (10a)
(¥3(0),v73)q = (¥, v3)a (10b)
Vatr Va) + as(t, 4, v4) + (b4() Y4, v4) o — (b7 (D)1, va)q + (b11(£) Y2, Va)o —
(b15(D)y3,va)q = (far Va)a + (Us, Va)r (11a)
74(0),v4)q = (}’2: Vs)q - (11b)

2.1 Assumptions (A):

() f Vr = 1,2,3,4 satisfy | f-(x,t) | < n,.(x,t), n, € LZ(Q,]R)

(il ar (&, v, v) | < arll yellall v lle, | (Br(®) Y v )a | < Brell wrelloll vrllo
a-(t, Yr, ¥) Z @l yellE, (e () 0 ¥)a = Brll yelIG, vr = 1,2,3,4.

| (br3(0) ¥rs v)a | < &l yrlloll v1llo, V7 = 2,3,4.

| (b2r43(0) Yo v2)a | < &l yelloll 210, V7 = 1,3,4.

| (b3r1+3(0) ¥rs v3)a | < &Ml Yelloll vsllo, V7 = 1,2,4.

| (bar+3(O) Vo vad)a | < Ell Yrlloll vallo, V7 = 1,2,3.

ct,y,9) = ai(t, y1, y1) + (b1 y1, y)a + ax(t, Y2, y2) + (b2 () Y2, ¥2)a +
az(t, y3, y3) + (bs(D y3, ¥3)a + as(t, Ya, ya) + (b4(0) Yar Ya)a

and (t,5,5) = allyllf , 17117 = Xr=ll v I3,

where a,, By, €,,@ € RY, r =1,2,3,4.

Lemma (2.1)[14]:
Let V,H and V' be three Hilbert spaces, each space is included in the following one as in

1
lullyp iy = (f,|u@)IPdx)? or |lulleo) = ess.suplu(x)l
V' is the dual of V. If a function u belongs to L2(0,T;V),and its derivative u'belongs to
L?(0,T; V"), then u is almost every equal to a function continuous from [0,T] into H so one has

the following equality which holds in the scalar distribution sense on (0,T) % [ul? = 2(u’, u).
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Main Results
3. The Existence of a unique quaternary state vector solution for the weak form:
Theorem (3.1): With Assumptions (A), for each fixed QCCBCV i € L?(Q) , the weak form
of the state quaternary equations ((8) - (11)) has a unique quaternary state vector solution y €
(L2(1, V))4 = L2(LV),5; € (12(,v")" = L2, V™).
Proof: Let c V be the set of piecewise affine in £2, let {¥;, ¥, ..., U, } be the basis of with
n = 4N, then the approximation solution to y of ((8) - (11)) is expressed by
)_’)n(xr t) = (yan Yon»Y3n y4n) = Z?:l Cj (1) ﬁj (x), (12)
WhereVJ) = (2" Ymod2) vy, (Z(r_z)szdZ)UZk, (2<r—3)2m0d2)v3k, (2* Tmod2)vy), ¢ =
¢rj, fork = (1,..,N),vr = 1,2,3,4.j = k+ N(r — 1) and ¢,;(t)is an unknown function of ¢.
The quaternary state vector solution of the weak form is approximated using the method of
Galerkin to get

(V1ner V1o + a1(6, Y10, V1) + (b1 (Y1 v1)a — (bs(O)Y2n V1)a + (be(O)Y3n V1)a +

(b7()Yan, v1)a = (fr,v1)a + (U, V)1 (13a)
(1n(0),v1)q = 1, V1), V1 EV, (13b)
V2nt: V2)a + A2 (t, Yon, V2) + (b2 (0)Y2n, V2)a + (bs(£)Y1n, V2)a — (bo(£)Y3n, V2)a —
(b11(O)Yan, v2)a = (f2, V2)a + (Uz, V2)r (14a)
(Y2n(0),v2)0 = (¥3,v2)a» Vv, €V, (14b)
V3ner V3)a + a3(t, Yan, v3) + (b3(0)Yan, v3)a + (bo(t)Y2n, v3)a — (b () Y10, V3)a +
(b15(O)YVan, v3)a = (f3,v3)a + (U3, v3)r (15a)
(Y3n(0),v3)q = (¥3,v3)q .VV3 €V, (15b)
Vane Va)a + as (&, Yan, Va) + (b4 (O)Yan, va)o — (b7(O)Y1n Va) g + (b11 (D) Y2n, Va)g —
(b15s(D) Y3 Va)a = (far Va)a + (Ua, Va)r (16a)
(y4n(O)J v4)(2 = (yéglvél-)ﬂ ,VU4_ € Vn (16b)

Where y2 = 3% (x) = y,,(x,0) €V, cV c L>(Q)is the projection of y°w.rt. the
norm|| . ||o, i.e.vr = 1,2,3,4.

(ypntvr) = (yp'vr) o< ||Y79n - y79”0 = “:)779 - Ur”Oavvr € Vy.

Utilizing (12) in ((13) - (16)), we setv, =v,;, Vr = 1,2,3,4, then eqs.((13)-(16)) are
equivalent to the following linear system of ODEQgs with initial conditions:

A1C1;(t) + D1C1(t) — E1 Co(t) + F1C5(t) — H1Cyu(t) = by (17a)
A1C1(0) = bf (17Db)
A,C5(t) + D Co(t) + E; C1(t) — FoC3(t) — HyCu(t) = by (18a)
A;C5(0) = b3 (18b)
A3C3(t) + D3C3(t) + E5 Co(t) — F3C1(t) + H3Cy(t) = by (192)
A3C5(0) = b3 (19b)
AuChj(t) + DyCy(t) — E4 C1(t) + FoCo(t) — HaC3(t) = by (20a)
A4C4(0) = b} (20Db)

Where A, (am)nxn Arij = (vr],vn) , D, (d”I)nxn rij = ar(t vrj,vn) +
(br(t)vr]rvrl)ﬂ] JEr = ( U)an , (bs(t)vzpvu)n JEy = ( U)nxn ) Sij =

(bs (D)4, Uzt)Q;Ey, = (pij)nxn :pij = (be(t)vzp%i)ﬂ Ey = (Wij)nxn Wi =
(b7(t)171p1741) = (fl])nxn = (b4(t)v3]'vll) = ( ij)nxn ,m; =
(be(t)v3p1721) JF3 = (gu) nsen? I = (b6(t)v1]lv3l) Fy = (k ij)nxn'kU =
(b11(t)U2]:V4L)Q;H1 (hU)nxn ij (b7(t)v4]lvll)Q'H2 (lij)nxn' li; =

, (11 (D)vs;, Vzi)Q:H3 = (Qij)nxn» qij = (b1s(D)va;, Vsi)ﬂ JHy = (xij)nxn'xij =
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(15 @3, v4) 0, 6@ = (@) et = (ey®) (0 = (@)

nx nx nx

b, = (bri)nxl' byi = (fr vri)a + (Ur, Vrdr 'bgi = (yroi Vrida ., Vi,j=12,..,n.

The norm ”;ﬁ”o is bounded :

Since y? = y2(x) € L?(Q), then there exists {v2,} with v, € I, € V c L?(Q), such that v2,
S

- y2in L2(Q), vr = 1,2,3,4. By projection theorem, we have

||y19n - Yr0||0 < “%9 - Vr“O ,VUr € Vn

Then for v, = v2, ,Vvn =12, ...,

lyrn = y2llo < 157 = vrnllo \Vvrm € Vo €V € L)

Thus, [lym — ¥ llo = 0,50 ¥, = ¥ in L2(Q) with [lym, [l < by

Therefore, the normllﬁ(t)lle(l 12@) and ||, (¢)|lpare bounded:

Set v, = y,., Where Vr=1,2,3,4, in Egs. ((13a) - (16a)) and integrating both sides with respect
to tfrom 0 to T, then adding the four equations using Assumption (A-ii), we get:

T, _ Ty T T T
Jo Ot ydt + a [ Iy llf dt < [ (fi, yindadt + [ (uy, yindrdt + [ (f2, Yan)a dt +

T T T T T
Jo Wz, y2)rdt + [ (fs, ¥3n)adt + [ (Us, y3n)rdt + [ (fa, Yan)adt + [, (s, Yan)r dt (21)
Now, Lemma (2.1) can be used in the first term of the L.H.S. in Eq.(21), since y,; €
L*>(I,v*) = L*(I,v) and y, € L*(1,v). On the other hand, since the second term is
nonnegative, we take T =t € [0,T] and then by the Cauchy-Schwarz inequality and using
Assumption (A-i), we get:

d P

2o ITa(ONG e < S g [, + Iyanl) dxde + f [l + 1yaal) dy de +

Jy 1,003 + 1yanl®) dx dt + [} [ ()% + 1y20]?) dydt + [ [, (n3 + 1301?) dx dit +
Iy (s ? + 1yn[2) dydt + ] [,002 + yanl® dx dt + [§ [ (a]? + 12| dydt].
Using trace theorem and Assumption (A-ii) in the R.H.S., the above inequality gives:
17O = Iy (OI§ < Il + (1 + B1) fotllylnllé dt +llugll + 21l + (1 + B2)
S yznliZ dt + luzli3 + sl + 1+ Bs) [ 1ysnlld dt + lluslZ + lnall2 + 1+ B2
Sy yanll3 dt + llugli3
since [In-ll§ < k., llurllf < pr, Vr= 1,234, [[y5(0)I§ < c, then
FNGIEEEINAGI
where, s = Yr k. +Xr p,+c,5=max (1 + B, 1+ B, 1+ 3,1+ B,).

t_ T _ _
S T (®lI2 < selos9t < selo 59 = 65T = 5, 5 [F(0)]lo < s,

The norm ||y, (©)|l 2y, is bounded:

Using Lemma (2.1) for the first terms of L.H.S. in Eq.(21), then using the same results
which are obtained from the R.H.S., setting t = T and using ||y, (t)]|3 is positive so that
Eq.(21) becomes:

— — T— i — T, —> s
VR (OIIZ + 2 [, 17113 dt < s+ 5173 = [ 1172117 dt <=2 = s5 where s, = Vss

. 2a
= ||Yn(t)”L2(LV) < Sq.

The convergence of the Approximation Solution:
Let {ﬁ};‘{’:lbe a sequence of subspaces of V such that v € V , then there exists a sequence
(7}, suchthat 7, > % in V s.t. 7, > # in L2(Q), with o, € V, € V < L2(Q). Utilizing & =
Un = (Vi Van, Vsn, Van)in EQs.((13) - (16) a & b) to obtain
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Y1nts Vinda + a1(t, Y1, V1n) + (b1 () Y1n, Vin)a — (bs(0)Y2n, Vin)a + (be(t)Y3n, Vin)a +

(b7 (D) Yan Vin)a = (f1, Vin)o + (Ug, Vi)t (229)
¥1n(0),Vin)a = (¥1 Vin)a (22b)
(Y2nt Vzn)a + a2(6 Yan, Van) + (b2(0)Y2n, Van)a + (bs(Dy1n, Van)a — (bo(D)y3n, Van)a —
(b11(DYan, V2n)a = (f2, Van)a + (Uz, Van)r (239)
(V2n(0),V2n)a = (¥2,V2n)a (23b)
(Yanw Van)a + a3(t y3n, Van) + (b3 (D)y3n, Van)a + (bo(DY2n, Van)a — (b6 (DY1n, Van)a +
(b15(D)Yan, Van)a = (f3,V3n)a + (U3, Van)r (24a)
(73n(0),V3n)a = (¥3,V3n)a (24b)
(Yant Van)a + a2 (6, Yan, Van) + (b4 (0DYan, Van)a — (b7(DY1n, Van) o + (b11(DY2n, Van)a —
(b15s(Dy3n, Van)a = (fa, Van)a + (Us Van)r (252)
(V4n(0), Van)a = (¥4, Van)a (25b)

Which has a sequence of approximation solution {y,}5-; With ||y, (DllL2¢q), IYa(Oll12qy) are
bounded, then by Alauglu’s theorem, there exists a subsequence of {y,},.en » SaY again {y, ynen

sty =7 in L2(Q)and L2(I,V), multiplying both sides of Egs.((22)-(25)) by o, (t) €
C1[0,T], Vr = 1,2,3,4, S.t. ¢,(T) = 0 ,¢,(0) # 0 and integrating both sides with respect to t
from 0 to T, then integrating by parts for the first terms in the L.H.S., to obtain

- fOT(Y1n; V1)1 (t) dt + fOT[ a1 (t, Y1n, Vin) + (b1 (Y10 V1n)a — (bs(£)Yan, Vinda +
(b (O)y3n, V1nda + (b7 () Yan, Vindale1 (O)dt = fOT(fp Vin)a@a(t)dt +

Jy a1, 1) r91 (DL + (i, vin)a 91(0) (26)
- fOT(Y2n' Van) @2 (t)dt + fOT[ a3 (t, Y2n, Van) + (02()Yan, Vanda + (bs(O)y1n, V2nda —
(bo (Y3, V2n)a — (11 () YVan, V2ndal @2 (B)dt = fOT(fz' Van)a@2(t)dt +

Jy @iz, V2n)r@2 (Dt + (5, V2n)a 92(0) (27)
- fOT(Y3n; V3n)@3(t) dt + foT[a3 (&, Y30, Van) + (b3(O) Y30, Van)a + (bo(t)Yan, Vzn)a —
(b6 (D)1 V3n)a + (b15(E)Van, Van)al@s(t)dt = fOT(f3' U3n)a@z(t)dt +

Jy (i3, v3)r@3 ()t + (V9 v3n)a03(0) (28)
- fOT(J’zm’ Van) @4 (t)dt + fOT[ a4 (t, Yan, Van) + (b4 ()Yan, Van)a — (b7 () Y1n, Vanda +
(b1 (D2 Vanda = (15 (DY 3n Van)al9a(Odt = [y (fo andaa(B)dt +

Jy Gtay Van)r s ()t + (s Van) 204 (0) (29)
Since v, > v, inVand L2(Q),then v,, .. (t) > v, @'(¢) in L2(L,V), vnor(t) > v, 0, ()
in L2(Q), and since y,,, id y-inL2(Q), y2, 5 ylin L2(0), vr = 1,2,3,4, on the other hand since
Vpn 5 v, in L2(Q),then v,.,, = v, and vy, @, (1) = v, @.(t), hence:
- fOT(J’m’ V1)1 (8) dt + fOT[ a1(t, Y1n, V1n) + (b1 () Y1 V1n)a — (bs(£)Yan, Vinda +
(b (O)y3n, V1nda + (b7()Yan, Vindale: (O)dt = fOT(fp Vin)a@a(t)dt +
Jy (a1, 011 @1 (D) + (2, V1) 01 (0) >

- fOT(}’l:Ul)‘Pi(t) dt + fOT[a1(t: Y1, V1) + (b1(£)y1, v1)a — (bs(t)y2, v1)a +

(be(t)y3, v1)q + (b7(t)ya, v1)ale: (B)dt = fOT(fl,U1)Q<P1(t)dt + foT(ulrvl)F(pl(t)dt +

. (1, v1)a®1(0) . (30)
— Joy W2n v2n) @2 ()dt + [ [ az(t, Y2on, V2n) + (b2 (1)Y2n, V2nda + (bs(£)Y1n, V2n)a —
(bo(O)Y3n, Van)a — (b11(E)Yan, Van)al@2 (D)dt = fOT(fz' Vanda®2(t)dt +
fOT(uz, V2n)r@2 (D) dt + (¥3y, V2n) 092 (0) —
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— [ 2,v2) 95 (©)t + [ [ a5t y5,v2) + (b()y2,v2)q + (bs()y1,v5)q
(bo()y3,v2) — (b11 (D) Y4, v2) ol (D)dt = fOT(le Vy)a@2(t)dt + fOT(u2: vo)rg2(t)dt +
(v2,v2)a92(0) (31)
- fOT(Y3n; V3n) @3(t) dt + fOT[a3 (t, Y3n, V3n) + (b3(O)Y3n V3n)a + (bo()Y2n, V3n)a —
(b6 ()Y 1n Vsn)o + (b1 (DVam v3)alos (D)t = [ (f3, vsn)as (Dt +
fOT(u& V3n)r@s()dt + (Y3, van)a®s(0) -
- fOT()’3; v3)ps(t) dt + fOT[% (¢, ¥3,v3) + (b3(t)ys, v3)a + (bg(t)y2, V3)a —
(bs(£)y1,v3)q + (b15(D)Ya, v3)al@s(H)dt = fOT(f3: v3)a@3(t)dt + fOT(u3: v3)res(t)dt +
(73, v3)ap3(0) (32)
- fOT(Y4n» Vgn) P4()dt + fOT[ a4 (t, Yan Van) + (04 (O)Yan, Van)a — (b7 () Y10, Vanda +
(b11 (DY Vanda — (b15(O)Y3n, Vandal@a(H)dt = fOT(f4, Vsn)a@a(t)dt +
fOT(u4, Van)r@a(t)dt + (Vin, Van)®s(0) -
- fOT(Y4: V)4 ()dt + fOT[ a4 (t, Y4, V4) + (b4 (©)ya, va)o — (b7()y1, Va)a +
(b11()y2, v4)a — (b15(t) Y3, Va)al@a(D)dt = fOT(f4, Vg)apa(t)dt + fOT(u4, V)4 (t)dt +

(J’f: V1) P4(0) (33)
which means:

- fOT(Y1'v1)§01(t) dt + foT[a1(t» y1, V1) + (b1()y1, v1)a — (bs(t)y2, v1)a +

(be()yz, v1)a + (b7(£)ys, v1)ale. (D)dt = fOT(fp V1)o@ (D)dt + fOT(up vrea(t)dt +
AN AQ) (34)

- fOT()’zﬂz) Pz (t)dt + foT[az (&, y2,v2) + (b2(£)y2, V2)a + (bs(£)y1, V2)a —

(bs(D)s, v2)a = (11 ()72, v2)al02(6)dt = [ (f,v2)a@2(0)dt + f, (ua, v2)rgz (O)dt +
(2, v2)a92(0) (35)

— Jy O3, v5)95(0) dt + [ [ as(t, y3,v5) + (b5(D)y3, v3)a + (bo(D)y, V5D =
(bs(£)y1,v3)q + (b15(t) Y, v3)lps(D)dt = fOT(f3' v3)a@s()dt + fOT(u& v3)rs(t)dt +
(3, v3)a@3(0) (36)

- fOT(Y4: V)4 ()dt + fOT[ a4 (t, Y4, Va) + (b4 (©)ya, va)a — (b7()y1, Va)a +

(b11(0)y2, v4)a — (b15(t) Y3, Va)al@a(D)dt = fOT(f4, Vg)apa(t)dt + fOT(u4, V)4 (t)dt +
(V2 V) 294 (0) (37)

Case 1: Choose ¢, € D[0,T], i.e. ¢,(T) = ¢,(0) =0 ,vr = 1,2,3,4, So, ((34) - (37)), then
Using integrating by parts for the first terms in the L.H.S. of the above equations:

fOT(}’w V1) (t) dt + foT[a1(t: Y1, V1) + (b1(O)y1,v1)q — (b5 (0)y2, v1)a + (b (D) Y3, v1)a

+(by (O)ya, v)ale1 (O)dt = [] (f1, v1)a@1 (DAt + [ (wy, v1)res (D) dt (38)
fOT(YZt: v,) @ (t)dt + fOT[az(t» Y2, V2) + (b2(t) Y2, v2)a + (bs(t)y1, v2)a — (be(D)y3,v2)a
—(b11(DYa v2)al @2 (Ot = [, (f5,v2) 092 ()t + [ (s, v2)rp (H)dt (39)
JS W30, v3)@3 () dt + [ [as(t,¥3,v3) + (b3(D)y3, v3)a + (Be(D)y2,v3)a — (bs(t)y1, v3)a
+(b15(O)ya, v3)al@s (D)dt = fOT(f3, v3)a@s(H)dt + fOT(us' v3)res(t)dt (40)
foT(YALt' V) @4 (t)dt + fOT[ a4 (t, Y4, v4) + (b4(©)ya, va)a — (b7()y1,va)a + (b11 () Y2, Va)q
—(b15(Dy3, va)al@a(®)dt = [ (fr, va)a@a(O)dt + [ (g, va)rea(t)dt (42)
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i.e. y is the quaternary state vector solution of the weak form
Case 2: Choose ¢, € C1[0,T], i.e. ¢.(T) =0 & ¢,(0) # 0,vr = 1,2,3,4. Using integrating
by parts for the first term in the L.H.S. of (38) to get:

- f;()’l'vl)q’i(t) dt + foT[a1(t» Y1, V1) + (b1 (0)y1,v1)a — (bs(t)y2, v1)a +
(be(t)y3, v1)q + (b7(t)ya, v1)ale: (B)dt = foT(f1’U1)Q<P1(t)dt + fOT(uplﬁ)F‘Pl(t)dt +

(¥1(0), 1) 91(0). (42)
By subtracting (34) from (42), we get:

2, v1)a91(0) = (¥1(0), v1)ap1(0), 91(0) # 0,V,(0) € [0,T]
1, v)a = (1(0),v1)q .
That means the first initial condition holds. The same manner can be utilized to get that the
initial conditions hold, which means that (v, v,)q = (3-(0),v,.)q, Vr = 1,2,3,4.
The strong convergence for the Approximation Solution:
utilizing v, = y,p,and v, = y,.,Vr = 1,2,3,4. In Egs.((8a)-(11a)) and Egs.((13a)-(16a)),
respectively. By integrating both sides of these Eqgs. from 0 to T, then we add all equations
together using Assumption (A-ii) to get:
T, —»s T — T T T
Jo Ot yddt + [ c(t,yn, ) dt = [ (f, yindadt + [, (ug, yin)rdt + [ (f2, Yan)a dt +
T T T T T
Jo o, y2)rdt + [ (fs, ¥3n)adt + [ (Us, y3n)rdt + [ (fa, Van)adt + [, (s, Yan)r d (432)
T, — T > o T T T
Jo Oiyde+ [ ct,y,y)dt = [ (fu,y)adt + [ (g, y)rdt + [ (fz,¥2)a dt +

T T T T T
Jo (2, y2)rdt + [ (fs,¥3)adt + [; (w3, y3)rdt + [ (fa, ya)adt + [, (ws, ya)r dt 43b)
Using Lemma (2.1) for the first terms in the L.H.S. of Eq.((43) a and b), it becomes:

TR (IE = ZIT2 O + [ cCt,Tm ¥) dt = [ (fo, Yindadt + fy (g, yin)rdt +
T T T T T
Jo B2 yan)adt + [ (uz, y2dr dt + [ (f3, ¥3n)adt + [, (U3, ysudrdt + [ (fa, Yan)adt +

J3 (g, yar)r dt (442)
“IFIZ =3 IFOIE + [ c(t.5,9) dt = [[(fo, y)adt + [ (uy, y1)rdt +
[} (far ¥2)a dt + Jy Qo y2rdt + [ (fs. ¥3)adt + [ (us, yo)rdt + [} (fo ya)odt +
[ (g ya)r dt (44b)

Now, consider the following equality:

T () = F(DIE = S 1720) = OB + [ c(t. % — 5,95 — F) dt = P, — P, = P; (45)
Where

Py = ITn(DIE = S IFa (O3 + [ c(t, 3 V) dt

Py = 2Fa(T),5(T)) o — 3 Fa(0),5(0) o + f, (& 3(6), 5(®)) dt

P; =2 (F(T),7a(T) = F(T) o = 3 (53(0), §(0) = §(0)) | + J, c(t, 3(6), ¥n(£) — F(©))dt
Since

Ty? = 72(0) > ¥ = 5(0), in L2(@), 7n(T) > F(T) in L*(2) (46)
en

(G(0),75(0) = §(0))q = 0 and (F(T), 7 (T) = F(T))q = 0 47)
175:(0) = (0)|I2 - 0 and [[y5;(T) — F(T)IZ - 0 (48)
and since y,, — 7 in L2(I, V) = y,, — ¥ in L2(Z), then

[ e(t, 30,770 = F(©)dt - 0 (49)

Since 3 - 7 in L2(Q), hence:
T T T T T
Jo Foymdadt + [ (uy, yin)drdt + [ (f, Yan)a dt + [ (Uz, yandr dt + [ (fs, yan)adt +
T T T T T
Jo (s, yan)rdt + [ (fo Yan)adt + [ (Ua, Yandr dt > [ (fr,y1)pdt + [ (uy, y)rdt +
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[ (Fory2)a dt + [, (up, y2)rdt + [ (fa, ¥3)adt + [ (us, ys)rdt + [ (fu va)adt

+ Jy (ua, yadr dt (50)
Now, when n — oo in both sides of Eq.(45), we have the following results:
1-The first two terms in L.H.S. of Eq.(45) are tending to zero from Eq.(48).
2- L.H.S. of Eq. (P;) —»L.H.S. of Eq.(44b).
3- Eq. (P,) - L.H.S.Eq.(44b)
4- The three terms in P are tending to zero from Eq.(47) and Eq.(49), from the convergence of
the above. The above sides of Eq.(45) give:
T — 5> —> -
Jy ¢ =3, 90 —3¥)dt - 0,85 n - o,
By Assumption (A-ii), one gets
@ [y 3 = JI dt < J c(t. 5 — 5,5 = ) dt > 0.
@ [ Iy, — 313 dt - 0 =S0, 3 = 7 in L*(I, V).

Uniqueness of the quaternary state vector solution: Let y and 321 be two quaternary state
vector solutions for the weak form ((8a)-(11a)), consider the first equation we have:

16v1) + a1(t,y1,v1) + (b1(O)y1, v1)a — (bs(D)y2, v1)a + (b (D) y3, V1) +

(b7 ()Y v1)a = (f,v1)a + (W, v)r (51)
D16 v1) + a1 (t, 91, v1) + (b1 (0)P1, V1) — (bs(0) 2, v1)q + (b (D)3, V1) +
(b7 ()P4, v1)a = (f1,v1)a + (ug, v)r (52)

By subtracting the Eq.(51) from Eq.(52), then utilizing v; = y; — ¥, to get:

(1= F)ey1 =)+t a (&, y1 = 1,51 — I1) + (b1 (Dy1 — V1, ¥1 — V1o —

(bs(®)y2 = V2,1 —Y)a + (bs(®)ys = I3,¥1 — Yo + (b7(O)ys — Vay1 —P1)a =0 (53)

The same manner can be used to get that:

(2 =926 y2 = 92) + az(t, ¥, — V2, Y2 — V2) + (b (O)y2 — J2,¥2 — Y2)a +

(bs(D)y1 — V1, Y2 = I2)a — (bs(®)y3 — I3, Y2 — Y2)a — (b11(O)Ys — Y4, Y2 — P2)o = 0 (54)

(s = ¥3)ey3 = P3) + as(t,y3 — V3,¥3 — P3) + (b3()ys — J3,¥35 — ¥3)a +

(bs()y2 = V2, Y3 — ¥3)a — (b (O)¥1 — I1,¥3 — ¥3)a + (b1s(O)ys — Y4, y3 — P3)o = 0 (55)
(Vs =) Ya = Va) + as(6, Y4 — Y4, Vs — Ja) + (b3()Ys — Vs Y4 — Vo) —

(b7;(O)y1 — Y1, Ya — V) + (b11(O)y2 — Y2, ¥4 — Ja)a — (b1s(D) Y3 — P3, Y4 — Ja) o = 0 (56)

Adding Egs. ((53) (56)) and using Lemma (2.1) and Assumption (A-ii) to obtain:

22 )5 - 50, +alls - 5, <o. (57)
Since the second term of L.H.S. of (57) is positive, and by integrating both sides from 0 to T,
Jy 27 - Jldc<o= G- HO) <0 == =0, veel

Now, integrating both sides (57) from 0 to T, using the |n|t|al conditions and the above result,
we get:

-
A~

Odt”y y||dt+2a'f||y y|| dt<0=>f||y y|| dt=0 =y =9.

4. Existence of a QCCBOCV:

Theorem (4.1):

a-Consider Assumptions (A) hold, y and y + Ay are the QSVS corresponding to the QCCBCV
i € L?>(X)and i + AU € L%(X), respectively. Then:

18T 1120 < llATls 187 l12() < KA 18T 121 < KATEN

b- With Assumptions (A), the LIO % — y; from L?(X) into L® (I, Lz(ﬂ))or intoL2(Q)is
continuous.
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Proof : Let %,4 € L2(X) and let A = & — % , hence by Theorem (3.1), there exists a unique
QSVS y &fx of ((2.14) - (2.17)) satisfies the following equations:
(D16 v1) + a1 (&, 91, v1) + (b1(6)F1, V1) — (bs(£) P2, v1)a + (bs(£)P3, V1) +

(b; ()P4, v1)q = (f1,v1)a + (Auy + uy, vy)r (58a)
(1(0),v1)q = ()A’{)» V1)a (58b)
P21, v2) + ay(t, 92, v3) + (b2(0)P2, v2)q + (bs(£)P1,2)q — (be(£)P3,V2) 0 —
(b11 ()P4, v2) 0 = (f2,V2)a + (Duy + Uy, v)r (59a)
(32(0), )0 = (93, v2)a (59b)
(D36, v3) + az(t,P3,v3) + (b3(£)P3,v3)q + (bo(£)P2, v3) 0 — (b6 (£)P1,V3) 0 +
(b15(0) V4, v3)q = (f3,v3)q + (Aug + uz, v3)r (60a)
(3(0),v3)g = (¥3,v3)0 (60b)
Dats Va) + as(t, 4, Vs) + (ba()Ja, va)a — (b7 () Y1, v4) o + (b11 () P2, v4) g —
(b15(0)P3,v4)0 = (far Va)a + (Auy + Uy, vy)r (61q)
(72(0),v)0 = (P2, va)a (61b)

Subtracting Eqgs.((8) a & b) from EQqs.((58) a & b), Egs.((9) a & b) from Eqgs.((59) a & b),
Egs.((10) a & b) from Eqgs.((60) a & b) and Egs.((11) a & b) from Eqgs.((61) a & b), then
set Ay, =9, —y,., Vr = 1,2,3,4. We get:

(Ay1e,v1) + a1 (8, Ayy, v1) + (b1 (©)Ay1, V1) — (bs(E)AY2, v1)a + (bs (D) AY3, V1) +

(b7()Ays, v1)q = (Aug, vy)r (62a)
(Ay1(0),v1)q =0 (62b)

(Ay2e,v2) + az(t, Ay,, v2) + (b () AY,, V7)o + (bs(£)Ayq,v2) — (be(t)AY3, v2) 0 —
(b11(0)AYs, v2) o = (Auy, vo)r (63a)
(8y2(0),v2)q =0 (63b)

(Ayst, v3) + az(t, Ays, v3) + (b3 (£)Ays, v3)q + (bo()AY,, v3) o — (be(£)Ayy,v3) 0 +
(b15(D)Ays, v3)o = (Ausz, v3)r (64a)
(Ay3(0),v3)q =0 (64b)

(AYat, V) + a4 (t, AYa, v4) + (b4 () DYa, va)o — (b7 () Ay, Va) o + (b11 (DAY, va) g —
(b15(t)Ay3,v4)q = (Auy, Vg)r (65a)
(Ay4(0),v4)q =0 (65b)

By utilizing v, = Ay,, Vr = 1,2,3,4,Into Eqgs. ((62a) - (65a)) respectively, then adding the
obtained four equations together, then using Lemma (2.1) for the first term in L.H.S. Finally,
using Assumption (A-ii) to get:

%% 1415 + allAyllF < (Aug, Ay + (Buy, Ayy)r + (Aug, Ays)r + (Aug, Ays)r  (66)
Since the second term in the L.H.S. of (66) is positive, then integrating both sides for t from 0
to t, we obtain:

td - t t t t
Jo G 14711F dt < [illAug I dt + [jl1AyslIF dt + [jl1Au,lIf dt + []llAy,lIf dt +

t t t t
S AusliZde + [T1IayslI2 dt + [l Ayl de + [ 11Ay,lI2 dt.
Now, by using the trace theorem to get:
- — t -
147115 < 11AulZ + s [ IAFIIG dt.
Applying the Gromwell- Bellman inequality gives

lAy|l3 < K?||At||%2 , K > 0 foreach t € [0,T] = ||Ay|| ) < K||At]|5

L°°(1,L2(n)
- t - —

And (1431172 () = Sy AT IIF2(q) dt < TK?||Ati]|y Then:

”A}_’)”LZ(Q) < K”Aﬁ”g . where TK? = K?

Using the same way which is used in the above steps for R.H.S. of Eq.(66), then integrating
both sides for t from O to T to get:

T d - _ T - — t -
Iy 14313 dt + 2 [ 1AF1I? de < [|Adl3 + s [ IIAFIIE dt =
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2@ [ 1A3112 dt < (1 + sK?)||a%]13 = K?|Aid)|; =

AT 1122, vy < K2|AG]|3 , where K2 = (1 + sK?)/2a

||A37“L2(1,V) =< K”Aﬁ”): .

b- Let AL = @ — % and Ay = § — j where Fand 7 are the corresponding the quaternary state
vector solution to the QCCBCV @and %, then using part (a) of this theorem to get:

15 = 52y = K = -

This means the L1O % — ¥ is continuous from L2(X)into L* (I, LZ(.Q)) , then the other results
are easily obtained.

Lemma (4.1)[15]:
The norm ||. ||, is weakly lower semi continuous.

Lemma (4.2):
The objective function in Eq(10) is a weakly lower semi continuous.

Proof: From Lemma (4.1), the norm ||17||L2(Q) is a weakly lower semi continuous on the other
w w

hand when %, — 4 in L?(Q), then (by theorem(3.1)) ¥, =y = y3 in L2(Q), which gives

1Y — Yall2¢g) is @ weakly lower semi continuous by Lemma (4.1), hence Go(u) is weakly

lower semi continuous.

Theorem (4.2):
In addition to assumptions (A), if the objective function of Eq. (7) is coercive, then there exists
a CCBOQCV.

Proof: Since G,(u) is nonnegative and coercive. Then there exists a minimizing
sequence i} = {(Uy Uk, Uskr Ua)} € Wy Wk S.t: lim Gy () = infﬁEWAGO(ﬁ), i.e.

n—oo
|k ||z < ¢, Vk. Then by the theorem of Alauglu, there exists a subsequence of {1, } say again
{1} s.t. Uy, B idin 12 (Z). Then by Theorem (3.1), there exists a sequence of quaternary state
vector solution {y,}, corresponding to the sequence of the CCBQCV ({u,} and that
”_’)_l)k”Loo(I'LZ(Q)), |I}7k||Lz(Q) andllizklle(,y) are bounded. Then by Alauglu’s theorem, there exists
a subsequence of {y, }, say again {y} s.t. yi 5 yin L*(I,L2(Q)), L>(Q), and L2(1,V) .
To show the norm || V.|l 2 v+ 1S bounded, the weak form of the state quaternary equations can
be written as:
V1ker 1) = —a1 (&, Y1i v1) — (b1 (D) Y1k, V1) + (bs () Y2k, V1) — (b (D) Y3k, V1) —

(b7 (O)Yar, v1)a + (f1, v1)a + (U, v)r (67)
Y2kt V2) = —a2(8 Yok, V2) — (b2 (D) Y2k, v2) o — (bs (D Y1k, V2o + (bo(O) Y3k, V2) 0 +
(b11(O)Yarr v2)a + (2, v2)a + (U2, V2)r (68)
(V3 V3) = —a3(t, Y3k, V3) — (b3(O) Y3k, V3)a — (bo(£) Y2k, V3) o + (b6 (£) Y1k, V3)0 —
(b15(O)Yar, v3)a + (f3,v3)a + (U3, v3)r (69)
Vaker Va) = —as(t, Var, Va) — (b4 (O)Yar, va)q + (b7 () Y1k, Va) o — (b11 (O Y2k, Va) g +
(b1s(D) Y3k, va)a + (fa va)a + (s, Va)r (70)

By adding Eqs.((67)-(70) and then integrating both sides with respect to t from 0 to T. Finally,
taking the absolute value for both sides, then using the Cauchy-Schwarz inequality for the
terms which contains the QCCBCV and the function f,. Vr = 1,2,3,4, after using Assumptions
(A-1 and ii) to get:
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|y Gees 9)dt| < J3 Zios(r 1yrellallvells + Bellyrillolvllg)de + €2 fy yaellglivallgdt +
&s [} 1yaillolvrllodt + €4 [ lyacllolvaliodt + & [ Iysillolvallodt +
& [} 1yaillolvallodt + & [ Ilyacllolvallodt + & f Iyaellolivsliodt +
& [} I1yarllolvsllode + & [ Ilyaellolvsllodt + & f Iyallolivallodt +

& [ Iyallolvallodt + & [ lysellolvallode [ Xi_i(linellg llvrllg + llurllgliv,lls)de
where @ = i, a,, B = Yf=1

since [[yrellg < 3l < Fll wellg < 1Bl < 1301, lklls < Il

I1Blls < cliBlly and lInellg < IFllg, Vr = 1,234,

But [l llz < h, IFll; < s¢ andlliilly < Lthen:

|f0T()7kt' 17)dt| < DDz

Wheres, = (@+f +e,+e3+ e, +E +E+ 6, +E +éE,+€,+6€

+é, + €3)sg + 4l + 4ch .

|fo Great]
181,27,

Since y, is an approximation solution of the weak form of the state quaternary equations, then:

Y1k v1) + a1 (& Y1, V1) + (b1 (O Y11 v1)a — (bs(D)Y2r, v1)a + (b6 () Y3k, v1)o +

1Vkell 2wy = < S7, VY EV”

(b7 (D Yar,v1)a = (f1,v1)a + (Uik, V)T (71)
V2ktr V2) + a2 (8, Y2k, V2) + (b2 (D) Y2k, V2) o + (bs (D) Y1k V2) o — (bo(£) Y3k, V2) 0 —
(b11(O)Yar v2)a = (2, v2) o + (Uzk, V2)r (72)
(V3ker v3) + az(t, yar, v3) + (b3(0) Y3k, v3)a + (bo(t) Y2k, v3)a — (b6 (D) Y1k, V3)a +
(b15(O)Yar, v3)a = (f3,v3)a + (Usk, V3)r (73)
Vaker Va) + as(t, Yak, Va) + (ba(©)Yar, Va)o — (b7 () Y11 Va)o + (b11(O) Y2k, Va) o —
(b1s(OY3k,Va)a = (far Va)a + (Uak, Va)r (74)

Let @, € C1[0,T], s.t. ¢, (T) = 0,¥r = 1,2,3,4. Now, rewriting the first terms in the L.H.S. of
((71) - (74)), multiplying both sides by ¢, (t), 9,(T),ps(T) and ¢, (T) respectively, then
multiplying both sides of each obtained equation with respect to t from 0 to T. Finally,
integrating by parts for the first terms in L.H.S. to get:

- fOT(}’1k’V1)§01(t) dt + fOT[a1(t» Y1k V1) + (b1(O) Y1k, v1)a — (bs(O) Y2k, V1) +
(b6 (D) Y3k V1) + (b7 (O)Yar, vl (Ddt = fOT(fp v1)ap1(D)dt + fOT(ulk, vre.(O)dt +
. (1£(0), v1) a1 (0) . (79)
— Jy 21 v2) @2 ()dt + [ [ az(t, Y2, v2) + (b2 (D)y2k v2)o + (bs(O) Y1k v2)o —
(b)Yt v2)a = (b11 (s v2)al@2()dE = [ (f2,v2)a@2(6)dE +
Jy Qo v2)r@2(B)t + (721(0), v2) 92(0) (76)
— s a0 v2)@5(0) dt + [ a3 (t, Y31 v3) + (B3 (Va0 v3)a + (bo()Y2r v3)a —
(bs(O)Y11, v3)a + (b15(E)Yak, v3)al@s (D)dt = fOT(fs’ v3) a3 ()dt +
Jy ate v3)r@a (DAt + (73(0), v3)a03(0) (77)
- fOT(Y4k: V)4 (t)dt + fOT[ a4 (t, Yak, Va) + (b4 (©)Yar, Va)o — (b7 () Y1k, Vad o +
(b11(D)Y21 va)a — (b1s (D) Y3k, Va)al@a(t)dt = fOT(ﬁ}, Vy)o@a(t)dt +
Jy Qi v)r@a()dt + (41 (0), 14)0 04 (0) (78)

Since ¥ 5 y in L2(Q)and L2(1,V), y,(0) 5 y(0) in L2(Q) and i, Siin L?(X). Then using
the similar steps to those which are used in the proof of Theorem (3.1) in Egs.((30) - (33)) to
get:
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— J3 O, v)@i () dt + [ [ay(t, y1,v1) + (b (D)y1, v1)g — (bs(D)y2, v1)g +
(bs(D)y3,v1)q + (b7 (O)ya, 1)l (D)t = fOT(fL V1) a1 (t)dt + fOT(uL vre1(t)dt +
(¥1(0), 1)1 (0) (79)
- fOT(YZ; v,) @ (t)dt + fOT[ ay(t,y2,v2) + (b2()y2,v2)q + (bs(O)y1,v2)0 —
(bo(t)y3,V2)a — (b11(O)ya, V2) ol @2 (H)dt = f(,T(f2:U2)n(P2(t)dt +
Jy @z, v2)rg2 (D)t + (72(0), v2)0 92(0) (80)
- fOT(Y3» v3)p3(t) dt + fOT[ az(t,y3,v3) + (b3(D)ys,v3)a + (bo(£)y2, v3)0
(bs(D)y1,v3)q + (b15(D) Vs, v3)a]@s(H)dt = fOT(fs, v3) a3 (H)dt +
Jy (i3, v3)r@3(6)de + (73(0), v3)a 03 (0) (81)
- fOT()’zp Va) @4 (8)dt + fOT[ a4 (t, Y4, V4) + (b4 (©)ya, V) — (b7 ()1, Va) g +
(b11(D)y2,va)a — (b1s(D)y3, va)alea(D)dt = fOT(f4, Vg)o@a(t)dt +

T
Jo @, va)r@a()dt + (¥4(0),v4)94(0) (82)
Now, one has the following two cases:

Casel: Choose ¢, € D[0,T], i.e. ¢-(T) = ¢,(0) =0 ,Vr = 1,2,3,4,
Now, by using integrating by parts for the first terms in the L.H.S. of Egs.((79) — (82)), to get:

fOT(Yw vy) 1 (t)dt + fOT[(h(t: Y1, V1) + (b1 (©)y1, 1) — (bs(£) Y2, v1)a +

(be()yz, v1)a + (b7(t)ys, v1)ale. (D)dt = fOT(fp V1)o@ (D)dt + fOT(up v)re1(t)dt (83)
[ 026 v2) @2(0)dt + [ [az(t,y2,v5) + (bo()y2,v2)q + (bs(O)y1, v2)0 —

(by()y3,v2)0 — (011 (D)Ya, v2)al@2()dt = [ (fo, )o@z (At + J (2, v;)rep, (£)dL(84)
fOT(J’3t» v3)p3(t) dt + fOT[a3 (t,¥3,v3) + (b3(t)y3, v3)a + (bg(t) Y2, V3)o —

(bs(D)y1,v3)a + (b15(D)Ys, v3)alps(H)dt = fOT(f3: v3)a@s(H)dt + fOT(u3: v3)r@3()di(85)
I aes va)@a(0)dt + [ [aa(t, ya vs) + (ba(D)Va va)a — (b7 (D)y1, va)a +

(b11(O)y2, va)a = (b15(DYs, v)al@a(O)dt = [ (f, v4)apa(®)dt +

T
fo (uq, v4)re4(t)dt. (86)
This means y, = y,,.Vr = 1,2,3,4,. That satisfies the weak form of the state quaternary
equations.

Case 2:Choose ¢, € C1[0,T],i.e. ,(T) = 0 & ¢, (0) # 0,vr = 1,2,3,4, using integrating by
parts of the first term in the L.H.S. of Eq.(83) to obtain:

— Jy L)L) dt + [ [ay (&, y1,v1) + (b (Oy1,v1)q — (bs(£)y2, v1)a +
(be()y3, v1)a + (b7(t)ys v1)ale1 (D)dt = foT(fl' v1)api(D)dt + foT(ul, v)rea(t)dt +

(2, v1)q91(0) (87)

By subtracting Eq.(87) from Eq.(79) to get:

2, v1)a91(0) = (11(0), )91 (0), Ve, € [0,T] = y7 = y1(0) = y? (x).

That means the first initial condition holds. The same manner can be utilized to get that:

yr =y-(0) =y (x), vr = 1,2,3,4.

Theny, = y,,, Vr = 1,2,3,4, are the quaternary state vector solution of the weak form of the
state quaternary equations.

From Lemma 4.2,

Go(W) < lim infg, ey, Go (tr)

and since i, — 7 in L2(Z), then:
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Go(@) < lim infy iy, Go(Gi) = lim Go (W) = inf ey, Go(@)
— Go(ﬁ) = minﬁ’eWA GO (ﬁ)

Therefore, isa QCCBOCV.

5. The optimality theorem:

In this part, we find the mathematical formulation for the QABVP and the derivation of
Frechet, then we study the necessary conditions for CCBOQCVP.

Theorem (5.1): Consider the objective function G,(u), and the following adjoint
(21, 22, 23, 24) = (Z1uy» Z2uys Z3us) Zau,) QABVP, of the QABVP ((1) - (6)) are given in Q by:

) a
—Zyt — Z?j=1a (aij 8_9261) + byz1 — bsz; + beZs + byz4 = (Y1 — Y1a): (88)
i j
) )
—Zyt — 2&:15 (bij ﬁ) + byz; + bszy — bozz — b11Z4 = (Y2 — Y2a), (89)
i j
) a
—Z3t — 2%:15 (Cij f) + b3z + boz; — bezy + b15Z4 = (Y3 — Y34), (90)
i j
) a
—Zgt — 22j=1a_xi (dij a_:) + byzy — byzy + b112; — b1sZ3 = (V4 — Yaa), (91)
with the following boundary conditions and initial conditions:
22 =0,r =1234 on3 . (92)
z,(x,0) =0, r=1,234, onQ . (93)

Then the Frechet derivative of Gyis (G4 (1), Au) = (Z + B, Au)

Proof: As in the state quaternary equations, the weak form of the QABVP for each v, € V/,
Vvr =1,2,3,4,Is:
—(216v1) + a1(t,21,v1) + (b1 ()21, V1) — (bs(t)Z2, 1) o + (be(t)Z3, V1) +

(b7()24,v1)o = (V1 — V1w V1)a (94)
—(226,v2) + a2(t, 22, v2) + (b2(£) 22, v2)q + (bs(£) 21, V2)q — (bo(t) 23, 12) o —
(b11(0)24,v2)a = (V2 — Y20, V2)a (95)
— (231, v3) + a3(t, 23, v3) + (b3(£)23,v3)q + (bo ()22, V3)q — (be(t)21,V3) 0 +
(b15(6)24,v3)0 = (V3 — Y34, V3)a (96)
—(Zat, Va) + a4 (8,24, V) + (b4(£) 24, V4)q — (b7 ()21, V4) o + (b11(£)22,V4) o —
(b15(t) 23, V)0 = (Va — Yaar Va)a (97)

Now, utilizing v, = z,, Vr = 1,2,3,4, in ((62a) - (65a)) respe, to get:
(Ay1e,21) + a1 (8, Ay, 21) + (b1 (D)AY1, 21)q — (bs(D)AY2, 21)a + (be()AY3,21) 0 +

(b7(t)Ays, z1)q = (Auy, z9)r (98)
Ay, 22) + ay(t, Ay,, 25) + (b2 (DAY, 22) o + (bs(D)Ay1, 22) o — (be(D)AY3,22) 0 —
(b11(t)AY4, Z2) o = (Auy, Zp)r (99)
(Ayst, 23) + as(t, Ays, z3) + (b3(£)Ays, 23)q + (be(t)AY,, 23) o — (be(t)AY1,23) o +
(b15(t)AYs, 23) o = (Aus, z3)r (100)
(AYar, 24) + ag(t,Ays, 24) + (b4 (£)AYs, 24) o — (b7 (£) Ay, 24) + (b11(0)AY2, 24) o —
(b15(t)Ays,24) o = (Auy, Zg)r (101)

Also, utilizing v, = Ay,, Vr = 1,2,3,4. In Eqs.((94) - (97)) respectively to get:
—(z16,8y1) + a1 (8,21, Ayy) + (b1 ()71, Ay1) o — (bs(£) 22, Ay1)q + (be(t)Z3,Ay1) 0 +

(b7(t)24,A¥1)a = (V1 — Y14, AV1)a (102)
— (226, Ay7) + a3(t, 25, Ayy) + (b2(0) 22, Ay,) o + (bs(£)z1, Ay,) o — (bo(t)z3,Ay2) 0 —
(b11(D)24,8y2) 0 = (V2 — Y20, AY2)0 (103)
— (236, 8y3) + a3(t, 23, Ay3) + (b3(t)z3,Ay3)q + (bo() 22, Ay3)q — (be(t)z1,Ay3) o +
(b15(0)Z4,8y3)0 = (V3 — Y30, AY3)a (104)
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—(Zat, Ays) + a4 (t, 24, Bys) + (b4(0)Z4, Ays) o — (b7(8) 21, Ays)q + (b11(0)Z2, Aya) g —
(b15(t)z3,8y4) 0 = (V4 — Yaa, AYa)a (105)
Now, integrating both sides of Eqs.(98) - (105)) with respect to t from 0 to T. By using
integrating by parts for the first terms of the L.H.S. of Egs ((102) - (105)), then subtracting each
one of the obtained equations from its corresponding equations and then adding all the obtained
equations to get:
fOT[(Aul'Zl)F + (Auz, zp)r + (Buz, z3)r + (Auy, z4)r] dt = fOT[(% — Y10, Ay1)a +
(V2 = Y20, 8y a + V3 — Y30, 8y1)a + (Va — Yaa, Aya)al dt (106)
Now, adding (8a) and (62a), (9a) and (63a), (10a) and (64a), and (11a) and (65a), to get:
(1 +Ay1) e, v1) + ag(t, (1 + Ay1), v1) + (b1 (D) (1 + Ay1), v1)a —
(bs (D) (2 + Ay2),v1) g + (b () (3 + Ay3), v1)q + (b7 () (s + Aya), v1)q
= (fuv)a + (U + Auy, vy)r (107)
(2 + Ay2), v2) + ax(t, (72 + Ay,), v2) + (b2 (D) (V2 + Ay,), v2)a +
(bs(®) (y1 + Ay1), v2)q — (bo(t) (¥3 + Ay3),v2) o — (b11(E) (Vs + AYa), v2)q
= (f2,v2)a + (uz + Auy, v3)r (108)
((y3 + Ay3)e, v3) + ag(t, (3 + Ays),v3) + (b3(O)(y3 + Ays), v3)a +
(bo(£) (¥2 + Ay2),v3)q — (b () (V1 + Ay1),v3)a + (bis(E) (Vs + AYa), v3)q
= (f3,v3)a + (uz + Aug, v3)r (109)
(Vs + Aya) e, va) + ag(t, Vs + Aya), va) + (b4() (V4 + Aya), v4)q —
(b; () (71 + Ay1), va) o + (b11 () (2 + Ay,), va)g —
(b1s(O)(¥3 + Ays), va)a = (fa 174)9_)‘*‘ (ug + Auy, vy)r (11_02
Which means that, the QCCBCV u + Au is given the quaternary state vector solution y + Ay
of Egs.((107) - (110)), respectively. Hence, the objective function:

Go(ﬂ + E,L)) = %Z¢=1U‘(;T f_Q(yr + Ayr - yrd)z dx dt + ﬁ fOT fr(ur + Aur)z d}/ dat
Then,
Go(T + Bu) = Go (@) = Tkoy J 1,0 = Yra)Ayy dx + [ fuy A, dy]dt +

1 11—n2 [g —_ 2

S Ayl ++ 5 [laull;
Using Eq.(106) in the R.H.S. of the above equation to get:

— rond — — 2 —s 2

Go(U + Au) — Go(@) = Xito1(Duy, 2,)5 + B Xk (uy, Auy) s + % ||Ay||Q + §||Au||x
or

— —_— = N > 10— 2 B —2
Go(u + Au) —Go(u) = (z + Bu, Au)x +3 ||Ay||Q + 3 ||Au||2 (111)
Then from the result of Theorem (4.1), part a, we can see that:
11— 2 — E— ﬁ —s2 —> —
&5, = e (@)l & £l < en(@) 2], - (12)

Such that. &, (Au) = §k2||Ei||E FAME g ||Ei||£ with &;(Au), e, (Au) - 0, as ||E||Z -
0
Utilizing Eq.(112) in Eq(111),to get:

Go(@ + Au) — Go(@) = (7 + B, Au) |, + (Bu)||Bu]| (114)
where e(Au) = & (Au) + &,(Au) - 0,as ||Ei||£ - 0.
From the Fréchet derivative one gets: (G4(@), Au)y = (Z + B, M)y -

Theorem (5.2): The QCCBOCV is Z = —B17 ,
The optimality theorem of the above problem is,
Go(W) = Z+ pu = 0 withy = y; &7 = 7.
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Proof: if & is QCCBOCYV of the problem, then

Go(ih) = mingey, Go(), Vi € LA(Z) , = Gi(W) =0 = Z+pu=0=7=—pu

The necessary conditions for optimality with Au = 71 — 7 is:

(Go(), D)y = 0= (Z + BT, Au)y = 0 = (Z + BT, i)y < (7 + Bil, M)y , Vit € I2(Z).

6. Conclusions:

One of the first important things that shall be ensured is the weak form of the QLPBVP when
the QCCBCYV is fixed and has a quaternary state vector solution. This is successfully stated and
proved by employing the method of Galerkin under suitable assumptions. The continuity of the
Lipchitz between the quaternary state vector solution of the weak form and the QCCBCV is
proved. In fact, this point played an important role in proving the existence theorem of a
QCCBOCYV governed by the QLPBVP which is developed and proved in this paper under
suitable assumptions. The existence and uniqueness of a solution for the QABVP associated
with the QLPBVP are studied. The Fréchet derivative for the objective function is obtained
depending on the existence of the QCCBOCV and the continuity Lipchitz. In the end, the
optimality theorem of the QCCBOCVP is stated and proved.
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