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Abstract  

     In this paper, our purpose is to study the quaternary continuous classical boundary 

optimal control vector problem dominated by a quaternary linear parabolic boundary 

value problem. Under suitable assumptions and with a given quaternary continuous 

classical boundary control vector, the existence theorem for a unique quaternary state 

vector solution to the weak form is stated and demonstrated via the method of 

Galerkin. Furthermore, the continuity of the Lipschitz operator between the state 

vector solution to the weak form  for the dominating equations and the corresponding 

are proved. The existence of a quaternary continuous classical boundary optimal 

control vector is stated and demonstrated under suitable Assumptions. The 

mathematical formulation for the quaternary adjoint boundary value problem 

associated with each considered boundary value problem is obtained and the Frѐchet 

derivative for the objective function is derived. Finally, the necessary conditions for 

the optimality theorem of the problem are stated and demonstrated. 

 

Keywords: Quaternary continuous classical boundary optimal control vector 
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بنظام مكافيء رباعي المستمرة التقليدية الرباعية المسيطرة الحدودية مسألة السيطرة الامثلية   
   

جميل امير علي الهواسي* , فتان جعفر ناجي  
   قسم  الر يا ضيات , كلية  العلوم , الجامعة المستنصرية , بغداد, العراق 

 

     الخلاصة 
السيطرة الامثلية الحدودية المستمرة التقليدية الرباعية المسيطرة  دراسة مسالة    هوهذا البحث  من هذا    الغرض      

فرضيات مناسبة وعندما يكون متجه السيطرة الامثلية    بوجود  مسالة قيم حدودية رباعية خطية من النوع المكافئ. ب
معلوما   الرباعية  وجود  الحدودية  مبرهنة  وبرهان  ذكر نص  الحدودية  التم  القيم  لمسالة  الضعيفة  للصيغة  حل 

نة استمرارية مؤثر ليبشتز  تم برهواكثر من هذا  باستخدام طريقة كاليركن.  اعية الخطية من النوع المكافيء  بالر 
تم ذكر نص وبرهان مبرهنة وجود  بين متجه الحل الرباعي للصيغة الضعيفة ومتجه السيطرة الحدودية الرباعية .  

تم ايجاد صياغة رياضية لمسالة القيم الحدودية المصاحبة  سبة . اسيطرة امثلية حدودية رباعية بوجد شروط من 
لدالة الهدف   ذكر نص وبرهان مبرهة    واخيرا" تم لمسالة القيم الحدودية المكافئة ومن ثم ايجاد مشتقة فريشيه 

 الشروط الضرورية للامثلية .
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1. Introduction 

     Optimal control problems play an important role in many practical applications, such as in 

medicine [1], aircraft [2], economics [3], robotics [4], weather conditions [5] and many other 

scientific fields. They are two types of optimal control problems; the classical and the relax 

type, each one of these two types is dominated either by ODEqs [6] or PDEqs [7]. The 

Continuous Classical boundary optimal control problem (CCBOCP) dominated by a couple of 

parabolic, elliptic, or hyperbolic PDEqs was studied in [8-10]. Later on, these studies for these 

three types were generalized to deal with CCBOCP dominated by triple linear PDEqs 

(TLPDEqs) of them so as [11-13]. In each type of these mentioned CCBOCP, the authors 

introduced a new mathematical model and they also studied and proved the following theorems; 

the existence theorem for a unique state vector solution for where the classical continuous 

control vector CCBCV is given, The continuity of the Lipschitz between the state vector 

solution to the weak form  for the dominating equations and the corresponding CCBCV is 

proved. The existence theorem of a classical continuous optimal control 

vector)CCBOCV(under suitable conditions is stated and proved, of course, a new  mathematical 

formulation for the adjoint boundary value problem associated with each considered boundary 

value problem (according to each problem)  is obtained so as the  Frѐchet derivative of the 

objective function, and the necessary conditions for the optimality theorem.  

 

     All of the above mentioned studies encouraged us to consider generalizing the study of the 

CCBOCP dominated by TLPDEqs of parabolic type to a quaternary continuous classical 

boundary optimal control vector problem (QCCBOCVP) dominating by quaternary inear 

parabolic boundary value problem (QLPBVP). According to this idea of generalization, the 

mathematical model for the dominating equation is needed to be discovered, as well as the 

objective function. The study of the QCCBOCVP dominating by the QLPBVP that is proposed 

in this paper starts with the state and prove of the existence theorem of the quaternary state 

vector solution of the weak form for the QLPBVP using the method of Galerkin, under suitable 

assumptions and in case the quaternary CCBCV (QCCBCV) is known. The continuity of the 

Lipschitz between the quaternary state vector solution of the weak form and the corresponding 

QCCBCV is proved. The existence theorem of a QCCBOCV is stated and demonstrated under 

suitable Assumptions. The mathematical formulation for the quaternary adjoint boundary value 

problem (QABVP) associated with the QLPBVP is obtained and the Frѐchet derivative for the 

objective function is derived. The optimality theorem of the problem is stated and demonstrated. 

 

2. Problem Description: 

Let Ω ⊂ ℝ2be a bounded open region with boundary Γ, 𝑄 = 𝐼 × Ω , Σ =  Γ × 𝐼  and 𝑥 =
(𝑥1, 𝑥2). The QCCBOCVP consists of the state quaternary equations, which are considered as 

follows(in Q): 

𝑦1𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1 (𝑎1𝑖𝑗

𝜕𝑦1

𝜕𝑥𝑗
) + 𝑏1𝑦1 − 𝑏5𝑦2 + 𝑏6𝑦3 + 𝑏7𝑦4 = 𝑓1(𝑥, 𝑡),                       (1) 

𝑦2𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1 (𝑎2𝑖𝑗

𝜕𝑦2

𝜕𝑥𝑗
) + 𝑏2𝑦2 + 𝑏5𝑦1 − 𝑏9𝑦3 − 𝑏11𝑦4 = 𝑓2(𝑥, 𝑡),                      (2) 

𝑦3𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1 (𝑎3𝑖𝑗

𝜕𝑦3

𝜕𝑥𝑗
) + 𝑏3𝑦3 + 𝑏9𝑦2 − 𝑏6𝑦1 + 𝑏15𝑦4 = 𝑓3(𝑥, 𝑡),                      (3) 

𝑦4𝑡 − ∑
𝜕

𝜕𝑥𝑖

2
𝑖,𝑗=1 (𝑎4𝑖𝑗

𝜕𝑦1

𝜕𝑥𝑗
) + 𝑏4𝑦4 − 𝑏7𝑦1 + 𝑏11𝑦2 − 𝑏15𝑦3 = 𝑓4(𝑥, 𝑡),                    (4) 

with the following boundary conditions and initial conditions : 
𝜕𝑦𝑟

𝜕𝑛𝑟
= ∑ 𝑎𝑟𝑖𝑗

2
𝑙,𝑗=1

𝜕𝑦𝑟

𝜕𝑥𝑗
cos(𝑛𝑟 , 𝑥𝑖) = 𝑢𝑟(𝑥, 𝑡), on Σ                                                     (5) 

𝑦𝑟(𝑥, 0) = 𝑦𝑟
0(𝑥), on Ω .                                                                                             (6)    
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       Where 𝑓 = (𝑓1, 𝑓2, 𝑓3, 𝑓4) ∈ (𝐿2(𝑄))
4

= 𝐿2(𝑄) is a vector of functions for each (𝑥, 𝑡) ∈

Ω, �⃗⃗� = (𝑢1, 𝑢2, 𝑢3, 𝑢4) ∈ (𝐿2(𝛴))
4

= 𝑳𝟐(𝜮) is a QCCBCV and  �⃗� = (𝑦1, 𝑦2, 𝑦3, 𝑦4) =

(𝑦𝑢1, 𝑦𝑢2, 𝑦𝑢3, 𝑦𝑢4) ∈ (𝐻2(𝛺))4 = 𝑯𝟐(𝜴)is the quaternary state vector solution corresponding 

to the QCCBCV �⃗⃗�, and 𝑛𝑟 (for 𝑟 = 1,2,3,4)is a normal vector on the boundary Σ from out and 

(𝑛𝑟 , 𝑥𝑗) is the angle between 𝑛𝑟  and 𝑥𝑗 − 𝑎𝑥𝑖𝑠. 

The set of admissible QCCBCV is defined by: 

𝑊𝐴
⃗⃗ ⃗⃗ ⃗⃗ = {�⃗⃗� ∈ 𝐿2(𝛴)| �⃗⃗� ∈ �⃗⃗⃗� = 𝑈1 × 𝑈2 × 𝑈3 × 𝑈4 ⊂ ℝ4 𝑎. 𝑒  𝑖𝑛 𝛴 }, �⃗⃗⃗� is a convex set. 

The objective function is defined by: 

min 𝐺0(�⃗⃗�) =
1

2
∑ [4

𝑟=1 ‖𝑦𝑟 − 𝑦𝑟𝑑‖
𝐿2(𝑄)
2 + 𝛽‖𝑢𝑟‖

𝐿2(Σ)
2 ] ,    𝛽 ∈ ℝ+                               (7) 

 

      Let �⃗⃗� = 𝑉1 × 𝑉2 × 𝑉3 × 𝑉4 = (𝐻1(𝛺))4 = 𝐻1(𝛺), s.t. �⃗⃗� = {�⃗� ∶  �⃗� = (𝑣1, 𝑣2, 𝑣3, 𝑣4) ∈
𝐻1(𝛺),𝑣1 = 𝑣2 = 𝑣3 = 𝑣4 = 0 on 𝜕Ω} . 

The weak form of QLPBVP, with �⃗� ∈ (𝐻2(𝛺))
4

= 𝐻2(𝛺) is: 

(𝑦1𝑡, 𝑣1) + 𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω + (𝑏6(𝑡)𝑦3, 𝑣1)Ω +  
(𝑏7(𝑡)𝑦4, 𝑣1)Ω = (𝑓1, 𝑣1)Ω + (𝑢1, 𝑣1)Γ                                                                           (8a) 

(𝑦1(0), 𝑣1)Ω = (𝑦1
0, 𝑣1)Ω                                    (8b) 

(𝑦2𝑡, 𝑣2) + 𝑎2(𝑡, 𝑦2, 𝑣2) + (𝑏2(𝑡)𝑦2, 𝑣2)Ω + (𝑏5(𝑡)𝑦1, 𝑣2)Ω − (𝑏9(𝑡)𝑦3, 𝑣2)Ω − 

(𝑏11(𝑡)𝑦4, 𝑣2)Ω = (𝑓2, 𝑣2)Ω + (𝑢2, 𝑣2)Г                                                                           (9a) 

(𝑦2(0), 𝑣2)Ω = (𝑦2
0, 𝑣2)Ω                                                                                                   (9b)    

(𝑦3𝑡, 𝑣3) + 𝑎3(𝑡, 𝑦3, 𝑣3) + (𝑏3(𝑡)𝑦3, 𝑣3)Ω + (𝑏9(𝑡)𝑦2, 𝑣3)Ω − (𝑏6(𝑡)𝑦1, 𝑣3)Ω + 

(𝑏15(𝑡)𝑦4, 𝑣3)Ω = (𝑓3, 𝑣3)Ω + (𝑢3, 𝑣3)Г  ,                                                                     (10a) 

(𝑦3(0), 𝑣3)Ω = (𝑦3
0, 𝑣3)Ω                                                                                                (10b) 

(𝑦4𝑡, 𝑣4) + 𝑎4(𝑡, 𝑦4, 𝑣4) + (𝑏4(𝑡)𝑦4, 𝑣4)Ω − (𝑏7(𝑡)𝑦1, 𝑣4)Ω + (𝑏11(𝑡)𝑦2, 𝑣4)Ω − 
(𝑏15(𝑡)𝑦3, 𝑣4)Ω = (𝑓4, 𝑣4)Ω + (𝑢4, 𝑣4)Г                                                                          (11a) 

(𝑦4(0), 𝑣4)Ω = (𝑦4
0, 𝑣4)Ω  .                                                                                               (11b)  

 

2.1 Assumptions (A):  

(i) 𝑓𝑟 ∀𝑟 = 1,2,3,4  satisfy | 𝑓𝑟(𝑥, 𝑡) | ≤  𝜂𝑟(𝑥, 𝑡),  𝜂𝑟 ∈ 𝐿2(𝑄, ℝ) 

(ii)| 𝑎𝑟(𝑡,  𝑦𝑟 ,  𝑣𝑟) | ≤  𝛼𝑟‖ 𝑦𝑟‖1‖ 𝑣𝑟‖1,| (𝑏𝑟(t) 𝑦𝑟,  𝑣𝑟)Ω | ≤  𝛽𝑟‖ 𝑦𝑟‖0‖ 𝑣𝑟‖0 

 𝑎𝑟(𝑡,  𝑦𝑟 ,  𝑦𝑟) ≥  �̅�𝑟‖ 𝑦𝑟‖1
2,  (𝑏𝑟(t) 𝑦𝑟 ,  𝑦𝑟)Ω ≥  �̅�𝑟‖ 𝑦𝑟‖0

2, ∀𝑟 = 1,2,3,4.  
| (𝑏𝑟+3(t) 𝑦𝑟 ,  𝑣1)Ω | ≤  𝜖𝑟‖ 𝑦𝑟‖0‖ 𝑣1‖0, ∀𝑟 = 2,3,4.  
 | (𝑏2𝑟+3(t) 𝑦𝑟 ,  𝑣2)Ω | ≤  𝜖�̅�‖ 𝑦𝑟‖0‖ 𝑣2‖0, ∀𝑟 = 1,3,4. 
| (𝑏3𝑟+3(t) 𝑦𝑟 ,  𝑣3)Ω | ≤  𝜖�̂�‖ 𝑦𝑟‖0‖ 𝑣3‖0, ∀𝑟 = 1,2,4.  
| (𝑏4𝑟+3(t) 𝑦𝑟 ,  𝑣4)Ω | ≤  𝜖�̃�‖ 𝑦𝑟‖0‖ 𝑣4‖0, ∀𝑟 = 1,2,3.                                                                 
𝑐(𝑡, �⃗�, �⃗�) =  𝑎1(𝑡,  𝑦1,  𝑦1) +  (𝑏1(t) 𝑦1,  𝑦1)Ω +  𝑎2(𝑡,  𝑦2,  𝑦2) +  (𝑏2(t) 𝑦2,  𝑦2)Ω +  

 𝑎3(𝑡,  𝑦3,  𝑦3) +  (𝑏3(t) 𝑦3,  𝑦3)Ω +  𝑎4(𝑡,  𝑦4,  𝑦4) + (𝑏4(t) 𝑦4,  𝑦4)Ω  

and (𝑡, �⃗�, �⃗�) ≥ �̅�‖�⃗�‖1
2 , ‖�⃗�‖1

2 = ∑ ‖ 𝑦𝑟‖1
24

𝑟=1 ,  

where 𝛼𝑟 ,  𝛽𝑟 ,  𝜖𝑟 , �̅�  ∈ ℝ+,  𝑟 = 1,2,3,4. 

 

Lemma (2.1)[14]: 

     Let 𝑉, 𝐻 and  𝑉′ be three Hilbert spaces, each space is included in the following one as in 

‖𝑢‖𝐿𝑃(𝛺) = (∫ |𝑢(𝑥)|𝑝𝑑𝑥)
𝛺

1

𝑝   or   ‖𝑢‖𝐿∞(𝛺) = 𝑒𝑠𝑠. 𝑠𝑢𝑝|𝑢(𝑥)| 

𝑉′ is the dual of 𝑉. If a function 𝑢 belongs to 𝐿2(0, 𝑇; 𝑉),and its derivative 𝑢′belongs to 

𝐿2(0, 𝑇; 𝑉′), then 𝑢 is almost every equal to a function continuous from [0,T] into 𝐻 so one has 

the following equality which holds in the scalar distribution sense on (0,T) 
𝑑

𝑑𝑡
|𝑢|2 = 2〈𝑢′, 𝑢〉. 
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Main Results 

3. The Existence of a unique quaternary state vector solution for the weak form: 

Theorem (3.1): With Assumptions (A), for each fixed QCCBCV �⃗⃗� ∈ 𝐿2(Ω) , the weak form 

of the state quaternary equations ((8) - (11)) has a unique quaternary state vector solution �⃗� ∈

(𝐿2(I, V))
4

=   𝑳𝟐(𝐈, 𝐕), 𝑦𝑡⃗⃗ ⃗⃗ ∈ (𝐿2(𝐼, 𝑉∗))
4

= 𝑳𝟐(𝑰, 𝑽∗). 

Proof: Let 𝑉𝑛
⃗⃗ ⃗⃗ ⊂ �⃗⃗� be the set of piecewise affine in 𝛺, let {�⃗�1, �⃗�2, … , �⃗�𝑛} be the basis of 𝑉𝑛

⃗⃗ ⃗⃗  with 

𝑛 = 4𝑁, then the approximation solution to �⃗� of ((8) - (11)) is expressed by 

�⃗�𝑛(𝑥, 𝑡) = (𝑦1𝑛, 𝑦2𝑛 , 𝑦3𝑛 , 𝑦4𝑛) = ∑ 𝑐𝑗(𝑡) �⃗�𝑗(𝑥)𝑛
𝑗=1  ,                                                  (12) 

where𝑉𝑗
⃗⃗⃗ = ((2𝑟−1𝑚𝑜𝑑2)𝑣1𝑘, (2(𝑟−2)2

𝑚𝑜𝑑2)𝑣2𝑘 , (2(𝑟−3)2
𝑚𝑜𝑑2)𝑣3𝑘 , (24−𝑟𝑚𝑜𝑑2)𝑣4𝑘), 𝑐𝑗 =

𝑐𝑟𝑗, for k = (1, … , N),∀r = 1,2,3,4. j = k + N(r − 1) and 𝑐𝑟𝑗(𝑡)is an unknown function of 𝑡. 

The quaternary state vector solution of the weak form is approximated using the method of 

Galerkin to get 
(𝑦1𝑛𝑡, 𝑣1)Ω + 𝑎1(𝑡, 𝑦1𝑛, 𝑣1) + (𝑏1(𝑡)𝑦1𝑛, 𝑣1)Ω − (𝑏5(𝑡)𝑦2𝑛, 𝑣1)Ω + (𝑏6(𝑡)𝑦3𝑛, 𝑣1)Ω + 

(𝑏7(𝑡)𝑦4𝑛, 𝑣1)Ω = (𝑓1, 𝑣1)Ω + (𝑢1, 𝑣1)Γ                                                                    (13a) 

(𝑦1𝑛(0), 𝑣1)Ω = (𝑦1
0, 𝑣1)Ω,   ∀𝑣1 ∈ 𝑉𝑛                                                                       (13b) 

(𝑦2𝑛𝑡, 𝑣2)Ω + 𝑎2(𝑡, 𝑦2𝑛, 𝑣2) + (𝑏2(𝑡)𝑦2𝑛, 𝑣2)Ω + (𝑏5(𝑡)𝑦1𝑛, 𝑣2)Ω − (𝑏9(𝑡)𝑦3𝑛, 𝑣2)Ω − 

(𝑏11(𝑡)𝑦4𝑛, 𝑣2)Ω = (𝑓2, 𝑣2)Ω + (𝑢2, 𝑣2)Г                                                                   (14a) 

(𝑦2𝑛(0), 𝑣2)Ω = (𝑦2
0, 𝑣2)Ω ,   ∀𝑣2 ∈ 𝑉𝑛                                                                       (14b)    

(𝑦3𝑛𝑡, 𝑣3)Ω + 𝑎3(𝑡, 𝑦3𝑛, 𝑣3) + (𝑏3(𝑡)𝑦3𝑛, 𝑣3)Ω + (𝑏9(𝑡)𝑦2𝑛, 𝑣3)Ω − (𝑏6(𝑡)𝑦1𝑛, 𝑣3)Ω + 

(𝑏15(𝑡)𝑦4𝑛, 𝑣3)Ω = (𝑓3, 𝑣3)Ω + (𝑢3, 𝑣3)Г                                                                    (15a) 

(𝑦3𝑛(0), 𝑣3)Ω = (𝑦3
0, 𝑣3)Ω ,∀𝑣3 ∈ 𝑉𝑛                                                                           (15b) 

(𝑦4𝑛𝑡, 𝑣4)Ω + 𝑎4(𝑡, 𝑦4𝑛, 𝑣4) + (𝑏4(𝑡)𝑦4𝑛, 𝑣4)Ω − (𝑏7(𝑡)𝑦1𝑛, 𝑣4)Ω + (𝑏11(𝑡)𝑦2𝑛, 𝑣4)Ω − 

(𝑏15(𝑡)𝑦3𝑛, 𝑣4)Ω = (𝑓4, 𝑣4)Ω + (𝑢4, 𝑣4)Г                                                                     (16a) 

(𝑦4𝑛(0), 𝑣4)Ω = (𝑦4
0, 𝑣4)Ω ,∀𝑣4 ∈ 𝑉𝑛                                                                            (16b) 

Where 𝑦𝑟𝑛
0 = 𝑦𝑟𝑛

0 (𝑥) = 𝑦𝑟𝑛(𝑥, 0) ∈ 𝑉𝑛 ⊂ 𝑉 ⊂ 𝐿2(Ω) is the projection of 𝑦𝑟
0 w.r.t. the 

norm‖ . ‖0, i.e.∀𝑟 = 1,2,3,4. 

(𝑦𝑟𝑛
0 , 𝑣𝑟) 𝛺 = (𝑦𝑟

0, 𝑣𝑟) 𝛺 ⇔ ‖𝑦𝑟𝑛
0 − 𝑦𝑟

0‖0 ≤ ‖𝑦𝑟
0 − 𝑣𝑟‖0,∀𝑣𝑟 ∈ 𝑉𝑛. 

Utilizing (12) in ((13) - (16)), we set 𝑣𝑟 = 𝑣𝑟𝑖, ∀ 𝑟 = 1,2,3,4, then eqs.((13)-(16)) are 

equivalent to the following linear system of ODEqs with  initial conditions: 

𝐴1𝐶1𝑗
′ (𝑡) + 𝐷1𝐶1(𝑡) − 𝐸1 𝐶2(𝑡) + 𝐹1𝐶3(𝑡) − 𝐻1𝐶4(𝑡) = 𝑏1                                                     (17a) 

𝐴1𝐶1(0) = 𝑏1
0                                                                                                            (17b) 

𝐴2𝐶2𝑗
′ (𝑡) + 𝐷2𝐶2(𝑡) + 𝐸2 𝐶1(𝑡) − 𝐹2𝐶3(𝑡) − 𝐻2𝐶4(𝑡) = 𝑏2                                            (18a) 

𝐴2𝐶2(0) = 𝑏2
0                                                                                                         (18b) 

𝐴3𝐶3𝑗
′ (𝑡) + 𝐷3𝐶3(𝑡) + 𝐸3 𝐶2(𝑡) − 𝐹3𝐶1(𝑡) + 𝐻3𝐶4(𝑡) = 𝑏3                                           (19a) 

𝐴3𝐶3(0) = 𝑏3
0                                                                                              (19b) 

𝐴4𝐶4𝑗
′ (𝑡) + 𝐷4𝐶4(𝑡) − 𝐸4 𝐶1(𝑡) + 𝐹4𝐶2(𝑡) − 𝐻4𝐶3(𝑡) = 𝑏4                      (20a) 

𝐴4𝐶4(0) = 𝑏4
0                                                                                              (20b) 

Where 𝐴𝑟 = (𝑎𝑟𝑖𝑗)
𝑛×𝑛

 , 𝑎𝑟𝑖𝑗 = (𝑣𝑟𝑗 , 𝑣𝑟𝑖)Ω
 , 𝐷𝑟 = (𝑑𝑟𝑖𝑗)

𝑛×𝑛
 , 𝑑𝑟𝑖𝑗 = [𝑎𝑟(𝑡, 𝑣𝑟𝑗 , 𝑣𝑟𝑖) +  

(𝑏𝑟(𝑡)𝑣𝑟𝑗, 𝑣𝑟𝑖)
Ω

] , 𝐸1 = (𝑒𝑖𝑗)
𝑛×𝑛

 , 𝑒𝑖𝑗 = (𝑏5(𝑡)𝑣2𝑗 , 𝑣1𝑖)
Ω

 , 𝐸2 = (𝑠𝑖𝑗)
𝑛×𝑛

 , 𝑠𝑖𝑗 =  

(𝑏5(𝑡)𝑣1𝑗 , 𝑣2𝑖)
Ω

 , 𝐸3 = (𝑝𝑖𝑗)
𝑛×𝑛

 , 𝑝𝑖𝑗 = (𝑏9(𝑡)𝑣2𝑗 , 𝑣3𝑖)
Ω

 , 𝐸4 = (𝑤𝑖𝑗)
𝑛×𝑛

 , 𝑤𝑖𝑗 = 

(𝑏7(𝑡)𝑣1𝑗 , 𝑣4𝑖)Ω
 , 𝐹1 = (𝑓𝑖𝑗)

𝑛×𝑛
 , 𝑓𝑖𝑗 = (𝑏4(𝑡)𝑣3𝑗 , 𝑣1𝑖)

Ω
 , 𝐹2 = (𝑚𝑖𝑗)

𝑛×𝑛
 , 𝑚𝑖𝑗 =  

(𝑏9(𝑡)𝑣3𝑗 , 𝑣2𝑖)
Ω

, 𝐹3 = (𝑔𝑖𝑗)
𝑛×𝑛

 , 𝑔𝑖𝑗 = (𝑏6(𝑡)𝑣1𝑗, 𝑣3𝑖)Ω
 , 𝐹4 = (𝑘𝑖𝑗)

𝑛×𝑛
 , 𝑘𝑖𝑗 =  

(𝑏11(𝑡)𝑣2𝑗 , 𝑣4𝑖)Ω
 , 𝐻1 = (ℎ𝑖𝑗)

𝑛×𝑛
ℎ𝑖𝑗 = (𝑏7(𝑡)𝑣4𝑗 , 𝑣1𝑖)

Ω
 , 𝐻2 = (𝑙𝑖𝑗)

𝑛×𝑛
, 𝑙𝑖𝑗 =  

, (𝑏11(𝑡)𝑣4𝑗 , 𝑣2𝑖)
Ω

 , 𝐻3 = (𝑞𝑖𝑗)
𝑛×𝑛

, 𝑞𝑖𝑗 = (𝑏15(𝑡)𝑣4𝑗, 𝑣3𝑖)
Ω

 , 𝐻4 = (𝑥𝑖𝑗)
𝑛×𝑛

, 𝑥𝑖𝑗 =  
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(𝑏15(𝑡)𝑣3𝑗 , 𝑣4𝑖)Ω
, 𝐶𝑟(𝑡) = (𝑐𝑟𝑗(𝑡))

𝑛×1
,  𝑐𝑟

′ (𝑡) = ( 𝑐𝑟𝑗
′ (𝑡))

𝑛×1
, 𝐶𝑟(0) = (𝑐𝑟𝑗(0))

𝑛×1
,  

𝑏𝑟 = (𝑏𝑟𝑖)𝑛×1, 𝑏𝑟𝑖 = (𝑓𝑟 , 𝑣𝑟𝑖)Ω + (𝑢𝑟 , 𝑣𝑟𝑖)Γ , 𝑏𝑟𝑖
0 = (𝑦𝑟

0, 𝑣𝑟𝑖)Ω , ,∀𝑖, 𝑗 = 1,2, … , 𝑛 .  

 

The norm ‖𝒚𝒏
𝟎⃗⃗ ⃗⃗⃗‖

𝟎
 is bounded : 

Since 𝑦𝑟
0 = 𝑦𝑟

0(𝑥) ∈ 𝐿2(Ω),  then there exists {𝑣𝑟𝑛
0 } with 𝑣𝑟𝑛

0 ∈ 𝑉𝑛 ⊂ 𝑉 ⊂ 𝐿2(Ω), such that 𝑣𝑟𝑛
0

𝑠
→ 𝑦𝑟

0 in 𝐿2(Ω), ∀𝑟 = 1,2,3,4.  By projection theorem, we have   

‖𝑦𝑟𝑛
0 − 𝑦𝑟

0‖0 ≤ ‖𝑦𝑟
0 − 𝑣𝑟‖0  ,∀𝑣𝑟  ∈ 𝑉𝑛. 

Then for 𝑣𝑟 = 𝑣𝑟𝑛
0  , ∀𝑛 = 1,2, …,  

‖𝑦𝑟𝑛
0 − 𝑦𝑟

0‖0 ≤ ‖𝑦𝑟
0 − 𝑣𝑟𝑛

0 ‖0  ,∀𝑣𝑟𝑛
0 ∈ 𝑉𝑛 ⊂ V ⊂ 𝐿2(Ω) 

Thus,  ‖𝑦𝑟𝑛
0 − 𝑦𝑟

0‖0 → 0 , so 𝑦𝑟𝑛
0

𝑠
→ 𝑦𝑟

0 in 𝐿2(Ω) with ‖𝑦𝑟𝑛
0 ‖0 ≤ 𝑏𝑟. 

Therefore, the norm‖𝑦𝑛⃗⃗⃗⃗⃗(𝑡)‖
𝐿∞(𝐼,𝐿2(𝛺))

 and ‖𝑦𝑛⃗⃗⃗⃗⃗(𝑡)‖𝑄are bounded: 

Set 𝑣𝑟 = 𝑦𝑟𝑛 where ∀𝑟=1,2,3,4, in Eqs. ((13a) - (16a)) and integrating both sides with respect 

to  t from 0 to T, then adding the four equations using Assumption (A-ii), we get: 

∫ (𝑦𝑛𝑡⃗⃗⃗⃗⃗⃗⃗, 𝑦𝑛⃗⃗⃗⃗⃗)𝑑𝑡 + �̅� ∫ ‖𝑦𝑛⃗⃗⃗⃗⃗‖1
2𝑇

0
𝑑𝑡 ≤

𝑇

0
∫ (𝑓1, 𝑦1𝑛)𝛺𝑑𝑡

𝑇

0
+ ∫ (𝑢1, 𝑦1𝑛)𝛤𝑑𝑡 +

𝑇

0
∫ (𝑓2, 𝑦2𝑛)Ω

𝑇

0
𝑑𝑡 +  

∫ (𝑢2, 𝑦2𝑛)Г
𝑇

0
𝑑𝑡 + ∫ (𝑓3, 𝑦3𝑛)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢3, 𝑦3𝑛)Г𝑑𝑡

𝑇

0
+ ∫ (𝑓4, 𝑦4𝑛)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢4, 𝑦4𝑛)Г

𝑇

0
𝑑𝑡 (21) 

Now, Lemma (2.1) can be used in the first term of the L.H.S. in Eq.(21), since 𝑦𝑛𝑡⃗⃗⃗⃗⃗⃗⃗ ∈
 𝑳𝟐(𝑰, 𝒗∗) = 𝑳𝟐(𝑰, 𝒗) and 𝑦𝑛⃗⃗⃗⃗⃗ ∈  𝑳𝟐(𝑰, 𝒗). On the other hand, since the second term is 

nonnegative, we take 𝑇 = 𝑡 ∈ [0, 𝑇] and then by the Cauchy-Schwarz inequality and using 

Assumption (A-i), we get: 
1

2
∫

ⅆ

ⅆt
‖yn⃗⃗⃗⃗⃗(𝑡)‖0

2 ⅆt
𝑡

0
≤

1

2
[∫ ∫ (𝜂1

2 + |𝑦1𝑛|2) 𝑑𝑥 𝑑𝑡 +
𝛺

𝑡

0
∫ ∫ (|𝑢1|2 + |𝑦1𝑛|2) 𝑑𝛾

Г

𝑡

0
𝑑𝑡 +  

 ∫ ∫ (𝜂2
2 + |𝑦2𝑛|2) 𝑑𝑥 𝑑𝑡 +

𝛺

𝑡

0
∫ ∫ (|𝑢2|2 + |𝑦2𝑛|2) 𝑑𝛾𝑑𝑡

Г

𝑡

0
+ ∫ ∫ (𝜂3

2 + |𝑦3𝑛|2) 𝑑𝑥 𝑑𝑡
𝛺

𝑡

0
+ 

∫ ∫ (|𝑢3|2 + |𝑦3𝑛|2) 𝑑𝛾𝑑𝑡 +
Г

𝑡

0
∫ ∫ (𝜂4

2 + |𝑦4𝑛|2) 𝑑𝑥 𝑑𝑡
𝛺

𝑡

0
+ ∫ ∫ (|𝑢4|2 + |𝑦4𝑛|2) 𝑑𝛾𝑑𝑡].

Г

𝑡

0
 

Using trace theorem and Assumption (A-ii) in the R.H.S., the above inequality gives: 

‖yn⃗⃗⃗⃗⃗(𝑡)‖0
2 − ‖yn⃗⃗⃗⃗⃗(0)‖0

2 ≤ ‖𝜂1‖𝑄
2 + (1 + 𝛽1) ∫ ‖𝑦1𝑛‖0

2 𝑑𝑡 +
𝑡

0
‖𝑢1‖𝛴

2 + ‖𝜂2‖𝑄
2 + (1 + 𝛽2)  

∫ ‖𝑦2𝑛‖0
2 𝑑𝑡 +

𝑡

0
‖𝑢2‖𝛴

2 + ‖𝜂3‖𝑄
2 + (1 + 𝛽3) ∫ ‖𝑦3𝑛‖0

2 𝑑𝑡 +
𝑡

0
‖𝑢3‖𝛴

2 + ‖𝜂4‖𝑄
2 + (1 + 𝛽4)  

∫ ‖𝑦4𝑛‖0
2 𝑑𝑡

𝑡

0
+ ‖𝑢4‖𝛴

2   

since ‖𝜂𝑟‖𝑄
2 ≤ 𝑘𝑟 , ‖𝑢𝑟‖𝛴

2 ≤ 𝑝𝑟 , ∀r = 1,2,3,4, ‖yn⃗⃗⃗⃗⃗(0)‖0
2 ≤ 𝑐 , then 

 ‖yn⃗⃗⃗⃗⃗(𝑡)‖0
2 ≤ s + s̅ ∫ ‖yn⃗⃗⃗⃗⃗(𝑡)‖0

2 ⅆt
t

0
  , 

where, 𝑠 = ∑ 𝑘𝑟
4
𝑟=1 + ∑ 𝑝𝑟

4
𝑟=1 + 𝑐 , s̅ = max (1 + 𝛽1, 1 + 𝛽2, 1 + 𝛽3, 1 + 𝛽4). 

⇒ ‖𝑦𝑛⃗⃗⃗⃗⃗(𝑡)‖0
2 ≤ 𝑠𝑒∫ �̅� 𝑑𝑡

𝑡
0 ≤ 𝑠𝑒∫ �̅� 𝑑𝑡

𝑇
0 = 𝑠𝑒 �̅�𝑇 = 𝑠1 ⇒ ‖𝑦𝑛⃗⃗⃗⃗⃗(𝑡)‖𝑄 ≤ 𝑠2 

 

The norm ‖𝐲𝐧⃗⃗⃗⃗⃗(𝐭)‖𝐋𝟐(𝐈,𝐕) is bounded: 

      Using Lemma (2.1) for the first terms of L.H.S. in Eq.(21), then using the same results 

which are obtained from the R.H.S., setting 𝑡 = 𝑇 and using  ‖𝑦𝑛⃗⃗⃗⃗⃗(𝑡)‖0
2 is positive so that 

Eq.(21) becomes: 

‖𝑦𝑛⃗⃗⃗⃗⃗(𝑡)‖0
2 + 2�̅� ∫ ‖𝑦𝑛⃗⃗⃗⃗⃗‖1

2 𝑑𝑡
𝑇

0
≤ s + s̅‖𝑦𝑛⃗⃗⃗⃗⃗(𝑡)‖𝑄

2  ⇒ ∫ ‖𝑦𝑛⃗⃗⃗⃗⃗‖1
2 𝑑𝑡

𝑇

0
≤

s+s̅ 𝑠3

2�̅�
= 𝑠5 , where 𝑠6 = √𝑠5  

⇒ ‖yn⃗⃗⃗⃗⃗(t)‖𝐋𝟐(𝐈,𝐯) ≤ 𝑠6 . 

 

The convergence of the Approximation Solution:  

Let {𝑉𝑛
⃗⃗ ⃗⃗ }𝑛=1

∞ be a sequence of subspaces of �⃗⃗� such that ∀�⃗� ∈ �⃗⃗� , then there exists a sequence 

 {𝑣𝑛⃗⃗⃗⃗⃗}, such that 𝑣𝑛⃗⃗⃗⃗⃗ →
𝑠

�⃗� in �⃗⃗� s.t. 𝑣𝑛⃗⃗⃗⃗⃗ →
𝑠

�⃗� in 𝑳𝟐(𝛀), with 𝑣𝑛⃗⃗⃗⃗⃗ ∈ 𝑉𝑛
⃗⃗ ⃗⃗ ⊂ �⃗⃗� ⊂ 𝑳𝟐(𝛀). Utilizing �⃗� =

𝑣𝑛⃗⃗⃗⃗⃗ = (𝑣1𝑛, 𝑣2𝑛, 𝑣3𝑛, 𝑣4𝑛)in Eqs.((13) - (16) 𝑎 & 𝑏) to obtain 
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(𝑦1𝑛𝑡, 𝑣1𝑛)𝛺 + 𝑎1(𝑡, 𝑦1𝑛, 𝑣1𝑛) + (𝑏1(𝑡)𝑦1𝑛, 𝑣1𝑛)𝛺 − (𝑏5(𝑡)𝑦2𝑛, 𝑣1𝑛)𝛺 + (𝑏6(𝑡)𝑦3𝑛, 𝑣1𝑛)𝛺 +      

(𝑏7(𝑡)𝑦4𝑛, 𝑣1𝑛)𝛺 = (𝑓1, 𝑣1𝑛)𝛺 + (u1, v1n)Γ                                                                 (22a) 

(y1n(0), v1n)Ω = (y1
0, v1n)Ω                                                                                          (22b) 

(y2nt, v2n)Ω + a2(t, y2n, v2n) + (b2(t)y2n, v2n)Ω + (b5(t)y1n, v2n)Ω − (b9(t)y3n, v2n)Ω −  

(b11(t)y4n, v2n)Ω = (f2, v2n)Ω + (u2, v2n)Г                                                                 (23a) 

(y2n(0), v2n)Ω = (y2
0, v2n)Ω                                                                                          (23b)    

(y3nt, v3n)Ω + a3(t, y3n, v3n) + (b3(t)y3n, v3n)Ω + (b9(t)y2n, v3n)Ω − (b6(t)y1n, v3n)Ω +  

(b15(t)y4n, v3n)Ω = (f3, v3n)Ω + (u3, v3n)Г                                                                 (24a) 

(y3n(0), v3n)Ω = (y3
0, v3n)Ω                                                                                          (24b) 

(y4nt, v4n)Ω + a4(t, y4n, v4n) + (b4(t)y4n, v4n)Ω − (b7(t)y1n, v4n)Ω + (b11(t)y2n, v4n)Ω −  
(b15(t)y3n, v4n)Ω = (f4, v4n)Ω + (u4, v4n)Г                                                                 (25a) 

(y4n(0), v4n)Ω = (y4
0, v4n)Ω                                                                                          (25b) 

Which has a sequence of approximation solution  {𝑦𝑛⃗⃗⃗⃗⃗}𝑛=1
∞   with ‖yn⃗⃗⃗⃗⃗(t)‖L2(Q), ‖yn⃗⃗⃗⃗⃗(t)‖L2(𝐈,𝐯) are 

bounded, then by Alauglu’s theorem, there exists a subsequence of {𝑦𝑛⃗⃗⃗⃗⃗}𝑛∈𝑁 , say again {𝑦𝑛⃗⃗⃗⃗⃗}𝑛∈𝑁 

s.t. 𝑦𝑛⃗⃗⃗⃗⃗ →
𝑤

�⃗� in 𝑳𝟐(𝑸) and 𝑳𝟐(𝑰, 𝑽), multiplying both sides of Eqs.((22)-(25)) by 𝜑𝑟(𝑡) ∈
𝐶1[0, 𝑇], ∀𝑟 = 1,2,3,4, S.t. 𝜑𝑟(𝑇) = 0 ,𝜑𝑟(0) ≠ 0 and integrating both sides with respect to t 

from 0 to T, then integrating by parts for the first terms in the L.H.S., to obtain 

− ∫ (𝑦1𝑛, 𝑣1𝑛)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1𝑛, 𝑣1𝑛) + (𝑏1(𝑡)𝑦1𝑛, 𝑣1𝑛)Ω − (𝑏5(𝑡)𝑦2𝑛, 𝑣1𝑛)Ω +  

(𝑏6(𝑡)𝑦3𝑛, 𝑣1𝑛)Ω + (𝑏7(𝑡)𝑦4𝑛, 𝑣1𝑛)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1𝑛)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+   

∫ (𝑢1, 𝑣1𝑛)Γ𝜑1(𝑡)𝑑𝑡 + (𝑦1𝑛
0 , 𝑣1𝑛)Ω

𝑇

0
𝜑1(0)                                                                       (26) 

− ∫ (𝑦2𝑛, 𝑣2𝑛) 𝜑2
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2𝑛, 𝑣2𝑛) + (𝑏2(𝑡)𝑦2𝑛, 𝑣2𝑛)Ω + (𝑏5(𝑡)𝑦1𝑛, 𝑣2𝑛)Ω −   

(𝑏9(𝑡)𝑦3𝑛, 𝑣2𝑛)Ω − (𝑏11(𝑡)𝑦4𝑛, 𝑣2𝑛)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2𝑛)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+     

∫ (𝑢2, 𝑣2𝑛)Г𝜑2(𝑡)𝑑𝑡 + (𝑦2𝑛
0 , 𝑣2𝑛)Ω

𝑇

0
𝜑2(0)                                                                      (27)                                                      

− ∫ (𝑦3𝑛, 𝑣3𝑛)𝜑3
′ (𝑡)

𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3𝑛, 𝑣3𝑛) + (𝑏3(𝑡)𝑦3𝑛, 𝑣3𝑛)Ω + (𝑏9(𝑡)𝑦2𝑛, 𝑣3𝑛)Ω −     

(𝑏6(𝑡)𝑦1𝑛, 𝑣3𝑛)Ω + (𝑏15(𝑡)𝑦4𝑛, 𝑣3𝑛)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3𝑛)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+              

∫ (𝑢3, 𝑣3𝑛)Г𝜑3(𝑡)𝑑𝑡 + (𝑦3𝑛
0 , 𝑣3𝑛)Ω𝜑3(0)

𝑇

0
                                                                       (28)                       

− ∫ (𝑦4𝑛, 𝑣4𝑛)𝜑4
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4𝑛, 𝑣4𝑛) + (𝑏4(𝑡)𝑦4𝑛, 𝑣4𝑛)Ω − (𝑏7(𝑡)𝑦1𝑛, 𝑣4𝑛)Ω +            

(𝑏11(𝑡)𝑦2𝑛, 𝑣4𝑛)Ω − (𝑏15(𝑡)𝑦3𝑛, 𝑣4𝑛)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4𝑛)Ω𝜑4(𝑡)𝑑𝑡
𝑇

0
+  

∫ (𝑢4, 𝑣4𝑛)Г𝜑4(𝑡)𝑑𝑡 + (𝑦4𝑛
0 , 𝑣4𝑛)Ω𝜑4(0)

𝑇

0
                                                                       (29)  

Since 𝑣𝑟𝑛 →
𝑠

𝑣𝑟 in𝑉and 𝐿2(𝛺),then 𝑣𝑟𝑛𝜑𝑟
′ (𝑡) →

𝑠
𝑣𝑟  𝜑𝑟

′ (𝑡) in 𝐿2(𝐼, 𝑉), 𝑣𝑟𝑛𝜑𝑟(𝑡) →
𝑠

𝑣𝑟 𝜑𝑟(𝑡) 

in 𝐿2(𝑄), and since 𝑦𝑟𝑛

𝑊
→ 𝑦𝑟  in 𝐿2(𝑄), 𝑦𝑟𝑛

0 →
𝑠

𝑦𝑟
0in 𝐿2(𝛺), ∀𝑟 = 1,2,3,4, on the other hand since 

𝑣𝑟𝑛 →
𝑠

𝑣𝑟 in 𝐿2(𝛺),then 𝑣𝑟𝑛 →
𝑤

𝑣𝑟  , and  𝑣𝑟𝑛𝜑𝑟(𝑡) →
𝑤

𝑣𝑟  𝜑𝑟(𝑡), hence: 

− ∫ (𝑦1𝑛, 𝑣1𝑛)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1𝑛, 𝑣1𝑛) + (𝑏1(𝑡)𝑦1𝑛, 𝑣1𝑛)Ω − (𝑏5(𝑡)𝑦2𝑛, 𝑣1𝑛)Ω + 

(𝑏6(𝑡)𝑦3𝑛, 𝑣1𝑛)Ω + (𝑏7(𝑡)𝑦4𝑛, 𝑣1𝑛)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1𝑛)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ 

∫ (𝑢1, 𝑣1𝑛)Γ𝜑1(𝑡)𝑑𝑡
𝑇

0
+ (𝑦1𝑛

0 , 𝑣1𝑛)Ω𝜑1(0) → 

− ∫ (𝑦1, 𝑣1)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω + 

(𝑏6(𝑡)𝑦3, 𝑣1)Ω + (𝑏7(𝑡)𝑦4, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ𝜑1(𝑡)𝑑𝑡 +

𝑇

0
   

(𝑦1
0, 𝑣1)Ω𝜑1(0)          (30) 

− ∫ (𝑦2𝑛, 𝑣2𝑛) 𝜑2
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2𝑛, 𝑣2𝑛) + (𝑏2(𝑡)𝑦2𝑛, 𝑣2𝑛)Ω + (𝑏5(𝑡)𝑦1𝑛, 𝑣2𝑛)Ω −   

(𝑏9(𝑡)𝑦3𝑛, 𝑣2𝑛)Ω − (𝑏11(𝑡)𝑦4𝑛, 𝑣2𝑛)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2𝑛)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ 

∫ (𝑢2, 𝑣2𝑛)Г𝜑2(𝑡)𝑑𝑡
𝑇

0
+ (𝑦2𝑛

0 , 𝑣2𝑛)Ω𝜑2(0) →  
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− ∫ (𝑦2, 𝑣2) 𝜑2
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2, 𝑣2) + (𝑏2(𝑡)𝑦2, 𝑣2)Ω + (𝑏5(𝑡)𝑦1, 𝑣2)Ω − 

(𝑏9(𝑡)𝑦3, 𝑣2)Ω − (𝑏11(𝑡)𝑦4, 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢2, 𝑣2)Г𝜑2(𝑡)𝑑𝑡 +

𝑇

0
    

(𝑦2
0, 𝑣2)Ω𝜑2(0)                                (31) 

− ∫ (𝑦3𝑛, 𝑣3𝑛)𝜑3
′ (𝑡)

𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3𝑛, 𝑣3𝑛) + (𝑏3(𝑡)𝑦3𝑛, 𝑣3𝑛)Ω + (𝑏9(𝑡)𝑦2𝑛, 𝑣3𝑛)Ω −     

(𝑏6(𝑡)𝑦1𝑛, 𝑣3𝑛)Ω + (𝑏15(𝑡)𝑦4𝑛, 𝑣3𝑛)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3𝑛)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+ 

∫ (𝑢3, 𝑣3𝑛)Г𝜑3(𝑡)𝑑𝑡
𝑇

0
+ (𝑦3𝑛

0 , 𝑣3𝑛)Ω𝜑3(0) → 

− ∫ (𝑦3, 𝑣3)𝜑3
′ (𝑡)

𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3, 𝑣3) + (𝑏3(𝑡)𝑦3, 𝑣3)Ω + (𝑏9(𝑡)𝑦2, 𝑣3)Ω −  

(𝑏6(𝑡)𝑦1, 𝑣3)Ω + (𝑏15(𝑡)𝑦4, 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢3, 𝑣3)Г𝜑3(𝑡)𝑑𝑡 +

𝑇

0
 

(𝑦3
0, 𝑣3)Ω𝜑3(0)                (32) 

− ∫ (𝑦4𝑛, 𝑣4𝑛)𝜑4
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4𝑛, 𝑣4𝑛) + (𝑏4(𝑡)𝑦4𝑛, 𝑣4𝑛)Ω − (𝑏7(𝑡)𝑦1𝑛, 𝑣4𝑛)Ω +            

(𝑏11(𝑡)𝑦2𝑛, 𝑣4𝑛)Ω − (𝑏15(𝑡)𝑦3𝑛, 𝑣4𝑛)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4𝑛)Ω𝜑4(𝑡)𝑑𝑡
𝑇

0
+ 

∫ (𝑢4, 𝑣4𝑛)Г𝜑4(𝑡)𝑑𝑡
𝑇

0
+ (𝑦4𝑛

0 , 𝑣4𝑛)Ω𝜑4(0) →                                                                         

− ∫ (𝑦4, 𝑣4)𝜑4
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4, 𝑣4) + (𝑏4(𝑡)𝑦4, 𝑣4)Ω − (𝑏7(𝑡)𝑦1, 𝑣4)Ω + 

(𝑏11(𝑡)𝑦2, 𝑣4)Ω − (𝑏15(𝑡)𝑦3, 𝑣4)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4)Ω𝜑4(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢4, 𝑣4)Г𝜑4(𝑡)𝑑𝑡 +

𝑇

0
 

(𝑦4
0, 𝑣4)Ω𝜑4(0)             (33) 

which means: 

− ∫ (𝑦1, 𝑣1)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω + 

(𝑏6(𝑡)𝑦3, 𝑣1)Ω + (𝑏7(𝑡)𝑦4, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ𝜑1(𝑡)𝑑𝑡 +

𝑇

0
   

(𝑦1
0, 𝑣1)Ω𝜑1(0)                                                   (34) 

− ∫ (𝑦2, 𝑣2) 𝜑2
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2, 𝑣2) + (𝑏2(𝑡)𝑦2, 𝑣2)Ω + (𝑏5(𝑡)𝑦1, 𝑣2)Ω − 

(𝑏9(𝑡)𝑦3, 𝑣2)Ω − (𝑏11(𝑡)𝑦4, 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢2, 𝑣2)Г𝜑2(𝑡)𝑑𝑡 +

𝑇

0
    

(𝑦2
0, 𝑣2)Ω𝜑2(0)             (35) 

− ∫ (𝑦3, 𝑣3)𝜑3
′ (𝑡)

𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3, 𝑣3) + (𝑏3(𝑡)𝑦3, 𝑣3)Ω + (𝑏9(𝑡)𝑦2, 𝑣3)Ω −  

(𝑏6(𝑡)𝑦1, 𝑣3)Ω + (𝑏15(𝑡)𝑦4, 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢3, 𝑣3)Г𝜑3(𝑡)𝑑𝑡 +

𝑇

0
 

(𝑦3
0, 𝑣3)Ω𝜑3(0)              (36) 

− ∫ (𝑦4, 𝑣4)𝜑4
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4, 𝑣4) + (𝑏4(𝑡)𝑦4, 𝑣4)Ω − (𝑏7(𝑡)𝑦1, 𝑣4)Ω + 

(𝑏11(𝑡)𝑦2, 𝑣4)Ω − (𝑏15(𝑡)𝑦3, 𝑣4)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4)Ω𝜑4(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢4, 𝑣4)Г𝜑4(𝑡)𝑑𝑡 +

𝑇

0
 

(𝑦4
0, 𝑣4)Ω𝜑4(0)                (37) 

 

Case 1: Choose 𝜑𝑟 ∈ 𝐷[0, 𝑇], i.e. 𝜑𝑟(𝑇) = 𝜑𝑟(0) = 0 ,∀𝑟 = 1,2,3,4, So, ((34) - (37)), then 

Using integrating by parts for the first terms in the L.H.S. of the above equations: 

∫ (𝑦1𝑡, 𝑣1)𝜑1(𝑡) 𝑑𝑡
𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω + (𝑏6(𝑡)𝑦3, 𝑣1)Ω  

+(𝑏7(𝑡)𝑦4, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ𝜑1(𝑡)𝑑𝑡

𝑇

0
                        (38) 

∫ (𝑦2𝑡, 𝑣2) 𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2, 𝑣2) + (𝑏2(𝑡)𝑦2, 𝑣2)Ω + (𝑏5(𝑡)𝑦1, 𝑣2)Ω − (𝑏9(𝑡)𝑦3, 𝑣2)Ω   

−(𝑏11(𝑡)𝑦4, 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢2, 𝑣2)Г𝜑2(𝑡)𝑑𝑡

𝑇

0
                     (39)                                                      

∫ (𝑦3𝑡, 𝑣3)𝜑3(𝑡)
𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3, 𝑣3) + (𝑏3(𝑡)𝑦3, 𝑣3)Ω + (𝑏9(𝑡)𝑦2, 𝑣3)Ω − (𝑏6(𝑡)𝑦1, 𝑣3)Ω     

+(𝑏15(𝑡)𝑦4, 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢3, 𝑣3)Г𝜑3(𝑡)𝑑𝑡

𝑇

0
                       (40)                       

∫ (𝑦4𝑡, 𝑣4)𝜑4(𝑡)𝑑𝑡
𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4, 𝑣4) + (𝑏4(𝑡)𝑦4, 𝑣4)Ω − (𝑏7(𝑡)𝑦1, 𝑣4)Ω + (𝑏11(𝑡)𝑦2, 𝑣4)Ω            

−(𝑏15(𝑡)𝑦3, 𝑣4)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4)Ω𝜑4(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢4, 𝑣4)Г𝜑4(𝑡)𝑑𝑡

𝑇

0
                        (41) 
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i.e. �⃗� is the quaternary state vector solution of the weak form 

Case 2: Choose 𝜑𝑟 ∈ 𝐶1[0, T], i.e. 𝜑𝑟(𝑇) = 0 & 𝜑𝑟(0) ≠ 0,∀𝑟 = 1,2,3,4. Using integrating 

by parts for the first term in the L.H.S. of (38) to get: 

− ∫ (𝑦1, 𝑣1)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω +  

(𝑏6(𝑡)𝑦3, 𝑣1)Ω + (𝑏7(𝑡)𝑦4, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ𝜑1(𝑡)𝑑𝑡 +

𝑇

0
 

 (𝑦1(0), 𝑣1)Ω𝜑1(0).               (42)  

By subtracting (34) from (42), we get: 

 (𝑦1
0, 𝑣1)Ω𝜑1(0) =  (𝑦1(0), 𝑣1)Ω𝜑1(0), 𝜑1(0) ≠ 0, ∀𝜑1(0) ∈ [0,T] 

 (𝑦1
0, 𝑣1)Ω =  (𝑦1(0), 𝑣1)Ω . 

That means the first initial condition holds. The same manner can be utilized to get that the 

initial conditions hold, which means that (𝑦𝑟
0, 𝑣𝑟)Ω =  (𝑦𝑟(0), 𝑣𝑟)Ω ,  ∀𝑟 = 1,2,3,4. 

The strong convergence for the Approximation Solution: 

Utilizing 𝑣𝑟 = 𝑦𝑟𝑛 and 𝑣𝑟 = 𝑦𝑟,∀𝑟 = 1,2,3,4. In Eqs.((8a)-(11a)) and Eqs.((13a)-(16a)), 

respectively. By integrating both sides of these Eqs. from 0 to T, then we add all equations 

together using Assumption (A-ii) to get: 

∫ (𝑦𝑛𝑡⃗⃗⃗⃗⃗⃗⃗, 𝑦𝑛⃗⃗⃗⃗⃗)𝑑𝑡 + ∫ 𝑐(𝑡, 𝑦𝑛⃗⃗⃗⃗⃗, 𝑦𝑛⃗⃗⃗⃗⃗)
𝑇

0

𝑇

0
𝑑𝑡 = ∫ (𝑓1, 𝑦1𝑛)𝛺𝑑𝑡

𝑇

0
+ ∫ (𝑢1, 𝑦1𝑛)𝛤𝑑𝑡 +

𝑇

0
∫ (𝑓2, 𝑦2𝑛)Ω

𝑇

0
𝑑𝑡 +  

∫ (𝑢2, 𝑦2𝑛)Г
𝑇

0
𝑑𝑡 + ∫ (𝑓3, 𝑦3𝑛)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢3, 𝑦3𝑛)Г𝑑𝑡

𝑇

0
+ ∫ (𝑓4, 𝑦4𝑛)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢4, 𝑦4𝑛)Г

𝑇

0
𝑑 (43a) 

∫ (𝑦𝑡⃗⃗ ⃗⃗ , �⃗�)𝑑𝑡 +
𝑇

0
∫ 𝑐(𝑡, �⃗�, �⃗�)

𝑇

0
𝑑𝑡 = ∫ (𝑓1, 𝑦1)𝛺𝑑𝑡

𝑇

0
+ ∫ (𝑢1, 𝑦1)𝛤𝑑𝑡 + ∫ (𝑓2, 𝑦2)Ω

𝑇

0
𝑑𝑡 +

𝑇

0
  

 ∫ (𝑢2, 𝑦2)Г
𝑇

0
𝑑𝑡 + ∫ (𝑓3, 𝑦3)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢3, 𝑦3)Г𝑑𝑡

𝑇

0
+ ∫ (𝑓4, 𝑦4)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢4, 𝑦4)Г

𝑇

0
𝑑𝑡         43b) 

Using Lemma (2.1) for the first terms in the L.H.S. of Eq.((43) a and b), it becomes: 
1

2
‖yn⃗⃗⃗⃗⃗(𝑇)‖0

2 −
1

2
‖yn⃗⃗⃗⃗⃗(0)‖0

2 + ∫ 𝑐(𝑡, 𝑦𝑛⃗⃗⃗⃗⃗, 𝑦𝑛⃗⃗⃗⃗⃗)
𝑇

0
𝑑𝑡 = ∫ (𝑓1, 𝑦1𝑛)𝛺𝑑𝑡

𝑇

0
+ ∫ (𝑢1, 𝑦1𝑛)𝛤𝑑𝑡 +

𝑇

0
  

 ∫ (𝑓2, 𝑦2𝑛)Ω
𝑇

0
𝑑𝑡 + ∫ (𝑢2, 𝑦2𝑛)Г

𝑇

0
𝑑𝑡 + ∫ (𝑓3, 𝑦3𝑛)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢3, 𝑦3𝑛)Г𝑑𝑡

𝑇

0
+ ∫ (𝑓4, 𝑦4𝑛)Ω𝑑𝑡

𝑇

0
+                           

∫ (𝑢4, 𝑦4𝑛)Г
𝑇

0
𝑑𝑡                       (44a) 

 
1

2
‖y⃗⃗(𝑇)‖0

2 −
1

2
‖y⃗⃗(0)‖0

2 + ∫ 𝑐(𝑡, �⃗�, �⃗�)
𝑇

0
𝑑𝑡 = ∫ (𝑓1, 𝑦1)𝛺𝑑𝑡

𝑇

0
+ ∫ (𝑢1, 𝑦1)𝛤𝑑𝑡 +

𝑇

0

∫ (𝑓2, 𝑦2)Ω
𝑇

0
𝑑𝑡 +       ∫ (𝑢2, 𝑦2)Г

𝑇

0
𝑑𝑡 + ∫ (𝑓3, 𝑦3)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢3, 𝑦3)Г𝑑𝑡

𝑇

0
+ ∫ (𝑓4, 𝑦4)Ω𝑑𝑡

𝑇

0
+

∫ (𝑢4, 𝑦4)Г
𝑇

0
𝑑𝑡                                                                (44b)                                                                                      

Now, consider the following equality: 
1

2
‖yn⃗⃗⃗⃗⃗(𝑇) − �⃗�(𝑇)‖0

2 −
1

2
‖yn⃗⃗⃗⃗⃗(0) − y⃗⃗(0)‖0

2 + ∫ 𝑐(𝑡, 𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�, 𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�)
𝑇

0
𝑑𝑡 = 𝑃1 − 𝑃2 − 𝑃3   (45)     

Where  

𝑃1 =
1

2
‖yn⃗⃗⃗⃗⃗(𝑇)‖0

2 −
1

2
‖yn⃗⃗⃗⃗⃗(0)‖0

2 + ∫ 𝑐(𝑡, 𝑦𝑛⃗⃗⃗⃗⃗, 𝑦𝑛⃗⃗⃗⃗⃗)
𝑇

0
𝑑𝑡  

𝑃2 =
1

2
(yn⃗⃗⃗⃗⃗(𝑇), y⃗⃗(𝑇)) 𝛺 −

1

2
(yn⃗⃗⃗⃗⃗(0), y⃗⃗(0)) Ω + ∫ 𝑐(𝑡, 𝑦𝑛⃗⃗⃗⃗⃗(𝑡), �⃗�(𝑡))

𝑇

0
𝑑𝑡  

𝑃3 =
1

2
(�⃗�(𝑇), yn⃗⃗⃗⃗⃗(𝑇) − y⃗⃗(𝑇)) Ω −

1

2
(�⃗�(0), yn⃗⃗⃗⃗⃗(0) − y⃗⃗(0))

Ω
+ ∫ 𝑐(𝑡,

T

0
�⃗�(𝑡), 𝑦𝑛⃗⃗⃗⃗⃗(𝑡) − �⃗�(𝑡))𝑑𝑡 

Since 

 𝑦𝑛
0⃗⃗⃗⃗⃗ = 𝑦𝑛⃗⃗⃗⃗⃗(0) →

𝑠
𝑦0⃗⃗⃗⃗⃗ = �⃗�(0), in 𝑳𝟐(𝜴), 𝑦𝑛⃗⃗⃗⃗⃗(𝑇) →

𝑠
�⃗�(𝑇) in 𝑳𝟐(𝜴)                       (46) 

Then 

 (�⃗�(0), yn⃗⃗⃗⃗⃗(0) − y⃗⃗(0))Ω →  0 and (�⃗�(𝑇), yn⃗⃗⃗⃗⃗(𝑇) − y⃗⃗(𝑇))Ω →  0           (47) 

‖yn⃗⃗⃗⃗⃗(0) − y⃗⃗(0)‖0
2 → 0  and ‖yn⃗⃗⃗⃗⃗(𝑇) − �⃗�(𝑇)‖0

2 → 0                                                 (48) 

and since 𝑦𝑛⃗⃗⃗⃗⃗ →
𝑤

�⃗� in 𝑳𝟐(𝑰, 𝑽) ⇒ 𝑦𝑛⃗⃗⃗⃗⃗ →
𝑤

�⃗� in  𝑳𝟐(𝜮), then 

∫ 𝑐(𝑡,
T

0
�⃗�(𝑡), 𝑦𝑛⃗⃗⃗⃗⃗(𝑡) − �⃗�(𝑡))𝑑𝑡 → 0                                                                          (49) 

Since 𝑦𝑛⃗⃗⃗⃗⃗ →
𝑤

�⃗� in  𝑳𝟐(𝑸), hence: 

∫ (𝑓1, 𝑦1𝑛)𝛺𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑦1𝑛)𝛤𝑑𝑡 + ∫ (𝑓2, 𝑦2𝑛)Ω

𝑇

0
𝑑𝑡 + ∫ (𝑢2, 𝑦2𝑛)Г

𝑇

0
𝑑𝑡 + ∫ (𝑓3, 𝑦3𝑛)Ω𝑑𝑡

𝑇

0
+

𝑇

0
  

∫ (𝑢3, 𝑦3𝑛)Г𝑑𝑡
𝑇

0
+ ∫ (𝑓4, 𝑦4𝑛)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢4, 𝑦4𝑛)Г

𝑇

0
𝑑𝑡 → ∫ (𝑓1, 𝑦1)𝛺𝑑𝑡

𝑇

0
+ ∫ (𝑢1, 𝑦1)𝛤𝑑𝑡 +

𝑇

0
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∫ (𝑓2, 𝑦2)Ω
𝑇

0
𝑑𝑡 + ∫ (𝑢2, 𝑦2)Г

𝑇

0
𝑑𝑡 + ∫ (𝑓3, 𝑦3)Ω𝑑𝑡

𝑇

0
+ ∫ (𝑢3, 𝑦3)Г𝑑𝑡

𝑇

0
+ ∫ (𝑓4, 𝑦4)Ω𝑑𝑡

𝑇

0
                                                                                                                 

+ ∫ (𝑢4, 𝑦4)Г
𝑇

0
𝑑𝑡                                                                                                             (50) 

Now, when  𝑛 → ∞ in both sides of Eq.(45), we have the following results: 

1-The first two terms in L.H.S. of Eq.(45) are tending to zero from Eq.(48). 

2- L.H.S. of Eq. (𝑃1) →L.H.S. of Eq.(44b).  

3- Eq. (𝑃2) → L.H.S.Eq.(44b)    

4- The three terms in 𝑃3 are tending to zero from Eq.(47) and Eq.(49), from the convergence of 

the above. The above sides of Eq.(45) give: 

∫ 𝑐(𝑡, 𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�, 𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�)
𝑇

0
𝑑𝑡 → 0 , as 𝑛 → ∞. 

By Assumption (A-ii), one gets 

�̅� ∫ ‖𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�‖1
2 𝑑𝑡

𝑇

0
≤ ∫ 𝑐(𝑡, 𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�, 𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�)

𝑇

0
𝑑𝑡 → 0 . 

�̅� ∫ ‖𝑦𝑛⃗⃗⃗⃗⃗ − �⃗�‖1
2 𝑑𝑡

𝑇

0
→ 0 ⇒So, 𝑦𝑛⃗⃗⃗⃗⃗ →

𝑠
�⃗� in 𝑳𝟐(𝑰, 𝑽). 

 

Uniqueness of the quaternary state vector solution: Let �⃗� and �⃗̂� be two quaternary state          

vector solutions for the weak form ((8a)-(11a)), consider the first equation we have: 
(𝑦1𝑡, 𝑣1) + 𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω + (𝑏6(𝑡)𝑦3, 𝑣1)Ω +  

(𝑏7(𝑡)𝑦4, 𝑣1)𝛺 = (𝑓1, 𝑣1)Ω + (𝑢1, 𝑣1)Γ                          (51)  
(�̂�1𝑡, 𝑣1) + 𝑎1(𝑡, �̂�1, 𝑣1) + (𝑏1(𝑡)�̂�1, 𝑣1)Ω − (𝑏5(𝑡)�̂�2, 𝑣1)Ω + (𝑏6(𝑡)�̂�3, 𝑣1)Ω +  
(𝑏7(𝑡)�̂�4, 𝑣1)Ω = (𝑓1, 𝑣1)Ω + (𝑢1, 𝑣1)Γ                (52) 

By subtracting the Eq.(51) from Eq.(52), then utilizing 𝑣1 = 𝑦1 − �̂�1 to get: 
((𝑦1 − �̂�1)𝑡, 𝑦1 − �̂�1) + 𝑎1(𝑡, 𝑦1 − �̂�1, 𝑦1 − �̂�1) + (𝑏1(𝑡)𝑦1 − �̂�1, 𝑦1 − �̂�1)Ω −  

(𝑏5(𝑡)𝑦2 − �̂�2, 𝑦1 − �̂�1)Ω + (𝑏6(𝑡)𝑦3 − �̂�3, 𝑦1 − �̂�1)Ω + (𝑏7(𝑡)𝑦4 − �̂�4, 𝑦1 − �̂�1)𝛺 = 0    (53) 

The same manner can be used to get that: 

((𝑦2 − �̂�2)𝑡, 𝑦2 − �̂�2) + 𝑎2(𝑡, 𝑦2 − �̂�2, 𝑦2 − �̂�2) + (𝑏2(𝑡)𝑦2 − �̂�2, 𝑦2 − �̂�2)Ω +  

(𝑏5(𝑡)𝑦1 − �̂�1, 𝑦2 − �̂�2)Ω − (𝑏9(𝑡)𝑦3 − �̂�3, 𝑦2 − �̂�2)Ω − (𝑏11(𝑡)𝑦4 − �̂�4, 𝑦2 − �̂�2)𝛺 = 0 (54) 
((𝑦3 − �̂�3)𝑡, 𝑦3 − �̂�3) + 𝑎3(𝑡, 𝑦3 − �̂�3, 𝑦3 − �̂�3) + (𝑏3(𝑡)𝑦3 − �̂�3, 𝑦3 − �̂�3)Ω +  

(𝑏9(𝑡)𝑦2 − �̂�2, 𝑦3 − �̂�3)Ω − (𝑏6(𝑡)𝑦1 − �̂�1, 𝑦3 − �̂�3)Ω + (𝑏15(𝑡)𝑦4 − �̂�4, 𝑦3 − �̂�3)𝛺 = 0 (55)      

  ((𝑦4 − �̂�4)𝑡, 𝑦4 − �̂�4) + 𝑎4(𝑡, 𝑦4 − �̂�4, 𝑦4 − �̂�4) + (𝑏3(𝑡)𝑦4 − �̂�4, 𝑦4 − �̂�4)Ω −  
(𝑏7(𝑡)𝑦1 − �̂�1, 𝑦4 − �̂�4)Ω + (𝑏11(𝑡)𝑦2 − �̂�2, 𝑦4 − �̂�4)Ω − (𝑏15(𝑡)𝑦3 − �̂�3, 𝑦4 − �̂�4)𝛺 = 0 (56) 

Adding Eqs.((53)-(56)) and using Lemma (2.1) and Assumption (A-ii) to obtain: 
1

2

𝑑

𝑑𝑡
‖�⃗� −  �⃗̂�‖

0

2
+ �̅�‖�⃗� −  �⃗̂�‖

1

2
≤ 0 .                                                                                       (57) 

Since the second term of L.H.S. of (57) is positive, and by integrating both sides from 0 to T, 

∫
𝑑

𝑑𝑡

𝑇

0
‖�⃗� −  �⃗̂�‖

0

2
𝑑𝑡 ≤ 0 ⇒ ‖(�⃗� −  �⃗̂�)(𝑡)‖

0

2
≤ 0  ⇒ ‖�⃗� −  �⃗̂�‖

0

2
= 0 , ∀𝑡 ∈ 𝐼 

Now, integrating both sides (57) from 0 to T, using the initial conditions and the above result, 

we get: 

∫
𝑑

𝑑𝑡

𝑇

0
‖�⃗� −  �⃗̂�‖

0

2
𝑑𝑡 + 2�̅� ∫ ‖�⃗� −  �⃗̂�‖

1

2𝑇

0
𝑑𝑡 ≤ 0  ⇒ ∫ ‖�⃗� −  �⃗̂�‖

1

2𝑇

0
𝑑𝑡 = 0  ⇒ �⃗� = �⃗̂�. 

 

4. Existence of a QCCBOCV: 

 Theorem (4.1): 

a-Consider Assumptions (A) hold, �⃗� and �⃗� + ∆�⃗� are the QSVS corresponding to the QCCBCV 

�⃗⃗� ∈ 𝑳𝟐(𝜮)and �⃗⃗� + ∆�⃗⃗� ∈ 𝑳𝟐(𝜮), respectively. Then: 
‖∆�⃗⃗⃗�‖

𝑳∞(𝑰,𝑳𝟐(𝜴))
≤ 𝒌‖∆�⃗⃗⃗�‖𝚺 ,‖∆�⃗⃗⃗�‖𝑳𝟐(𝑸) ≤ 𝒌‖∆�⃗⃗⃗�‖𝚺,‖∆�⃗⃗⃗�‖𝑳𝟐(𝑰,𝑽) ≤ 𝒌‖∆�⃗⃗⃗�‖𝚺   

b- With Assumptions (A), the LIO �⃗⃗� → �⃗��⃗⃗⃗�  from 𝑳𝟐(𝜮) into 𝑳∞ (𝑰, 𝑳𝟐(𝜴))or into𝑳𝟐(𝑸)is 

continuous. 
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Proof : Let �⃗⃗�, �⃗⃗̂� ∈ 𝑳𝟐(𝜮) and let ∆�⃗⃗� = �⃗⃗̂� − �⃗⃗� , hence by Theorem (3.1), there exists a unique 

QSVS  �⃗� &�⃗̂� of ((2.14) - (2.17)) satisfies the following equations: 
(�̂�1𝑡, 𝑣1) + 𝑎1(𝑡, �̂�1, 𝑣1) + (𝑏1(𝑡)�̂�1, 𝑣1)Ω − (𝑏5(𝑡)�̂�2, 𝑣1)Ω + (𝑏6(𝑡)�̂�3, 𝑣1)Ω + 

(𝑏7(𝑡)�̂�4, 𝑣1)𝛺 = (𝑓1, 𝑣1)Ω + (∆𝑢1 + 𝑢1, 𝑣1)Γ                  (58a) 

(�̂�1(0), 𝑣1)Ω = (�̂�1
0, 𝑣1)Ω                             (58b) 

(�̂�2𝑡, 𝑣2) + 𝑎2(𝑡, �̂�2, 𝑣2) + (𝑏2(𝑡)�̂�2, 𝑣2)Ω + (𝑏5(𝑡)�̂�1, 𝑣2)Ω − (𝑏9(𝑡)�̂�3, 𝑣2)Ω −  

(𝑏11(𝑡)�̂�4, 𝑣2)Ω = (𝑓2, 𝑣2)Ω + (∆𝑢2 + 𝑢2, 𝑣2)Г                   (59a) 

(�̂�2(0), 𝑣2)Ω = (�̂�2
0, 𝑣2)Ω                                                                 (59b)    

(�̂�3𝑡, 𝑣3) + 𝑎3(𝑡, �̂�3, 𝑣3) + (𝑏3(𝑡)�̂�3, 𝑣3)Ω + (𝑏9(𝑡)�̂�2, 𝑣3)Ω − (𝑏6(𝑡)�̂�1, 𝑣3)𝛺 +  

(𝑏15(𝑡)�̂�4, 𝑣3)Ω = (𝑓3, 𝑣3)Ω + (∆𝑢3 + 𝑢3, 𝑣3)Г                     (60a) 

(�̂�3(0), 𝑣3)Ω = (�̂�3
0, 𝑣3)Ω                                                                  (60b) 

 (�̂�4𝑡, 𝑣4) + 𝑎4(𝑡, �̂�4, 𝑣4) + (𝑏4(𝑡)�̂�4, 𝑣4)Ω − (𝑏7(𝑡)�̂�1, 𝑣4)Ω + (𝑏11(𝑡)�̂�2, 𝑣4)𝛺 −  
(𝑏15(𝑡)�̂�3, 𝑣4)Ω = (𝑓4, 𝑣4)Ω + (∆𝑢4 + 𝑢4, 𝑣4)Г                 (61a) 

(�̂�4(0), 𝑣4)Ω = (�̂�4
0, 𝑣4)Ω                                                                    (61b)  

Subtracting Eqs.((8) a & b) from Eqs.((58) a & b), Eqs.((9) a & b) from Eqs.((59) a & b), 

Eqs.((10) a & b) from Eqs.((60) a & b) and Eqs.((11) a & b) from Eqs.((61) a & b), then 

set ∆𝑦𝑟 = �̂�𝑟 − 𝑦𝑟 , ∀𝑟 = 1,2,3,4. We get: 
(∆𝑦1𝑡, 𝑣1) + 𝑎1(𝑡, ∆𝑦1, 𝑣1) + (𝑏1(𝑡)∆𝑦1, 𝑣1)Ω − (𝑏5(𝑡)∆𝑦2, 𝑣1)Ω + (𝑏6(𝑡)∆𝑦3, 𝑣1)𝛺 +           

(𝑏7(𝑡)∆𝑦4, 𝑣1)Ω = (∆𝑢1, 𝑣1)Γ                                            (62a) 

(∆𝑦1(0), 𝑣1)Ω = 0                                        (62b) 

(∆𝑦2𝑡, 𝑣2) + 𝑎2(𝑡, ∆𝑦2, 𝑣2) + (𝑏2(𝑡)∆𝑦2, 𝑣2)Ω + (𝑏5(𝑡)∆𝑦1, 𝑣2)Ω − (𝑏9(𝑡)∆𝑦3, 𝑣2)𝛺 −  
(𝑏11(𝑡)∆𝑦4, 𝑣2)Ω = (∆𝑢2, 𝑣2)Г                                     (63a) 

(∆𝑦2(0), 𝑣2)Ω = 0                                                                              (63b)    

(∆𝑦3𝑡, 𝑣3) + 𝑎3(𝑡, ∆𝑦3, 𝑣3) + (𝑏3(𝑡)∆𝑦3, 𝑣3)Ω + (𝑏9(𝑡)∆𝑦2, 𝑣3)Ω − (𝑏6(𝑡)∆𝑦1, 𝑣3)𝛺 +  

(𝑏15(𝑡)∆𝑦4, 𝑣3)Ω = (∆𝑢3, 𝑣3)Г                                      (64a) 

(∆𝑦3(0), 𝑣3)Ω = 0                                                                                  (64b) 

 (∆𝑦4𝑡, 𝑣4) + 𝑎4(𝑡, ∆𝑦4, 𝑣4) + (𝑏4(𝑡)∆𝑦4, 𝑣4)Ω − (𝑏7(𝑡)∆𝑦1, 𝑣4)Ω + (𝑏11(𝑡)∆𝑦2, 𝑣4)𝛺 −  
(𝑏15(𝑡)∆𝑦3, 𝑣4)Ω = (∆𝑢4, 𝑣4)Г                                         (65a) 

(∆𝑦4(0), 𝑣4)Ω = 0                                                                                    (65b) 

By utilizing 𝑣𝑟 = ∆𝑦𝑟, ∀𝑟 = 1,2,3,4,Into Eqs. ((62a) - (65a)) respectively, then adding the 

obtained four equations together,  then using Lemma (2.1) for the first term in L.H.S. Finally, 

using Assumption (A-ii) to get: 
1

2

𝑑

𝑑𝑡
‖𝛥�⃗�‖0

2 + �̅�‖∆�⃗�‖1
2 ≤ (∆𝑢1, ∆𝑦1)Г + (∆𝑢2, ∆𝑦2)Г + (∆𝑢3, ∆𝑦3)Г + (∆𝑢4, ∆𝑦4)Г      (66)             

Since the second term in the L.H.S. of (66) is positive, then integrating both sides for t from 0 

to t, we obtain: 

∫
ⅆ

ⅆt
‖𝛥�⃗�‖0

2 ⅆt
𝑡

0
≤ ∫ ‖∆𝑢1‖Г

2𝑡

0
𝑑𝑡 + ∫ ‖∆𝑦1‖Г

2 𝑑𝑡
𝑡

0
+ ∫ ‖∆𝑢2‖Г

2𝑡

0
𝑑𝑡 + ∫ ‖∆𝑦2‖Г

2 𝑑𝑡 +
𝑡

0
 

∫ ‖∆𝑢3‖Г
2𝑡

0
𝑑𝑡 + ∫ ‖∆𝑦3‖Г

2 𝑑𝑡
𝑡

0
+ ∫ ‖∆𝑢4‖Г

2𝑡

0
𝑑𝑡 + ∫ ‖∆𝑦4‖Г

2 𝑑𝑡
𝑡

0
. 

Now, by using the trace theorem to get: 

‖𝛥�⃗�‖0
2 ≤ ‖∆�⃗⃗�‖𝛴

2 + 𝑠 ∫ ‖∆�⃗�‖0
2 𝑑𝑡

𝑡

0
. 

Applying the Gromwell- Bellman inequality gives 

‖𝛥�⃗�‖0
2 ≤ 𝐾2‖∆�⃗⃗�‖𝛴

2  , 𝐾 > 0 for each 𝑡 ∈ [0, 𝑇] ⟹ ‖∆�⃗�‖
𝐿∞(𝐼,𝐿2(𝛺))

≤ 𝐾‖∆�⃗⃗�‖𝛴  

And ‖𝛥�⃗�‖
L2(Q)
2 = ∫ ‖∆�⃗�‖

L2(Ω)
2 𝑑𝑡

𝑡

0
≤ T𝐾2‖∆�⃗⃗�‖𝛴Then:  

‖∆�⃗�‖𝐿2(𝑄)   ≤ 𝐾‖∆�⃗⃗�‖𝛴 , where 𝑇𝐾2 = 𝐾2 

Using the same way which is used in the above steps for R.H.S. of Eq.(66), then integrating 

both sides for t from 0 to T to get: 

∫
𝑑

𝑑𝑡
‖𝛥�⃗�‖0

2 𝑑𝑡
𝑇

0
+ 2�̅� ∫ ‖∆�⃗�‖1

2𝑇

0
𝑑𝑡 ≤ ‖∆�⃗⃗�‖𝛴

2 + 𝑠 ∫ ‖∆�⃗�‖0
2 𝑑𝑡

𝑡

0
 ⟹ 
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2�̅� ∫ ‖∆�⃗�‖1
2𝑇

0
𝑑𝑡 ≤ (1 + 𝑠𝐾2)‖∆�⃗⃗�‖𝛴

2 = 𝐾2‖∆�⃗⃗�‖𝛴
2  ⟹ 

 ‖∆�⃗�‖
𝐿2(𝐼,𝑉)
2 ≤ 𝐾2‖∆�⃗⃗�‖𝛴

2  , where 𝐾2 = (1 + 𝑠𝐾2)/2�̅� 

‖∆�⃗�‖𝐿2(𝐼,𝑉)   ≤ 𝐾‖∆�⃗⃗�‖𝛴 . 

b- Let ∆�⃗⃗� = �⃗⃗̂� − �⃗⃗� and ∆�⃗� = �⃗̂� − �⃗� where �⃗̂�and �⃗� are the corresponding the quaternary state 

vector solution to the QCCBCV 𝑢 ̂⃗⃗⃗⃗ and �⃗⃗�, then using part (a) of this theorem to get: 

‖�⃗̂� −  �⃗�‖
𝐿∞(𝐼,𝐿2(𝛺))

≤ 𝐾‖�⃗⃗̂� −  �⃗⃗�‖
𝛴
 . 

This means the LIO �⃗⃗� → �⃗� is continuous from 𝑳𝟐(𝜮)into 𝑳∞ (𝑰, 𝑳𝟐(𝜴)) , then the other results 

are easily obtained. 

 

Lemma (4.1)[15]: 

 The norm ‖. ‖0 is weakly lower semi continuous.  

 

Lemma (4.2):  

The objective function in Eq(10) is a weakly lower semi continuous.  

 

Proof: From Lemma (4.1), the norm ‖�⃗⃗�‖𝐿2(𝑄) is a weakly lower semi continuous on the other 

hand when �⃗⃗�𝑟

𝑊
→ �⃗⃗� in 𝐿2(𝑄), then (by theorem(3.1)) �⃗�𝑟

𝑊
→ �⃗� = �⃗��⃗⃗⃗� in 𝐿2(𝑄), which gives 

‖�⃗� − �⃗�𝑑‖𝐿2(𝑄) is a weakly lower semi continuous  by Lemma (4.1), hence 𝐺0(�⃗⃗�) is weakly 

lower semi continuous.  

. 

Theorem (4.2):  

In addition to assumptions (A), if the objective function of Eq. (7) is coercive, then there exists 

a CCBOQCV. 

 

Proof: Since 𝐺0(�⃗⃗�) is nonnegative and coercive. Then there exists a minimizing 

sequence �⃗⃗�𝑘} = {(𝑢1𝑘, 𝑢2𝑘 , 𝑢3𝑘 , 𝑢4𝑘)} ∈ �⃗⃗⃗⃗�𝐴 ,∀𝑘 s.t.: lim
𝑛→∞

 𝐺0(�⃗⃗�𝑘) = 𝑖𝑛𝑓�⃗⃗⃗�∈�⃗⃗⃗⃗�𝐴
𝐺0(�⃗⃗̅�), i.e.  

 ‖�⃗⃗�𝑘‖Σ ≤ 𝑐 , ∀𝑘. Then by the theorem of Alauglu, there exists a subsequence of {�⃗⃗�𝑘} say again 

{�⃗⃗�𝑘} s.t. �⃗⃗�𝑘

𝑤
→ �⃗⃗� in 𝐿2(Σ). Then by Theorem (3.1), there exists a sequence of quaternary state 

vector solution  {�⃗�𝑘}, corresponding to the sequence of the CCBQCV {�⃗⃗�𝑘} and that 
‖�⃗�𝑘‖𝐿∞(𝐼,𝐿2(Ω)), ‖�⃗�𝑘‖𝐿2(𝑄) and‖�⃗�𝑘‖𝐿2(𝐼,𝑉) are bounded. Then by Alauglu’s theorem, there exists 

a subsequence of {�⃗�𝑘}, say again {�⃗�𝑘} s.t. �⃗�𝑘

𝑤
→ �⃗� in 𝐿∞(𝐼, 𝐿2(Ω)), 𝐿2(𝑄), and 𝐿2(𝐼, 𝑉) . 

To show the norm ‖�⃗�𝑘𝑡‖𝐿2(𝐼,𝑉∗) is bounded, the weak form of the state quaternary equations can 

be written as: 
(𝑦1𝑘𝑡, 𝑣1) = −𝑎1(𝑡, 𝑦1𝑘, 𝑣1) − (𝑏1(𝑡)𝑦1𝑘, 𝑣1)Ω + (𝑏5(𝑡)𝑦2𝑘, 𝑣1)Ω − (𝑏6(𝑡)𝑦3𝑘, 𝑣1)Ω −           
(𝑏7(𝑡)𝑦4𝑘, 𝑣1)Ω + (𝑓1, 𝑣1)Ω + (𝑢1, 𝑣1)Γ             (67) 

 (𝑦2𝑘𝑡, 𝑣2) = −𝑎2(𝑡, 𝑦2𝑘 , 𝑣2) − (𝑏2(𝑡)𝑦2𝑘, 𝑣2)Ω − (𝑏5(𝑡)𝑦1𝑘, 𝑣2)Ω + (𝑏9(𝑡)𝑦3𝑘, 𝑣2)𝛺 +  

(𝑏11(𝑡)𝑦4𝑘, 𝑣2)Ω + (𝑓2, 𝑣2)Ω + (𝑢2, 𝑣2)Г                       (68) 

 (𝑦3𝑘𝑡, 𝑣3) = −𝑎3(𝑡, 𝑦3𝑘 , 𝑣3) − (𝑏3(𝑡)𝑦3𝑘, 𝑣3)Ω − (𝑏9(𝑡)𝑦2𝑘, 𝑣3)Ω + (𝑏6(𝑡)𝑦1𝑘, 𝑣3)𝛺 −  
(𝑏15(𝑡)𝑦4𝑘, 𝑣3)Ω + (𝑓3, 𝑣3)Ω + (𝑢3, 𝑣3)Г                                   (69) 

(𝑦4𝑘𝑡, 𝑣4) = −𝑎4(𝑡, 𝑦4𝑘, 𝑣4) − (𝑏4(𝑡)𝑦4𝑘, 𝑣4)Ω + (𝑏7(𝑡)𝑦1𝑘, 𝑣4)Ω − (𝑏11(𝑡)𝑦2𝑘, 𝑣4)𝛺 +  
(𝑏15(𝑡)𝑦3𝑘, 𝑣4)Ω + (𝑓4, 𝑣4)Ω + (𝑢4, 𝑣4)Г                      (70) 

By adding Eqs.((67)-(70) and then integrating both sides with respect to t from 0 to T. Finally, 

taking the absolute value for both sides, then using  the Cauchy-Schwarz inequality for the 

terms which contains the QCCBCV and the function 𝑓𝑟 ∀𝑟 = 1,2,3,4, after using Assumptions 

(A-I and ii) to get: 
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|∫ (�⃗�𝑘𝑡, �⃗�)𝑑𝑡
𝑇

0
| ≤ ∫ ∑ (𝛼𝑟

4
𝑟=1 ‖𝑦𝑟𝑘‖1‖𝑣𝑟‖1 + 𝛽𝑟‖𝑦𝑟𝑘‖𝑄‖𝑣𝑟‖𝑄

𝑇

0
)𝑑𝑡 + 𝜖2 ∫ ‖𝑦2𝑘‖𝑄‖𝑣1‖𝑄𝑑𝑡

𝑇

0
+    

𝜖3 ∫ ‖𝑦3𝑘‖𝑄‖𝑣1‖𝑄𝑑𝑡
𝑇

0
+ 𝜖4 ∫ ‖𝑦4𝑘‖𝑄‖𝑣1‖𝑄𝑑𝑡

𝑇

0
+ 𝜖1̅ ∫ ‖𝑦1𝑘‖𝑄‖𝑣2‖𝑄𝑑𝑡

𝑇

0
+  

𝜖3̅ ∫ ‖𝑦3𝑘‖𝑄‖𝑣2‖𝑄𝑑𝑡
𝑇

0
+ 𝜖4̅ ∫ ‖𝑦4𝑘‖𝑄‖𝑣2‖𝑄𝑑𝑡

𝑇

0
+ 𝜖1̂ ∫ ‖𝑦1𝑘‖𝑄‖𝑣3‖𝑄𝑑𝑡

𝑇

0
+   

 𝜖2̂ ∫ ‖𝑦2𝑘‖𝑄‖𝑣3‖𝑄𝑑𝑡
𝑇

0
+ 𝜖4̂ ∫ ‖𝑦4𝑘‖𝑄‖𝑣3‖𝑄𝑑𝑡 + 𝜖1̃ ∫ ‖𝑦1𝑘‖𝑄‖𝑣4‖𝑄𝑑𝑡

𝑇

0
+

𝑇

0
   

 𝜖2̃ ∫ ‖𝑦2𝑘‖𝑄‖𝑣4‖𝑄𝑑𝑡
𝑇

0
+ 𝜖3̃ ∫ ‖𝑦3𝑘‖𝑄‖𝑣4‖𝑄𝑑𝑡

𝑇

0
  ∫ ∑ (‖𝜂𝑟‖𝑄

4
𝑟=1 ‖𝑣𝑟‖𝑄 + ‖𝑢𝑟‖Σ‖𝑣𝑟‖Σ)𝑑𝑡

𝑇

0
  

where  �̂� = ∑ 𝛼𝑟
4
𝑟=1 , �̂� = ∑ 𝛼𝑟

4
𝑟=1  

since  ‖𝑦𝑟𝑘‖𝑄 ≤ ‖�⃗�𝑘‖𝑄 ≤ ‖�⃗�𝑘‖1, ‖𝑣𝑟‖𝑄 ≤ ‖�⃗�‖𝑄 ≤ ‖�⃗�‖1, ‖𝑢𝑟𝑘‖Σ ≤ ‖�⃗⃗�𝑘‖Σ, 

‖�⃗�‖Σ ≤ 𝑐‖�⃗�‖1 and ‖𝜂𝑟‖𝑄 ≤ ‖�⃗�‖𝑄, ∀𝑟 = 1,2,3,4, 

But ‖�⃗⃗�𝑘‖Σ ≤ ℎ, ‖�⃗�𝑘‖1 ≤ 𝑠6 and‖�⃗�‖𝑄 ≤ 𝑙.then: 

|∫ (�⃗�𝑘𝑡, �⃗�)𝑑𝑡
𝑇

0
| ≤ (𝑠7)‖�⃗�‖𝐿2(𝐼,𝑉)  

Where 𝑠7 = (�̂� + �̂� + 𝜖2 + 𝜖3 + 𝜖4 + 𝜖1̅ + 𝜖3̅ + 𝜖4̅ + 𝜖1̂ + 𝜖2̂ + 𝜖4̂ + 𝜖1̃ 

+𝜖2̃ + 𝜖3̃)𝑠6 + 4𝑙 + 4𝑐ℎ . 

‖�⃗�𝑘𝑡‖𝐿2(𝐼,𝑉∗) =
|∫ (�⃗⃗�𝑘𝑡,�⃗⃗�)𝑑𝑡

𝑇
0 |

‖�⃗⃗�‖
𝐿2(𝐼,𝑉)

≤ 𝑠7,  ∀�⃗�𝑘𝑡 ∈ 𝑉∗ 

 Since �⃗�𝑘 is an approximation solution of the weak form of the state quaternary equations, then: 

(𝑦1𝑘𝑡, 𝑣1) + 𝑎1(𝑡, 𝑦1𝑘, 𝑣1) + (𝑏1(𝑡)𝑦1𝑘, 𝑣1)Ω − (𝑏5(𝑡)𝑦2𝑘, 𝑣1)Ω + (𝑏6(𝑡)𝑦3𝑘, 𝑣1)𝛺 +           

(𝑏7(𝑡)𝑦4𝑘, 𝑣1)Ω = (𝑓1, 𝑣1)Ω + (𝑢1𝑘, 𝑣1)Γ                     (71) 

 (𝑦2𝑘𝑡, 𝑣2) + 𝑎2(𝑡, 𝑦2𝑘, 𝑣2) + (𝑏2(𝑡)𝑦2𝑘, 𝑣2)Ω + (𝑏5(𝑡)𝑦1𝑘, 𝑣2)Ω − (𝑏9(𝑡)𝑦3𝑘 , 𝑣2)𝛺 −  

(𝑏11(𝑡)𝑦4𝑘, 𝑣2)Ω = (𝑓2, 𝑣2)Ω + (𝑢2𝑘, 𝑣2)Г                  (72) 

 (𝑦3𝑘𝑡, 𝑣3) + 𝑎3(𝑡, 𝑦3𝑘, 𝑣3) + (𝑏3(𝑡)𝑦3𝑘, 𝑣3)Ω + (𝑏9(𝑡)𝑦2𝑘, 𝑣3)Ω − (𝑏6(𝑡)𝑦1𝑘 , 𝑣3)𝛺 +  

(𝑏15(𝑡)𝑦4𝑘, 𝑣3)Ω = (𝑓3, 𝑣3)Ω + (𝑢3𝑘, 𝑣3)Г                  (73) 

(𝑦4𝑘𝑡, 𝑣4) + 𝑎4(𝑡, 𝑦4𝑘, 𝑣4) + (𝑏4(𝑡)𝑦4𝑘, 𝑣4)Ω − (𝑏7(𝑡)𝑦1𝑘, 𝑣4)Ω + (𝑏11(𝑡)𝑦2𝑘 , 𝑣4)𝛺 −  
(𝑏15(𝑡)𝑦3𝑘, 𝑣4)Ω = (𝑓4, 𝑣4)Ω + (𝑢4𝑘, 𝑣4)Г                  (74) 

Let 𝜑𝑟 ∈ 𝐶1[0, 𝑇], s.t. 𝜑𝑟(𝑇) = 0, ∀𝑟 = 1,2,3,4. Now, rewriting the first terms in the L.H.S. of 

((71) - (74)), multiplying both sides by 𝜑1(𝑡), 𝜑2(𝑇), 𝜑3(𝑇) and 𝜑4(𝑇) respectively, then 

multiplying both sides of each obtained equation with respect to t from 0 to T. Finally, 

integrating by parts for the first terms in L.H.S. to get: 

− ∫ (𝑦1𝑘, 𝑣1)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1𝑘, 𝑣1) + (𝑏1(𝑡)𝑦1𝑘, 𝑣1)Ω − (𝑏5(𝑡)𝑦2𝑘, 𝑣1)𝛺 + 

(𝑏6(𝑡)𝑦3𝑘, 𝑣1)Ω + (𝑏7(𝑡)𝑦4𝑘, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1𝑘 , 𝑣1)Γ𝜑1(𝑡)𝑑𝑡 +

𝑇

0
    

(𝑦1𝑘(0), 𝑣1)Ω𝜑1(0)           (75)  

− ∫ (𝑦2𝑘, 𝑣2) 𝜑2
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2𝑘, 𝑣2) + (𝑏2(𝑡)𝑦2𝑘, 𝑣2)Ω + (𝑏5(𝑡)𝑦1𝑘, 𝑣2)𝛺 −   

(𝑏9(𝑡)𝑦3𝑘, 𝑣2)Ω − (𝑏11(𝑡)𝑦4𝑘, 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ 

∫ (𝑢2𝑘, 𝑣2)Г𝜑2(𝑡)𝑑𝑡 + (𝑦2𝑘(0), 𝑣2)Ω
𝑇

0
𝜑2(0)          (76) 

− ∫ (𝑦3𝑘, 𝑣3)𝜑3
′ (𝑡)

𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3𝑘, 𝑣3) + (𝑏3(𝑡)𝑦3𝑘, 𝑣3)Ω + (𝑏9(𝑡)𝑦2𝑘, 𝑣3)𝛺 −     

(𝑏6(𝑡)𝑦1𝑘, 𝑣3)Ω + (𝑏15(𝑡)𝑦4𝑘, 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3)𝛺𝜑3(𝑡)𝑑𝑡
𝑇

0
+              

∫ (𝑢3𝑘, 𝑣3)Г𝜑3(𝑡)𝑑𝑡 + (𝑦3𝑘(0), 𝑣3)Ω𝜑3(0)
𝑇

0
         (77) 

− ∫ (𝑦4𝑘, 𝑣4)𝜑4
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4𝑘, 𝑣4) + (𝑏4(𝑡)𝑦4𝑘, 𝑣4)Ω − (𝑏7(𝑡)𝑦1𝑘, 𝑣4)𝛺 +            

(𝑏11(𝑡)𝑦2𝑘, 𝑣4)Ω − (𝑏15(𝑡)𝑦3𝑘, 𝑣4)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4)𝛺𝜑4(𝑡)𝑑𝑡
𝑇

0
+  

∫ (𝑢4𝑘, 𝑣4)Г𝜑4(𝑡)𝑑𝑡 + (𝑦4𝑘(0), 𝑣4)Ω𝜑4(0)
𝑇

0
                   (78) 

Since �⃗�𝑘

𝑤
→ �⃗� in 𝐿2(𝑄)and 𝐿2(𝐼, 𝑉), �⃗�𝑘(0)

𝑆
→ �⃗�(0) in 𝐿2(Ω) and �⃗⃗�𝑘

𝑤
→ �⃗⃗� in 𝐿2(𝛴). Then using 

the similar steps to those which are used in the proof of Theorem (3.1) in Eqs.((30) - (33)) to 

get:  
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− ∫ (𝑦1, 𝑣1)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)𝛺 + 

(𝑏6(𝑡)𝑦3, 𝑣1)Ω + (𝑏7(𝑡)𝑦4, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)𝛺𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ𝜑1(𝑡)𝑑𝑡 +

𝑇

0
  

(𝑦1(0), 𝑣1)Ω𝜑1(0)            (79)  

− ∫ (𝑦2, 𝑣2) 𝜑2
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2, 𝑣2) + (𝑏2(𝑡)𝑦2, 𝑣2)Ω + (𝑏5(𝑡)𝑦1, 𝑣2)𝛺 −   

(𝑏9(𝑡)𝑦3, 𝑣2)Ω − (𝑏11(𝑡)𝑦4, 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2)𝛺𝜑2(𝑡)𝑑𝑡
𝑇

0
+     

∫ (𝑢2, 𝑣2)Г𝜑2(𝑡)𝑑𝑡 + (𝑦2(0), 𝑣2)Ω
𝑇

0
𝜑2(0)            (80)  

− ∫ (𝑦3, 𝑣3)𝜑3
′ (𝑡)

𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3, 𝑣3) + (𝑏3(𝑡)𝑦3, 𝑣3)Ω + (𝑏9(𝑡)𝑦2, 𝑣3)𝛺 −     

(𝑏6(𝑡)𝑦1, 𝑣3)Ω + (𝑏15(𝑡)𝑦4, 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3)𝛺𝜑3(𝑡)𝑑𝑡
𝑇

0
+              

∫ (𝑢3, 𝑣3)Г𝜑3(𝑡)𝑑𝑡 + (𝑦3(0), 𝑣3)Ω𝜑3(0)
𝑇

0
             (81) 

− ∫ (𝑦4, 𝑣4)𝜑4
′ (𝑡)𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4, 𝑣4) + (𝑏4(𝑡)𝑦4, 𝑣4)Ω − (𝑏7(𝑡)𝑦1, 𝑣4)𝛺 +            

(𝑏11(𝑡)𝑦2, 𝑣4)Ω − (𝑏15(𝑡)𝑦3, 𝑣4)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4)𝛺𝜑4(𝑡)𝑑𝑡
𝑇

0
+  

∫ (𝑢4, 𝑣4)Г𝜑4(𝑡)𝑑𝑡 + (𝑦4(0), 𝑣4)Ω𝜑4(0)
𝑇

0
                (82) 

Now, one has the following two cases: 

Case1: Choose 𝜑𝑟 ∈ 𝐷[0, 𝑇], i.e. 𝜑𝑟(𝑇) = 𝜑𝑟(0) = 0 ,∀𝑟 = 1,2,3,4, 

Now, by using integrating by parts for the first terms in the L.H.S. of Eqs.((79) – (82)), to get: 

∫ (𝑦1𝑡, 𝑣1) 𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω + 

(𝑏6(𝑡)𝑦3, 𝑣1)Ω + (𝑏7(𝑡)𝑦4, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ𝜑1(𝑡)𝑑𝑡

𝑇

0
 (83)           

∫ (𝑦2𝑡, 𝑣2) 𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ [

𝑇

0
𝑎2(𝑡, 𝑦2, 𝑣2) + (𝑏2(𝑡)𝑦2, 𝑣2)Ω + (𝑏5(𝑡)𝑦1, 𝑣2)Ω −  

(𝑏9(𝑡)𝑦3, 𝑣2)Ω − (𝑏11(𝑡)𝑦4, 𝑣2)Ω]𝜑2(𝑡)𝑑𝑡 = ∫ (𝑓2, 𝑣2)Ω𝜑2(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢2, 𝑣2)Г𝜑2(𝑡)𝑑𝑡

𝑇

0
(84) 

∫ (𝑦3𝑡, 𝑣3)𝜑3(𝑡)
𝑇

0
𝑑𝑡 + ∫ [

𝑇

0
𝑎3(𝑡, 𝑦3, 𝑣3) + (𝑏3(𝑡)𝑦3, 𝑣3)Ω + (𝑏9(𝑡)𝑦2, 𝑣3)Ω − 

(𝑏6(𝑡)𝑦1, 𝑣3)Ω + (𝑏15(𝑡)𝑦4, 𝑣3)Ω]𝜑3(𝑡)𝑑𝑡 = ∫ (𝑓3, 𝑣3)Ω𝜑3(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢3, 𝑣3)Г𝜑3(𝑡)𝑑𝑡

𝑇

0
(85) 

∫ (𝑦4𝑡, 𝑣4)𝜑4(𝑡)𝑑𝑡
𝑇

0
+ ∫ [

𝑇

0
𝑎4(𝑡, 𝑦4, 𝑣4) + (𝑏4(𝑡)𝑦4, 𝑣4)Ω − (𝑏7(𝑡)𝑦1, 𝑣4)Ω + 

(𝑏11(𝑡)𝑦2, 𝑣4)Ω − (𝑏15(𝑡)𝑦3, 𝑣4)Ω]𝜑4(𝑡)𝑑𝑡 = ∫ (𝑓4, 𝑣4)Ω𝜑4(𝑡)𝑑𝑡
𝑇

0
+

∫ (𝑢4, 𝑣4)Г𝜑4(𝑡)𝑑𝑡
𝑇

0
. (86) 

This means 𝑦𝑟 = 𝑦𝑢𝑟∀𝑟 = 1,2,3,4,. That satisfies the weak form of the state quaternary 

equations. 

 

Case 2:Choose 𝜑𝑟 ∈  𝐶1[0, 𝑇], i.e. 𝜑𝑟(𝑇) = 0 & 𝜑𝑟(0) ≠ 0,∀𝑟 = 1,2,3,4, using integrating by 

parts of the first term in the L.H.S. of Eq.(83) to obtain: 

− ∫ (𝑦1, 𝑣1)𝜑1
′ (𝑡) 𝑑𝑡

𝑇

0
+ ∫ [

𝑇

0
𝑎1(𝑡, 𝑦1, 𝑣1) + (𝑏1(𝑡)𝑦1, 𝑣1)Ω − (𝑏5(𝑡)𝑦2, 𝑣1)Ω + 

(𝑏6(𝑡)𝑦3, 𝑣1)Ω + (𝑏7(𝑡)𝑦4, 𝑣1)Ω]𝜑1(𝑡)𝑑𝑡 = ∫ (𝑓1, 𝑣1)Ω𝜑1(𝑡)𝑑𝑡
𝑇

0
+ ∫ (𝑢1, 𝑣1)Γ𝜑1(𝑡)𝑑𝑡 +

𝑇

0
             

(𝑦1
0, 𝑣1)Ω𝜑1(0)                       (87)  

By subtracting Eq.(87) from Eq.(79) to get: 

(𝑦1
0, 𝑣1)Ω𝜑1(0) = (𝑦1(0), 𝑣1)Ω𝜑1(0), ∀𝜑1 ∈ [0, 𝑇] ⟹ 𝑦1

0 = 𝑦1(0) = 𝑦1
0(𝑥). 

That means the first initial condition holds. The same manner can be utilized to get that: 

𝑦𝑟
0 = 𝑦𝑟(0) = 𝑦𝑟

0(𝑥), ∀𝑟 = 1,2,3,4. 

Then𝑦𝑟 = 𝑦𝑢𝑟 , ∀𝑟 = 1,2,3,4,  are  the quaternary state vector solution of the weak form of the 

state quaternary equations. 

From Lemma 4.2,   

𝐺0(�⃗⃗�) ≤ lim
𝑛→∞

𝑖𝑛𝑓�⃗⃗⃗�𝑘∈�⃗⃗⃗⃗�𝐴
𝐺0(�⃗⃗�𝑘)  

and since �⃗⃗�𝑘

𝑤
→ �⃗⃗̅� in  𝑳𝟐(𝜮), then: 
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𝐺0(�⃗⃗�) ≤ lim
𝑛→∞

𝑖𝑛𝑓�⃗⃗⃗�𝑘∈�⃗⃗⃗⃗�𝐴
𝐺0(�⃗⃗�𝑘) = lim

𝑛→∞
 𝐺0(�⃗⃗�𝑘) = 𝑖𝑛𝑓�⃗⃗⃗�∈�⃗⃗⃗⃗�𝐴

𝐺0(�⃗⃗̅�)   

⟹ 𝐺0(�⃗⃗�) = 𝑚𝑖𝑛�⃗⃗⃗�∈�⃗⃗⃗⃗�𝐴
𝐺0(�⃗⃗̅�).  

Therefore,  is a QCCBOCV. 

 

5. The optimality theorem: 

       In this part, we find the mathematical formulation for the QABVP and the derivation of 

Frѐchet, then we study the necessary conditions for CCBOQCVP. 

 

 Theorem (5.1): Consider the objective function 𝐺0(�⃗⃗�), and the following adjoint 

(𝑧1, 𝑧2, 𝑧3, 𝑧4) = (𝑧1𝑢1
, 𝑧2𝑢2

, 𝑧3𝑢3
, 𝑧4𝑢4

) QABVP, of the QABVP ((1) - (6)) are given in Q by: 

−𝑧1𝑡 − ∑
𝜕

𝜕𝑥𝑖

𝑛
𝑖,𝑗=1 (𝑎𝑖𝑗

𝜕𝑧1

𝜕𝑥𝑗
) + 𝑏1𝑧1 − 𝑏5𝑧2 + 𝑏6𝑧3 + 𝑏7𝑧4 = (𝑦1 − 𝑦1𝑑),    (88) 

−𝑧2𝑡 − ∑
𝜕

𝜕𝑥𝑖

𝑛
𝑖,𝑗=1 (𝑏𝑖𝑗

𝜕𝑧2

𝜕𝑥𝑗
) + 𝑏2𝑧2 + 𝑏5𝑧1 − 𝑏9𝑧3 − 𝑏11𝑧4 = (𝑦2 − 𝑦2𝑑),   (89) 

−𝑧3𝑡 − ∑
𝜕

𝜕𝑥𝑖

𝑛
𝑖,𝑗=1 (𝑐𝑖𝑗

𝜕𝑧3

𝜕𝑥𝑗
) + 𝑏3𝑧3 + 𝑏9𝑧2 − 𝑏6𝑧1 + 𝑏15𝑧4 = (𝑦3 − 𝑦3𝑑),    (90) 

−𝑧4𝑡 − ∑
𝜕

𝜕𝑥𝑖

𝑛
𝑖,𝑗=1 (𝑑𝑖𝑗

𝜕𝑧1

𝜕𝑥𝑗
) + 𝑏4𝑧4 − 𝑏7𝑧1 + 𝑏11𝑧2 − 𝑏15𝑧3 = (𝑦4 − 𝑦4𝑑),  (91) 

with the following boundary conditions and initial conditions: 
𝜕𝑧𝑟

𝜕𝑛𝑟
= 0, 𝑟 = 1,2,3,4,  on Σ   .                      (92) 

𝑧𝑟(𝑥, 0) = 0,   𝑟 = 1,2,3,4 ,  on Ω  .                                                                            (93)    

Then the Frѐchet derivative of 𝐺0is  (𝐺0
′ (�⃗⃗�), ∆𝑢⃗⃗⃗⃗⃗⃗ ) = (𝑧 + 𝛽�⃗⃗�, ∆𝑢⃗⃗⃗⃗⃗⃗ )                    

 

Proof: As in the state quaternary equations, the weak form of the QABVP for each  𝑣𝑟 ∈ 𝑉, 

,∀𝑟 = 1,2,3,4, is: 

−(𝑧1𝑡, 𝑣1) + 𝑎1(𝑡, 𝑧1, 𝑣1) + (𝑏1(𝑡)𝑧1, 𝑣1)Ω − (𝑏5(𝑡)𝑧2, 𝑣1)Ω + (𝑏6(𝑡)𝑧3, 𝑣1)𝛺 + 

(𝑏7(𝑡)𝑧4, 𝑣1)Ω = (𝑦1 − 𝑦1𝑑, 𝑣1)Ω                (94) 

−(𝑧2𝑡, 𝑣2) + 𝑎2(𝑡, 𝑧2, 𝑣2) + (𝑏2(𝑡)𝑧2, 𝑣2)Ω + (𝑏5(𝑡)𝑧1, 𝑣2)Ω − (𝑏9(𝑡)𝑧3, 𝑣2)𝛺 − 

(𝑏11(𝑡)𝑧4, 𝑣2)Ω = (𝑦2 − 𝑦2𝑑 , 𝑣2)Ω              (95) 

− (𝑧3𝑡, 𝑣3) + 𝑎3(𝑡, 𝑧3, 𝑣3) + (𝑏3(𝑡)𝑧3, 𝑣3)Ω + (𝑏9(𝑡)𝑧2, 𝑣3)Ω − (𝑏6(𝑡)𝑧1, 𝑣3)𝛺 +  

(𝑏15(𝑡)𝑧4, 𝑣3)Ω = (𝑦3 − 𝑦3𝑑 , 𝑣3)Ω                                   (96) 

−(𝑧4𝑡, 𝑣4) + 𝑎4(𝑡, 𝑧4, 𝑣4) + (𝑏4(𝑡)𝑧4, 𝑣4)Ω − (𝑏7(𝑡)𝑧1, 𝑣4)Ω + (𝑏11(𝑡)𝑧2, 𝑣4)𝛺 −  
(𝑏15(𝑡)𝑧3, 𝑣4)Ω = (𝑦4 − 𝑦4𝑑, 𝑣4)Ω                              (97) 

Now, utilizing 𝑣𝑟 = 𝑧𝑟 , ∀𝑟 = 1,2,3,4, in ((62a) - (65a)) respe, to get: 

(∆𝑦1𝑡, 𝑧1) + 𝑎1(𝑡, ∆𝑦1, 𝑧1) + (𝑏1(𝑡)∆𝑦1, 𝑧1)Ω − (𝑏5(𝑡)∆𝑦2, 𝑧1)Ω + (𝑏6(𝑡)∆𝑦3, 𝑧1)𝛺 +           

(𝑏7(𝑡)∆𝑦4, 𝑧1)Ω = (∆𝑢1, 𝑧1)Γ                                      (98) 

 (∆𝑦2𝑡, 𝑧2) + 𝑎2(𝑡, ∆𝑦2, 𝑧2) + (𝑏2(𝑡)∆𝑦2, 𝑧2)Ω + (𝑏5(𝑡)∆𝑦1, 𝑧2)Ω − (𝑏9(𝑡)∆𝑦3, 𝑧2)𝛺 −  
(𝑏11(𝑡)∆𝑦4, 𝑧2)Ω = (∆𝑢2, 𝑧2)Г                                 (99) 

(∆𝑦3𝑡, 𝑧3) + 𝑎3(𝑡, ∆𝑦3, 𝑧3) + (𝑏3(𝑡)∆𝑦3, 𝑧3)Ω + (𝑏9(𝑡)∆𝑦2, 𝑧3)Ω − (𝑏6(𝑡)∆𝑦1, 𝑧3)𝛺 +  

(𝑏15(𝑡)∆𝑦4, 𝑧3)Ω = (∆𝑢3, 𝑧3)Г                                  (100) 

(∆𝑦4𝑡, 𝑧4) + 𝑎4(𝑡, ∆𝑦4, 𝑧4) + (𝑏4(𝑡)∆𝑦4, 𝑧4)Ω − (𝑏7(𝑡)∆𝑦1, 𝑧4)Ω + (𝑏11(𝑡)∆𝑦2, 𝑧4)𝛺 −  
(𝑏15(𝑡)∆𝑦3, 𝑧4)Ω = (∆𝑢4, 𝑧4)Г                                  (101) 

Also, utilizing 𝑣𝑟 = ∆𝑦𝑟 , ∀𝑟 = 1,2,3,4. In Eqs.((94) - (97)) respectively to get: 

−(𝑧1𝑡, ∆𝑦1) + 𝑎1(𝑡, 𝑧1, ∆𝑦1) + (𝑏1(𝑡)𝑧1, ∆𝑦1)Ω − (𝑏5(𝑡)𝑧2, ∆𝑦1)Ω + (𝑏6(𝑡)𝑧3, ∆𝑦1)𝛺 +           

(𝑏7(𝑡)𝑧4, ∆𝑦1)Ω = (𝑦1 − 𝑦1𝑑, ∆𝑦1)Ω                          (102) 

−(𝑧2𝑡, ∆𝑦2) + 𝑎2(𝑡, 𝑧2, ∆𝑦2) + (𝑏2(𝑡)𝑧2, ∆𝑦2)Ω + (𝑏5(𝑡)𝑧1, ∆𝑦2)Ω − (𝑏9(𝑡)𝑧3, ∆𝑦2)𝛺 −  

(𝑏11(𝑡)𝑧4, ∆𝑦2)Ω = (𝑦2 − 𝑦2𝑑 , ∆𝑦2)Ω                        (103) 

− (𝑧3𝑡, ∆𝑦3) + 𝑎3(𝑡, 𝑧3, ∆𝑦3) + (𝑏3(𝑡)𝑧3, ∆𝑦3)Ω + (𝑏9(𝑡)𝑧2, ∆𝑦3)Ω − (𝑏6(𝑡)𝑧1, ∆𝑦3)𝛺 +  

(𝑏15(𝑡)𝑧4, ∆𝑦3)Ω = (𝑦3 − 𝑦3𝑑 , ∆𝑦3)Ω                          (104) 
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−(𝑧4𝑡, ∆𝑦4) + 𝑎4(𝑡, 𝑧4, ∆𝑦4) + (𝑏4(𝑡)𝑧4, ∆𝑦4)Ω − (𝑏7(𝑡)𝑧1, ∆𝑦4)Ω + (𝑏11(𝑡)𝑧2, ∆𝑦4)𝛺 −  
(𝑏15(𝑡)𝑧3, ∆𝑦4)Ω = (𝑦4 − 𝑦4𝑑, ∆𝑦4)Ω                           (105) 

Now, integrating both sides of Eqs.(98) - (105)) with respect to t from 0 to T. By using 

integrating by parts for the first terms of the L.H.S. of Eqs ((102) - (105)), then subtracting each 

one of the obtained equations from its corresponding equations and then adding all the obtained 

equations to get: 

∫ [(∆𝑢1, 𝑧1)Γ + (∆𝑢2, 𝑧2)Γ + (∆𝑢3, 𝑧3)Γ + (∆𝑢4, 𝑧4)Γ]
𝑇

0
𝑑𝑡 = ∫ [(𝑦1 − 𝑦1𝑑, ∆𝑦1)𝛺 +

𝑇

0
  

(𝑦2 − 𝑦2𝑑, ∆𝑦1)Ω + (𝑦3 − 𝑦3𝑑 , ∆𝑦1)Ω + (𝑦4 − 𝑦4𝑑 , ∆𝑦4)Ω] 𝑑𝑡                              (106)  

Now, adding (8a) and (62a), (9a) and (63a), (10a) and (64a), and (11a) and (65a), to get: 
((𝑦1 + ∆𝑦1)𝑡, 𝑣1) + 𝑎1(𝑡, (𝑦1 + ∆𝑦1), 𝑣1) + (𝑏1(𝑡)(𝑦1 + ∆𝑦1), 𝑣1)Ω −   

(𝑏5(𝑡)(𝑦2 + ∆𝑦2), 𝑣1)𝛺 + (𝑏6(𝑡)(𝑦3 + ∆𝑦3), 𝑣1)Ω + (𝑏7(𝑡)(𝑦4 + ∆𝑦4), 𝑣1)Ω  

= (𝑓1, 𝑣1)Ω + (𝑢1 + ∆𝑢1, 𝑣1)Γ                                                               (107) 

 ((𝑦2 + ∆𝑦2)𝑡, 𝑣2) + 𝑎2(𝑡, (𝑦2 + ∆𝑦2), 𝑣2) + (𝑏2(𝑡)(𝑦2 + ∆𝑦2), 𝑣2)Ω +  

(𝑏5(𝑡)(𝑦1 + ∆𝑦1), 𝑣2)Ω − (𝑏9(𝑡)(𝑦3 + ∆𝑦3), 𝑣2)Ω − (𝑏11(𝑡)(𝑦4 + ∆𝑦4), 𝑣2)Ω  

= (𝑓2, 𝑣2)Ω + (𝑢2 + ∆𝑢2, 𝑣2)Г                                                        (108)     

 ((𝑦3 + ∆𝑦3)𝑡, 𝑣3) + 𝑎3(𝑡, (𝑦3 + ∆𝑦3), 𝑣3) + (𝑏3(𝑡)(𝑦3 + ∆𝑦3), 𝑣3)Ω +  

(𝑏9(𝑡)(𝑦2 + ∆𝑦2), 𝑣3)Ω − (𝑏6(𝑡)(𝑦1 + ∆𝑦1), 𝑣3)Ω + (𝑏15(𝑡)(𝑦4 + ∆𝑦4), 𝑣3)Ω  

= (𝑓3, 𝑣3)Ω + (𝑢3 + ∆𝑢3, 𝑣3)Г                                                        (109) 

((𝑦4 + ∆𝑦4)𝑡, 𝑣4) + 𝑎4(𝑡, (𝑦4 + ∆𝑦4), 𝑣4) + (𝑏4(𝑡)(𝑦4 + ∆𝑦4), 𝑣4)Ω −  

(𝑏7(𝑡)(𝑦1 + ∆𝑦1), 𝑣4)Ω + (𝑏11(𝑡)(𝑦2 + ∆𝑦2), 𝑣4)Ω −  

(𝑏15(𝑡)(𝑦3 + ∆𝑦3), 𝑣4)Ω = (𝑓4, 𝑣4)Ω + (𝑢4 + ∆𝑢4, 𝑣4)Г           (110) 

Which means that, the QCCBCV �⃗⃗� + ∆𝑢⃗⃗⃗⃗⃗⃗  is given the quaternary state vector solution �⃗� + ∆𝑦⃗⃗⃗⃗⃗⃗  

of Eqs.((107) - (110)), respectively. Hence, the objective function: 

𝐺0(�⃗⃗� + ∆𝑢⃗⃗⃗⃗⃗⃗ ) =
1

2
∑ [∫ ∫ (𝑦𝑟 + ∆𝑦𝑟 − 𝑦𝑟𝑑)2 𝑑𝑥 𝑑𝑡

𝛺

𝑇

0
4
𝑟=1 + 𝛽 ∫ ∫ (𝑢𝑟 + ∆𝑢𝑟)2 𝑑𝛾 𝑑𝑡

Г

𝑇

0
   

Then, 

𝐺0(�⃗⃗� + ∆𝑢⃗⃗⃗⃗⃗⃗ ) − 𝐺0(�⃗⃗�) = ∑ ∫ [∫ (𝑦𝑟 − 𝑦𝑟𝑑)∆𝑦𝑟 𝑑𝑥 +
𝛺

𝑇

0
4
𝑟=1 ∫ 𝛽𝑢𝑟∆𝑢𝑟 𝑑𝛾]𝑑𝑡 +

Г
           

                                           
1

2
‖∆𝑦⃗⃗⃗⃗⃗⃗ ‖

𝑄

2
+ + 

𝛽

2
‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴

2
  

Using Eq.(106) in the R.H.S. of the above equation to get: 

𝐺0(�⃗⃗� + ∆𝑢⃗⃗⃗⃗⃗⃗ ) − 𝐺0(�⃗⃗�) = ∑ (∆𝑢𝑟 , 𝑧𝑟)𝛴
4
𝑟=1 + 𝛽 ∑ (𝑢𝑟 , ∆𝑢𝑟)𝛴

4
𝑟=1 +

1

2
‖∆𝑦⃗⃗⃗⃗⃗⃗ ‖

𝑄

2
+  

𝛽

2
‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴

2
  

or 

 𝐺0(�⃗⃗� + ∆𝑢⃗⃗⃗⃗⃗⃗ ) − 𝐺0(�⃗⃗�) = (𝑧 + 𝛽�⃗⃗�, ∆𝑢⃗⃗⃗⃗⃗⃗ )
𝛴

+
1

2
‖∆𝑦⃗⃗⃗⃗⃗⃗ ‖

𝑄

2
+  

𝛽

2
‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴

2
       (111) 

Then from the result of Theorem (4.1), part  a, we can see that: 
1

2
‖∆𝑦⃗⃗⃗⃗⃗⃗ ‖

𝑄

2
= 𝜀1(∆𝑢⃗⃗⃗⃗⃗⃗ )‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴
 &  

𝛽

2
‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴

2
≤ 𝜀2(∆𝑢⃗⃗⃗⃗⃗⃗ )‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴
   .                                       (112) 

Such that. 𝜀1(∆𝑢⃗⃗⃗⃗⃗⃗ ) =
1

2
𝑘2‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴
 , 𝜀2(∆𝑢⃗⃗⃗⃗⃗⃗ ) =

𝛽

2
‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴
, with  𝜀1(∆𝑢⃗⃗⃗⃗⃗⃗ ), 𝜀2(∆𝑢⃗⃗⃗⃗⃗⃗ ) → 0 , as ‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖

𝛴
→

0 

Utilizing Eq.(112) in Eq(111),to get: 

𝐺0(�⃗⃗� + ∆𝑢⃗⃗⃗⃗⃗⃗ ) − 𝐺0(�⃗⃗�) = (𝑧 + 𝛽�⃗⃗�, ∆𝑢⃗⃗⃗⃗⃗⃗ )
𝛴

+ 𝜀(∆𝑢⃗⃗⃗⃗⃗⃗ )‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖
𝛴
                             (114) 

where 𝜀(∆𝑢⃗⃗⃗⃗⃗⃗ ) = 𝜀1(∆𝑢⃗⃗⃗⃗⃗⃗ ) + 𝜀2(∆𝑢⃗⃗⃗⃗⃗⃗ ) → 0,as  ‖∆𝑢⃗⃗⃗⃗⃗⃗ ‖
𝛴

→ 0. 

From the Frѐchet derivative one gets:  (𝐺0
′ (�⃗⃗�), ∆𝑢⃗⃗⃗⃗⃗⃗ )𝛴 = (𝑧 + 𝛽�⃗⃗�, ∆𝑢⃗⃗⃗⃗⃗⃗ )𝛴 . 

 

 

Theorem (5.2): The QCCBOCV is  𝑧 = −𝛽�⃗⃗̅� ,  

The optimality theorem of the above problem is,    

𝐺0
′ (�⃗⃗�) = 𝑧 + 𝛽�⃗⃗� = 0 with �⃗� = �⃗��⃗⃗⃗� &𝑧 = 𝑧�⃗⃗⃗�. 
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Proof: if �⃗⃗̅� is QCCBOCV of the problem, then  

𝐺0(�⃗⃗̅�) = 𝑚𝑖𝑛�⃗⃗⃗�∈�⃗⃗⃗⃗�𝐴
𝐺0(�⃗⃗�), ∀�⃗⃗� ∈ 𝑳𝟐(𝜮) , ⇒ 𝐺0

′ (�⃗⃗̅�) = 0   ⇒ 𝑧 + 𝛽�⃗⃗̅� = 0 ⇒ 𝑧 = −𝛽�⃗⃗̅� 

The necessary conditions for optimality with ∆𝑢⃗⃗⃗⃗⃗⃗ = �⃗⃗⃗� − �⃗⃗� is: 

(𝐺0
′ (�⃗⃗̅�), ∆𝑢⃗⃗⃗⃗⃗⃗ )𝛴 ≥ 0 ⇒ (𝑧 + 𝛽�⃗⃗̅�, ∆𝑢⃗⃗⃗⃗⃗⃗ )𝛴 ≥ 0 ⇒ (𝑧 + 𝛽�⃗⃗̅�, �⃗⃗�)𝛴 ≤ (𝑧 + 𝛽�⃗⃗̅�, �⃗⃗⃗�)𝛴 , ∀�⃗⃗⃗� ∈ 𝐿2(𝛴). 

 

6. Conclusions:  

     One of the first important things that shall be ensured is the weak form of the QLPBVP when 

the QCCBCV is fixed and has a quaternary state vector solution. This is successfully stated and 

proved by employing the method of Galerkin under suitable assumptions. The continuity of the 

Lipchitz between the quaternary state vector solution of the weak form and the QCCBCV is 

proved. In fact, this point played an important role in proving the existence theorem of a 

QCCBOCV governed by the QLPBVP which is developed and proved in this paper under 

suitable assumptions. The existence and uniqueness of a solution for the QABVP associated 

with the QLPBVP are studied. The Frѐchet derivative for the objective function is obtained 

depending on the existence of the QCCBOCV and the continuity Lipchitz. In the end, the 

optimality theorem of the QCCBOCVP is stated and proved. 
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