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Abstract  

     In this paper we introduce a generalization of local module. The notion of 2-Local 

module can be considered a new concept (generalization of local modules). Let T be 

a ring with identity.  2-maximal submodule can define as, any submodule B1 of B is 

called 2-maximal if (B/B1) is a 2-regular module.  2-Local module means every 

submodule A of a T-module B where  
𝐵

𝐴
  is a unique 2-maximal submodule. Almost 

any unique maximal submodule of a T-module 𝐵 gives 2-local module.  Also, we can 

present a generalization of local module by, if 𝐵 is a fully prime module over the ring 

𝑇 and every submodule B1 of a T-module B is a unique almost max-submodule, this 

means 𝐵 is a 2-local. Every semi-maximal submodule  𝐵1 over chained module 𝐵 is 

maximal (2-maximal submodule) and hence 𝐵 is 2-local module.  Some properties 

and examples of 2-Local module are given. Finally some implications of 3-local 

module have been presented. 
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 الخلاصة 

مفهومًا جديدًا )تعميم للمقاسات    يمكن اعتبارها   local-2في هذا البحث قدمنا تعميم للمقاس المحلي. فكرة        
-2)وحيد    هي مقاس جزئي B / A حيث T الحلقة   علي B من Aتعني كل مقاس جزئي    -local2المحلية(.  

maximal)  . المقاس  من  على الاغلب أي مقاس جزئي وحيد اعظميB  2مقاس    يعطي-local  أيضًا، يمكننا .
 وكل مقاس جزئي   T كامل علي الحلقة  اولي  هي مقاس B تقديم تعميم للمقاس المحلي من خلال، إذا كانت

1B من المقاسB   وهذا يعني أن على الاغلب مقاس جزئي اعظمي وحيد هي ،B    .عبارة عن وحدة ثنائية محلية
السلسلة 1B  جزئي شبه اعظمي  كل مقاس   2B).-  ومن ثم maximal-(2(  هي اعظمي  Bفوق المقاس 

local)خصائص وأمثلة الي    بعض (2-Local module)  للمقاس المعمم    معطاة. أخيراً؛ تم تقديم بعض النتائج
local)(3- .مع نتائج جديدة حول هذا التعميم 
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1. Introduction 

     Through this paper T represents commutative ring with 1 and B a unitary T-module. We 

need to present a clear definition of maximal submodule (shortly max-submodule). Any 

submodule B1 of T-module B is called maximal if there exists a non-zero  

 

submodule B2 of B such that B1 ⊆ B2 ⊆ B, so B2=B. Also, semi-max-submodule studied by [1], 

a submodule B1 of T-module is called semi-max-submodule if (B/B1) is semi-simple module 

over the ring T. A T-module M is called regular if given any element m ∈M there exists f ∈ 

HomT (M, T) with (mf)m = m.  Another generalization of max-submodule namely weak max-

submodule is present by Shwkaea 2012, any submodule B1 of B is called weak maximal if 

(B/B1) is regular T-module [2].  

  

     T-module B is called local if it has a one max-submodule.  Any module B is called simple 

if it has only two submodules are {0} and itself B [3]. Any submodule B1 is called simple T-

module if (B/B1) is simple T-module ([2], [16]). Note that Any submodule B1 of B is called 

pure submodule of B if JB∩B1=JB1 and every T-module B is called regular if B is pure and B1 

is a submodule of B is called 2-pure if J2B ∩ B1 =J2B1 where J is an ideal of T [4].  A class of 

endoprimitive rings is defined which contains all strongly prime rings and all weakly primitive 

rings.  Endoprimitive rings and more information in [5]. 

  

     Any T-module B is called 2-regular if there exists submodule B1 of B is 2-pure.  Also, 

multiplication module and cyclic modules in [7].  About regular property [8], any T-module B 

is called 2-Local module if B has only one 2-max- submodule, where 2-maximal submodule 

can define by: any submodule B1 of B is called 2-maximal if (B/B1) is a 2-regular module.   

Closed-CS-module in [9].  In [10], any module B over integral domain is said to be divisible if 

tB=B, t ∈ T. So 𝐵1 ≤ 𝐵 any submodule B1 of B is called almost max-submodule if and only if  

𝐵1 is large maximal submodule (shortly La-max-submodule) if and only if B1 is a maximal 

submodule.  More details about algebraic structures which related to this article in ([11], [12], 

[13]).  Semi 𝑻-Small Submodules in [14].  A module B is multiplication if, A=JB where J is an 

ideal in T and A submodule of B [15].  From ([16], [17]), faithful multiplication module and 

Injective module. 

 

      In this paper, we introduce and study a new definition namely 2-maximal submodule and 

we make a generalization of local module.  Some new results of the topic have been obtained. 

Also, we present a comprehensive study of 2-local module. Some results are analogous to the 

properties of pure submodules.  

 

2. Local Modules 

     In this section, we study the concept of 2-local module as a generalization of local module. 

Also, we present more details about maximal and pure submodule which will use later in this 

section. 

 

Definition 2.1. [1] Let B be a T-module. Then any submodule B1 of B is called maximal if 

there exists K submodule of B such that B1 is a proper subset of K⊆B, then K=B or B1=K. 

Recall that all the submodules of Z12 are (2), (3), (4), (6) and (0), so only (2) and (3) are max-

submodules of B.  Note that any T-module B is called 2-regular if every submodule B1 of B is 

2-pure. Therefore, 2-max-submodule can define it by depending on 2- regular. 

 

Definition 2.2. [18] Any submodule B1 of a T-module B is called unique 2-maximal if and only 

if the factor module (B/B1) is 2-regular T-module. 
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Remarks and Examples 2.3. 

1. Any unique max-submodule B1 of a T-module B is a unique 2-maximal.  

2. A unique 2-max-submoduleis not maximal. 

3. B1={0, 6, 12, 18, …} is a unique 2-max-submodule of B={…, -2, -1, 0, 1, 2, 3, …},  

4. B1 is not a unique max-submodule of B (because (B/B1) ≅ B2 and B2 = {0, 1, 2, 5} is not 

simple module). 

5. Any module B maybe contain more than one max-submodule. 

6. (0) is a max-submodule of any module B (by definition of maximal submodule). 

7.  Let (B/B1) be a quotient module (Field).  If B1 is a submodule of B then B1 is a maximal 

submodule of B. 

 

Lemma 2.4. [2] Let B be a T-module. Then every unique weak max-submodule A of B is a 

unique 2-maximal. 

  

Lemma 2.5.  [4] Let B be a T-module. If B1 is a finitely generated submodule of B, then (B/B1) 

is 2-regular module over the ring T. 

In the next theorem, we prove that there is an important relationship between cyclic submodule 

and generalization of local module. 

 

Theorem 2.6. Let B be a T-module. If every submodule of B is cyclic and 2-pure, then B is 2-

local module. 

 

Proof:  Since B1 is cyclic submodule, so B1 is a f. generated submodule of B. Also, B is a 2-

pure. So, from definition of 2-regular we get, B is 2-regular [18]. Hence (B/B1) is also 2-regular. 

Therefore, the submodule B1 is a unique 2-maximal in B.  Thus, B is 2-Local module. 

 

Proposition 2.7.  Let B be a T-module and B1, B2 are 2-local modules. Then B1∩B2 is 2-local 

module. 

 

Proof: Suppose that B1 and B2 are 2-local modules. So B1 and B2 have a unique 2-maximal 

submodule. Then  
𝐵

𝐵1 
 ,  

𝐵

𝐵2 
  are 2-regular T-modules. But  

𝐵

𝐵1 
⊕

𝐵

𝐵2 
  is 2-rsgular T-module. Then 

𝐵

𝐵1∩𝐵2  
≅

𝐵

𝐵1 
⊕

𝐵

𝐵2 
 [19]. Hence; 

𝐵

𝐵1∩𝐵2
  is 2-regular. So𝐵1 ∩ 𝐵2 is a unique 2-max-submodule and 

finally, 𝐵 is 2-local module. 

 

Corollary 2.8. Let 𝐵 be an 𝑇-module. If  𝐵 is 2-regular 𝑇-module, then 𝐵 is 2-local module. 

Proof: Suppose that 𝐵 is 2-regular 𝑇-module. If  𝐴 ≤ 𝐵, then  
𝐵

𝐴
  is 2-regular 𝑇-module. Then 

𝐴 is a unique 2-maximal submodule. Thus 𝐵 is 2-local module. 

 

Proposition 2.9. Let 𝐵 be an 𝑇-module over (P.I.R) T. If 𝑠 belong to 𝐵 and 𝑡 belong to 𝑇, there 

exists 1 in 𝑇 such that  𝑡2𝑠 =  𝑡21𝑡2𝑠, then 𝐵 is 2-local module. 

 

Proof: We need to prove that 𝐵 has a unique 2-max-submodule. Assume that  𝐵1 ≤ 𝐵 and 𝐴 is 

an ideal of 𝑇. Let  𝑠 ∈ 𝑡2𝐵 ∩ 𝐵1. So  𝑠 ∈ 𝑡2𝐵 and  𝑠 ∈ 𝐵1. Hence  ∃ 𝑏 ∈ 𝐵 ∋ 𝑠 = 𝑡2𝑏. But  1 ∈
𝑇 ∋ 𝑡2𝑏 = 𝑠 = 𝑡21𝑡2𝑏. Then 𝑠 ∈ 𝑡2𝐵1. We have 𝑇 is a (P.I.R). Then 𝐽2𝐵 ∩ 𝐵1 = 𝐽2𝐵1. So 𝐵1 

is 2-pure submodule of 𝐵. Therefore 𝐵 is a 2-regular 𝑇-module. Hence  𝐵1 is a unique 2-max-

submodule of 𝐵. Thus 𝐵 is 2-local module. 
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Definition 2.10. [19] Let 𝐵 be an 𝑇-module. Any submodule  𝐵1 of  𝐵 is called Large-maximal 

(La-max-submodule) if ∃ 𝐵2 ≤ 𝐵, 𝐵1 ≤ 𝐵2 ≤ 𝐵, so  𝐵2 ≤𝑒𝑠𝑠 𝐵. 

 

Remark 2.11. Any essential submodule  𝐵1 of  𝐵 is a La-max-submodule and hence 𝐵1 is a 

maximal submodule, because from [6], if  𝐵1 ≤ 𝐵 ∋ 𝐵1 ≤𝑒𝑠𝑠 𝑊  and let 𝐵1 < 𝐵2 < 𝐵, so 

𝐵1 ≤𝑒𝑠𝑠 𝐵2 ≤𝑒𝑠𝑠 𝐵. So 𝐵2 ≤𝑒𝑠𝑠 𝐵. Hence 𝐵1 is a La-max-submodule of 𝐵.  

 

Example 2.12. In Z4= {0̅, 1,̅  2̅, 3̅}  we see {0̅, 2̅} is a maximal and so is La-max-submodule, 

because  {0̅, 2̅} ≤ 𝑍4 ≤ 𝑍4 and  𝑍4 ≤𝑒𝑠𝑠 𝑍4. The converse is not true in general, for example In 

Z as Z-module, 4Z is L-maximal submodule since 4𝑍 < 2𝑍 ≤ 𝑍 and 2𝑍 ≤ess𝑍 but 4Z is not 

maximal submodule since 2𝑍 ≠ 𝑍 [19]. But La-max-submodule is maximal in case 𝐵 is 

semisimple module. 

  

Now from [20], we study some properties of hollow and local modules.  Also other modules 

have some relations with 2-local modules which is namely chained and semi-simple modules.  

Recall that any 𝑇-module 𝐵 is called chained if  ∀ 𝐵1 ≤ 𝐵, 𝐵2 ≤ 𝐵, either 𝐵1 ⊆ 𝐵2  or  𝐵2 ⊆
𝐵1.  Recall that, any 𝐵1 ≤ 𝐵  is called almost maximal if   𝐵2 ≤𝑒𝑠𝑠 𝐵;  𝐵1 ≤ 𝐵2 ≤ 𝐵, so  𝐵2 =
𝐵. A nonzero module B over the ring T is called prime if Ann(B)=Ann(B1), where 0≠B1 ≤B. 

 

Theorem 2.13. Let 𝐵 be a chained 𝑇-module. If  𝐵1 ≤ 𝐵 where 𝐵1 is almost unique maximal, 

then 𝐵 is a 2-local module. 

Proof: Clear. Because any almost unique maximal submodule 𝐵1  of chained module 𝐵 is a 

unique maximal. So 𝐵1  is a unique 2-maximal. Thus 𝐵 is a 2-local module. 

 

Corollary 2.14. Every semi-maximal submodule 𝐵1 over chained module 𝐵 is maximal and 

hence 𝐵 is 2-local module. 

Proof:  Clear from Theorem 2.13. 

Recall that the module B is said to be a fully prime module (resp. fully semiprime module) if 

every proper fully invariant submodule A of B is a prime (resp. semiprime) submodule. 

 

Proposition 2.15. Let 𝐵 be fully prime module over the ring 𝑇. If  𝐵1 ≤ 𝐵 is unique almost 

max-submodule, then 𝐵 is a 2-local module. 

Proof: Suppose that  𝐵1 is almost max-submodule, and let 𝐵1 ≤ 𝐵2 ≤ 𝐵 such that 0 ≠ 𝐵2 ≤ 𝐵. 

Since B is a fully prime module, so B2 is semi-essential in B not essential ( If 𝐵 is a fully prime 

module, then 0 ≠ 𝐵2 ≤ 𝐵 is a semi-essential) with 𝐵1 almost maximal, imply 𝐵2 = 𝐵 (𝐵1 is 

semi-max-submodule). So 𝐵1 is a unique maximal and hence is unique 2-maximal submodule. 

Thus 𝐵 is a 2-local module.  

 

Definition 2.16.  For every T-module B is called 3-regular if B1≤ B is 3-pure where a submodule 

B1 of B is called 3-pure if J3B∩B1 =J3B1 such that J is an ideal of T.  Also, any module is called 

3-maximal if and only if B/B1 is 3-regular T-module. 

 

Definition 2.17. [7] Any module B over the ring R is simple if B has only two submodules are 

{0} and itself B. 

Remark 2.18. [7] Every simple submodule is cyclic.  So, every simple submodule is 3-maximal 

submodule. 

 

Proposition 2.19. Let R be a simple ring. Then every homomorphic image of multiplication 

module is a 3-max-submodule. 
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Proof:  Assume that B is a multiplication module, d: B→B* is T-homomorphism and K=d(B).  

Suppose that h belongs to K. So, k= d(x), x ∈ B. By assumption, there exists an ideal J of T 

such that Tx=JB.  Hence Tk=T(d(x)) = d(Tx) =d(JB) =JK.  Therefore, K is a multiplication 

module. But T is simple ring.  Then K is simple module and hence is 3-max-submodule. 

 

Corollary 2.20.   Let B be a divisible module over integral domain T.  If JB=B1 where J is an 

ideal of T for any submodule B1 of B, then B is a simple module (B1 is simple submodule) and 

hence B1 is 3-maximal.  

Proof:  Suppose that JB=B1 for any submodule B1 of B where J is an ideal of T.  So, B is a 

multiplication module.  But B is divisible module.  Hence B1=B.  Therefore, B is a simple 

module (B1 is simple submodule) and hence is 3-maximal. 

 

Corollary 2.21. Let B be a faithful module with A=JB over the ring T for any submodule A of 

B.  If B is a semi-simple module over semi-simple ring S=EndR(B), then 3-maximal submodule. 

Proof:  Assume that B is a semi-simple over S.  But A=JB (multiplication module) over T.  

From Theorem 2.43 in [17], B is a faithful module.  Since S=EndT(B) is semi-simple ring, then 

S is a semi-simple ring.  From B is a faithful multiplication module and from Theorem 2.44 in 

[17], we get B is a f.generated multiplication module over T (B1 is f. generated submodule). 

Hence B1 is 3-max-submodule 

 

Now, according to the above, we present some important results about: 

1. Let 𝐵 be an 𝑇-module. If 𝐴 ≤ 𝐵  such that 𝐴 is cyclic and  𝐴𝐽3 = 𝐵𝐽3 ∩ 𝐴. Then 𝐵 is 3-local 

module.   

2. Let 𝐵 be an 𝑇-module.  If 𝐵1 and 𝐵2 are 3-local module, then the intersection of 𝐵1 and 𝐵2 

is 3-local module. 

3. Let 𝐵 be an 𝑇-module. If 𝐵 is 3-regular 𝑇-module, then 𝐵 is 3-local module. 

4. Let 𝐵 be an 𝑇-module. If  𝐵1 ≤ 𝐵 such that  𝐵1 is almost unique maximal and 3-regular, then 

𝐵 is 3-local module. 

5. Every semi-max-submodule 𝐵1 over chained module 𝐵 is 3-maximal and hence 𝐵 is 3-local 

module. 

 

3. Conclusion 

    The local module is very important notion in module theory. In this paper, we have defined 

local module and we achieve an important generalization of this module. Several results have 

been presented in this article.  From Theorem 2.6, if B is a T-module with B1 is cyclic 

submodule of B and B1J
2 = BJ2∩B1, this imply B is 2-local module.  We studied the relationship 

between the 2-maximal submodule and 2-local module. Also, if 𝐵 is a 𝑇-module and 𝐵1 ≤ 𝐵 

where 𝐵1 is almost unique maximal, then 𝐵 is a 2-local module.  From Proposition 2.18, we 

studied another generalization of local module namely 3-local module because, if T is a simple 

ring, then every homomorphic image of multiplication module is a 3-max-submodule and hence 

is a 3-local.  More implications in this paper are obtained. 
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