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Abstract  

    Some of the novel algebraic topics explored in this paper, like Permutation         𝜌-

algebra, permutation edge, permutation 𝜌-transitive, permutation 𝜌-ideal, permutation 

𝜌⋕-ideal, and permutation 𝜌-subalgebra are discussed and looked into. Additionally, 

permutation 𝜌∗-algebra, permutation 𝜌-morphism, equivalence relation  with its 

congruence classes and quotient permutation 𝜌-algebras were defined with specific 

results relating to our unique notions that have been developed and examined.  

 

Keywords: Symmetric group, permutation sets, 𝜌-algebra, permutation 𝜌-algebra, 

permutation edge. 

 
رو التبديلي –بر روالتبديلي في ج–حول متعدية    

 
 1خليلشكر  ,   *21,معتز ساجد شرقي

 1 قسم الرياضيات ، كلية العلوم ، جامعة البصرة  ،   البصرة ، العراق 
 2 كلية هندسة النفط والغاز, جامعة البصرة للنفط والغاز 

 

  الخلاصة 
رو التبديلي و حافة التبديلي و  –تم استكشاف بعض الموضوعات الجبرية الجديدة, مثل جبر    في هذا البحث     

رو التبديلي  حيث    - رو شارب التبديلي و الجبر الجزئي  -رو التبديلي و مثالية  -رو التبديلي و مثالية-متعدية
رو التبديلي و علاقة التكافؤ  -رو ستار التبديلي و مورفزم-مناقشتها و التحقق منها , بالاضافة الى ذلك جبرتمت  

المرافقة و  جبر   تم  –مع  صفوفها  التي  بمفاهيمنا المقدمة  تتعلق  بنتائج محددة  تم تعريفها  رو القسمة التبديلي 
 تطويرها و دراستها.

 
1. Introduction 

     Imai and Is'eki proposed BCK-algebras and BCI-algebras, respectively [1, 2]. As in 

generally known, BCK-algebra is a proper subclass of BCI-algebra. Neggers and Kim [3] 

created the notion of d-algebras, which is a useful generalization of BCK-algebras, and then 

studied various links between d-algebras and BCK-algebras, as well as several other noteworthy 

interactions between d-algebras and oriented digraphs. 

 

     In 2017 [4] the notion of 𝜌 -algebra is described and investigated some of the properties of 

a 𝜌-algebra that appear to be of interest. Various fields [5–12] investigate symmetric and 
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alternating groups as well as their permutations. In recent years, some classes of algebra, group 

theory, and topology in non-classical sets, such as permutation sets [13], fuzzy sets [14-21], and 

soft sets [22,24], have examined and addressed some notions and features. 

 

     Let   be a permutation in symmetric group
 nS , then   can be written as product of disjoint 

cycles in an essentially unique way. As the form ),...,,( 1

1

1
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1

1  bbb= ),...,,(
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2

2

2

2

1 bbb
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c

cc bbb where for each  we have },...,,{ 21

i

i

ii bbb    =},...,,{ 21

j

j

jj bbb
 
[25]. 

Therefore, =
)(21 ...  c , where i  disjoint  cycles  of length

 
=i i

 
and )(c  is  the  

number of disjoint cycle factors including the 1-cycle of  . Also, 

=== ))(),...,(),(()( )(21  c ),...,,( )(21  c  
is called the cycle type of   [26]. 

 

     In this work, the concepts like, Permutation 𝜌-algebra, permutation edge, permutation 𝜌-

transitive, permutation 𝜌-ideal, permutation 𝜌⋕-ideal, and permutation 𝜌-subalgebra are some 

of the innovative algebraic issues described and investigated in this article. Furthermore, 

permutation 𝜌∗-algebra, permutation 𝜌-morphism, equivalence relation, congruence class, and 

quotient permutation 𝜌-algebras were defined, with specific results relating to our unique 

conceptions established and investigated. 

 

2. Preliminary  

The definitions of 𝜌-algebra and permutation sets are reviewed in this section. 

 

Definition 2.1:[4] Let 𝑋 ≠ ∅ and 0 be a constant with a binary operation ∗. We say that (𝑋,∗ ,0) 
is a 𝜌 -algebra if it satisfies the following conditions: 

a) 𝑥 ∗ 𝑥 = 0, 
b) 0 ∗ 𝑥 = 0, 
c) 𝑥 ∗ 𝑦 = 0 and  𝑦 ∗ 𝑥 = 0 implies 𝑥 = 𝑦  ∀𝑥, 𝑦 ∈ 𝑋. 

d) For all  𝑥 ≠  𝑦 ∈ X − {0} imply that 𝑥 ∗ 𝑦 = 𝑦 ∗ 𝑥 ≠  0. 

 

Definition 2.2:[13] 

     For any permutation β = ∏ λi
c(β)
i=1   in a symmetric group 𝑆𝑛, where {λi}i=1

c(β)
 is a composite 

of pairwise disjoint cycles {λi}i=1
c(β)

 
where 𝜆𝑖 = (𝑡1

𝑖 , 𝑡2
𝑖 , . . . , 𝑡𝛼𝑖

𝑖 ), 1 ≤ 𝑖 ≤ 𝑐(𝛽) , for some 1 ≤

𝛼𝑖, 𝑐(𝛽) ≤ 𝑛. If 𝜆 = (t1, t2, . . . , tk)  
is 𝑘 −cycle in  𝑆𝑛, we define 𝛽 −set as 𝜆𝛽 = {𝑡1, 𝑡2, . . . , 𝑡𝑘} 

and it is called 𝛽 −set of cycle 𝜆. Also, the 𝛽 −sets of {𝜆𝑖}𝑖=1
𝑐(𝛽)

 are described as {𝜆𝑖
𝛽
=

{𝑡1
𝑖 , 𝑡2

𝑖 , . . . , 𝑡𝛼𝑖
𝑖 }|1 ≤ 𝑖 ≤ 𝑐(𝛽)}.   

 

Definition 2.3: [13]
         Suppose that i  and 

 j  are − sets in 𝑋, where  =i and  =j . Then  =i

 j , if


==

=


11 k

j

k

k

i

k tt  and there exists  d1 , for each  r1 such that 
j

r

i

d tt = . Also, we call i  

and 
 j  are disjoint − sets in 𝑋, if and only if  

==

=


11 k
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k tt and there exists  d1 , for 

each  r1 such that 
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3. On Permutation 𝝆-Algebra  

     Some new structures of 𝜌-algebra using 𝛽-sets are described and investigated in this 

section, like Permutation 𝜌-algebra, permutation edge, permutation 𝜌-transitive, permutation 

𝜌-ideal, permutation 𝜌⋕-ideal, and permutation 𝜌-subalgebra.  

 

Definition 3.1: Let 𝑋 = {𝜆𝑖
𝛽
}
𝑖=1

𝑐(𝛽)

= {𝑡1
𝑖 , 𝑡2

𝑖 , . . . , 𝑡𝛼𝑖
𝑖 }|1 ≤ 𝑖 ≤ 𝑐(𝛽)} be a collection of 𝛽-sets, 

where 𝛽 is a permutation in the symmetric group 𝐺 = 𝑆𝑛. Let T= 𝜆𝑘
𝛽

 , for some 𝜆𝑘
𝛽
∈ 𝑋, where 

𝜆𝑘
𝛽

 such that 
==


ik

s

i

s

s

k

s tt


11  

&  ik   ,∀(1 ≤ 𝑖 ≤ 𝑐(𝛽))… . (∗). Moreover, if there are at least 

two disjoint 𝛽-sets say 𝜆ℎ
𝛽

 , 𝜆𝑔
𝛽

 such that (∗). Then, let T= 𝜆ℎ
𝛽

 if there exists 𝑡𝑟
ℎ ∈ 𝜆ℎ

𝛽
 with 𝑡𝑟

ℎ ≤

𝑡𝑠
𝑔
, ∀ (1 ≤ 𝑠 ≤ 𝛼𝑔) or T= 𝜆𝑔

𝛽
 if there exists 𝑡𝑟

𝑔
∈ 𝜆𝑔

𝛽
 with 𝑡𝑟

𝑔
≤ 𝑡𝑠

ℎ , ∀ (1 ≤ 𝑠 ≤ 𝛼ℎ). Also, let 

⋕: 𝑋 × 𝑋 ⟶ 𝑋 be a binary operation. We  say (𝑋, ⋕, 𝑇) is a permutation 𝜌-algebra 
(𝑃 − 𝜌 − 𝐴), if  ⋕  such that the conditions: 

(1) 𝜆𝑖
𝛽
⋕ 𝜆𝑖

𝛽
= 𝑇,    

(2) 𝑇# 𝜆𝑖
𝛽
= 𝑇,  

(3)  𝜆𝑖
𝛽
⋕  𝜆𝑗

𝛽
= 𝑇 𝑎𝑛𝑑  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
= 𝑇 ⟹  𝜆𝑖

𝛽
= 𝜆𝑗

𝛽
, ∀𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
∈ 𝑋.  

(4)  𝜆𝑖
𝛽
⋕  𝜆𝑗

𝛽
=  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
≠ 𝑇, ∀𝜆𝑖

𝛽
≠ 𝜆𝑗

𝛽
∈ 𝑋 − 𝑇 .  

 

Example 3.2:  

      Let (𝑆11,𝜊) be symmetric group and 𝛽 = (
1 2 3 4 5 6 7 8 9 10 11
5 8 4 1 3 7 6 9 2 11 10

)  

be a permutation in 𝑆11. So, = (
1 2 3 4 5 6 7 8 9 10 11
5 8 4 1 3 7 6 9 2 11 10

) = (1 5 3 4) 

(2 8 9)(6 7)(10 11). Therefore, we have  𝑋 = {𝜆𝑖
𝛽
}
𝑖=1

4

= {{1,5,3,4}, {2,8,9}, {10,11}, {6.7}} 

and 𝑇 = {6,7}. Define ⋕∶ 𝑋 × 𝑋 ⟶ 𝑋 by; 

 

 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
= 

{
 
 

 
 𝑇, 𝑖𝑓 (𝜆𝑖

𝛽
= 𝑇 )𝑜𝑟 (𝜆𝑖

𝛽
= 𝜆𝑗

𝛽
),

 

𝜆𝑖
𝛽
, 𝑖𝑓(∑ 𝑡𝑠

𝑖 >
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗
)

𝛼𝑗
𝑠=1  𝑜𝑟 (∑ 𝑡𝑠

𝑖 =
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗
  𝑎𝑛𝑑 

𝛼𝑗
𝑠=1

|𝜆𝑖| > |𝜆𝑗|)) 

 
𝜆𝑗
𝛽
, 𝑖𝑓(∑ 𝑡𝑠

𝑖 <
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗𝛼𝑗
𝑠=1 )𝑜𝑟 (∑ 𝑡𝑠

𝑖 =
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗𝛼𝑗
𝑠=1  𝑎𝑛𝑑 &|𝜆𝑖| < |𝜆𝑗|),

, 

 

where 𝜆𝑖 and 𝜆𝑗  are cycles for 𝜆𝑖
𝛽
  and 𝜆𝑗

𝛽
, respectively. Here we consider (𝑋, #, 𝑇 ) is a 

(𝑃 − 𝜌 − 𝐴). See table (1).  

 

Table 1: (𝑋, #, 𝑇 ) is a (𝑃 − 𝜌 − 𝐴). 
# {6,7} {1,5,3,4} {2,8,9} {10,11} 

{6,7} {6,7} {6,7} {6,7} {6,7} 

{1,5,3,4} {1,5,3,4} {6,7} {2,8,9} {10,11} 

{2,8,9} {2,8,9} {2,8,9} {6,7} {10,11} 

{10,11} {10,11} {10,11} {10,11} {6,7} 

 

Definition3.3: Let (𝑋, ⋕, 𝑇 ) be a (𝑃 − 𝜌 − 𝐴). We say (𝑋, ⋕, 𝑇 ) is a regular permutation 𝜌-

algebra (𝑅𝑃 − 𝜌 − 𝐴) if and only if  𝜆𝑖
𝛽
⋕ 𝑇 =  𝜆𝑖

𝛽
, ∀ 𝜆𝑖

𝛽
∈ 𝑋. 
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Example 3.4: Let (𝑋, ⋕, 𝑇 ) be a (𝑃 − 𝜌 − 𝐴)in Example (3.2). Then, we consider that 
(𝑋, ⋕, 𝑇 ) is a (𝑅𝑃 − 𝜌 − 𝐴). 
 

Remark 3.5: If (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴) and ∅ ≠ 𝑆 ⊆ 𝑋 is closed under ⋕, then 𝑇 ∈ 𝑆 and 

(𝑆, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴). Also, if (𝑋, ⋕, 𝑇)is a (𝑅𝑃 − 𝜌 − 𝐴). Then (𝑆, ⋕, 𝑇) is a 
(𝑅𝑃 − 𝜌 − 𝐴). 
 

Lemma 3.6: If (𝑋, ⋕, 𝑇) is a (𝑅𝑃 − 𝜌 − 𝐴) and 𝑋 has at least two 𝛽 −sets. Then (𝑋, ⋕, 𝑇) is 

“non-associative”.  

 

Proof: Let (𝑋, ⋕, 𝑇) be a (𝑅𝑃 − 𝜌 − 𝐴) and 𝑋 has at least two 𝛽 −sets, say 𝜆𝑖
𝛽

 is a 𝛽 −set in 𝑋 

with  𝜆𝑖
𝛽
≠ 𝑇. If it is associative, then ( 𝜆𝑖

𝛽
⋕  𝜆𝑖

𝛽
) ⋕  𝜆𝑖

𝛽
=  𝜆𝑖

𝛽
⋕ ( 𝜆𝑖

𝛽
⋕  𝜆𝑖

𝛽
) =  𝜆𝑖

𝛽
⋕ 𝑇= 𝜆𝑖

𝛽
 

this is because 𝑋 is a (𝑅𝑃 − 𝜌 − 𝐴). By using 2 of Definition 3.1, we have ( 𝜆𝑖
𝛽
⋕  𝜆𝑖

𝛽
) ⋕  𝜆𝑖

𝛽
=

𝑇 ⋕  𝜆𝑖
𝛽
= 𝑇. Then  𝜆𝑖

𝛽
= 𝑇, but this a contradiction with our hypotheses  𝜆𝑖

𝛽
≠ 𝑇. Hence 

(𝑋, ⋕, 𝑇) is “non-associative”. That means regular permutation 𝜌 -algebras are the “most non-

associative”. 

 

Definition 3.7: Assume that (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴) and  𝜆𝑖
𝛽
∈ 𝑋. Define 𝜆𝑖

𝛽
⋕ 𝑋 = { 𝜆𝑖

𝛽
⋕  

 𝜆𝑚
𝛽
| 𝜆𝑚

𝛽
∈ 𝑋}. We say 𝑋 is a permutation edge 𝜌-Algebra (𝑃𝐸 − 𝜌 − 𝐴) if for any  𝜆𝑖

𝛽
∈ 𝑋, 

 𝜆𝑖
𝛽
⋕ 𝑋 = { 𝜆𝑖

𝛽
, 𝑇}. 

 

Example 3.8:  

Let 𝛽 = (
1  2 3 4 5 6 7 8 9 10 11 12
3  4 5 6 7 8 9 10 11 12 1 2

) be a permutation  in 𝑆12. Since 

𝛽 = (
1  2 3 4 5 6 7 8 9 10 11 12
3  4 5 6 7 8 9 10 11 12 1 2

) = (1 3 5 7 9 11)(2 4 6 8 10 12). So 

we have 𝑋 = {𝜆𝑖
𝛽
}
𝑖=1

2

= {{1 ,3, 5, 7 ,9, 11}, {2 ,4 ,6, 8 ,10 ,12}}, and 𝑇 = {1 ,3, 5, 7 ,9, 11}. 

Define ⋕∶ 𝑋 × 𝑋 ⟶ 𝑋 by;  

𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
= {

𝑇, 𝑖𝑓 (𝜆𝑖
𝛽
= 𝑇 )𝑜𝑟 (𝜆𝑖

𝛽
= 𝜆𝑗

𝛽
),

 

𝜆𝑗
𝛽
, 𝑖𝑓 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑒𝑠.

  

Here we get (𝑋, #, 𝑇 ) is a (𝑃𝐸 − 𝜌 − 𝐴).  
 

Lemma 3.9: Assume that (𝑋, ⋕, 𝑇) is a (𝑃𝐸 − 𝜌 − 𝐴). Then (𝑋, ⋕, 𝑇) is a (𝑅𝑃 − 𝜌 − 𝐴).  
 

Proof: We need to prove that  𝜆𝑖
𝛽
⋕ 𝑇 =  𝜆𝑖

𝛽
, for any 𝛽 −set  𝜆𝑖

𝛽
∈ 𝑋. If  𝜆𝑖

𝛽
= 𝑇, then it is hold 

from 2 of Definition 3.1. Also,  let  𝜆𝑖
𝛽
≠ 𝑇, since (𝑋, ⋕, 𝑇) is (𝑃𝐸 − 𝜌 − 𝐴), then either  𝜆𝑖

𝛽
⋕

𝑇 =  𝜆𝑖
𝛽

 or  𝜆𝑖
𝛽
⋕ 𝑇 = 𝑇. If  𝜆𝑖

𝛽
⋕ 𝑇 = 𝑇, then by 2 and 3 of Definition 3.1, we get  𝜆𝑖

𝛽
= 𝑇, a 

contradiction. Hence  𝜆𝑖
𝛽
⋕ 𝑇 =  𝜆𝑖

𝛽
,∀  𝜆𝑖

𝛽
∈ 𝑋. Therefore, (𝑋, ⋕, 𝑇) is a (𝑅𝑃 − 𝜌 − 𝐴). 

 

Proposition 3.10: If (𝑋, ⋕, 𝑇) is a (𝑃𝐸 − 𝜌 − 𝐴), then ( 𝜆𝑖
𝛽
⋕ ( 𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
)) ⋕  𝜆𝑗

𝛽
= 𝑇, 

∀ 𝜆𝑖
𝛽
,  𝜆𝑗

𝛽
∈ 𝑋. 
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Proof: If  𝜆𝑖
𝛽
= 𝑇, then ( 𝜆𝑖

𝛽
⋕ ( 𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
)) ⋕  𝜆𝑗

𝛽
= 𝑇 by 2  of Definition 3.1. Let  𝜆𝑖

𝛽
≠ 𝑇. 

Assume ( 𝜆𝑖
𝛽
⋕ ( 𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
)) ⋕  𝜆𝑗

𝛽
≠ 𝑇, for some  𝜆𝑗

𝛽
∈ 𝑋. Let  𝜆𝛼

𝛽
=  𝜆𝑖

𝛽
⋕ ( 𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
). Then 

 𝜆𝛼
𝛽
⋕  𝜆𝑗

𝛽
≠ 𝑇 and  𝜆𝛼

𝛽
≠ 𝑇. This means that  𝜆𝑖

𝛽
≠  𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
∈  𝜆𝑖

𝛽
⋕ 𝑋 = { 𝜆𝑖

𝛽
, 𝑇} and hence 

 𝜆𝑖
𝛽
⋕  𝜆𝑗

𝛽
= 𝑇. It follows from Lemma 3.9 that 

( 𝜆𝑖
𝛽
⋕ ( 𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
)) ⋕  𝜆𝑗

𝛽
= ( 𝜆𝑖

𝛽
⋕ 𝑇) ⋕  𝜆𝑗

𝛽
=  𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
= 𝑇. 

A contradiction. Hence ( 𝜆𝑖
𝛽
⋕ ( 𝜆𝑖

𝛽
⋕  𝜆𝑗

𝛽
)) ⋕  𝜆𝑗

𝛽
= 𝑇, ∀ 𝜆𝑖

𝛽
,  𝜆𝑗

𝛽
∈ 𝑋. 

 

Definition 3.11: Assume that (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴). We say it is a permutation 𝜌 -

transitive algebra  (𝑃 − 𝜌 − 𝑇𝐴) if  𝜆𝑖
𝛽
⋕  𝜆𝑘

𝛽
= 𝑇 and  𝜆𝑘

𝛽
⋕  𝜆𝑗

𝛽
= 𝑇 imply  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇 

 

Example 3.12: Let (𝑋, #, 𝑇 ) be a (𝑃 − 𝜌 − 𝐴) in  Example 3.8, thus we get (𝑋, #, 𝑇 ) is a 
(𝑃 − 𝜌 − 𝑇𝐴), since 𝑇#𝑇 = 𝑇, 𝑇#{2 ,4 ,6, 8 ,10 ,12} = 𝑇, and {2 ,4 ,6, 8 ,10 ,12}# 

{2 ,4 ,6, 8 ,10 ,12} = 𝑇 the all cases their compositions are  equal 𝑇, also  

 

(1) 𝑇#𝑇 = 𝑇 & 𝑇#{2 ,4 ,6, 8 ,10 ,12} = 𝑇 → 𝑇#{2 ,4 ,6, 8 ,10 ,12} = 𝑇, 

(2) 𝑇#{2 ,4 ,6, 8 ,10 ,12} = 𝑇&{2 ,4 ,6, 8 ,10 ,12}#, {2 ,4 ,6, 8 ,10 ,12} = 𝑇 →
 𝑇#{2 ,4 ,6, 8 ,10 ,12} = 𝑇 

 

Proposition 3.13: Assume that (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝑇𝐴) and (𝑃𝐸 − 𝜌 − 𝐴). Then 

(( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) = 𝑇, ∀ 𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
,  𝜆𝑘

𝛽
∈ 𝑋. 

Proof: Since (𝑋, ⋕, 𝑇) is a (𝑃𝐸 − 𝜌 − 𝐴), then by Proposition 3.10, we obtain ( 𝜆𝑖
𝛽
⋕

( 𝜆𝑖
𝛽
⋕  𝜆𝑗

𝛽
)) ⋕  𝜆𝑗

𝛽
= 𝑇,  ∀ 𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
,  𝜆𝑘

𝛽
∈ 𝑋 . Assume that (( 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕

( 𝜆𝑘
𝛽
⋕ 𝜆𝑗

𝛽
) ≠ 𝑇, for some  𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
, 𝜆𝑘
𝛽
∈ 𝑋. That means ( 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
) ≠ 𝑇, by 2 of 

Definition 3.1. However 

( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
) ∈ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ 𝑋 = { 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
, 𝑇}, 

( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
) =  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
                         ……… (1) 

Also,  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∈  𝜆𝑖

𝛽
#𝑋 = { 𝜆𝑖

𝛽
, 𝑇}. 

 

If  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇, then 

𝑇 ≠ (( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) 

= (𝑇 ⋕ ( 𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) 

= 𝑇 ⋕ ( 𝜆𝑘
𝛽
⋕ 𝜆𝑗

𝛽
) = 𝑇 

Which is a contradiction. It follows that 

 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
=  𝜆𝑖

𝛽
                        ………………………(2) 

Hence,  𝜆𝑖
𝛽
=  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
(𝐹𝑟𝑜𝑚 (2)) 

                 = ( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
) (From (1)) 
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                 =  𝜆𝑖
𝛽
⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
).             (From (2)) 

That is,  𝜆𝑖
𝛽
=  𝜆𝑖

𝛽
⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)                   …………………………….(3) 

 

If  𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
≠ 𝑇, then  𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
=  𝜆𝑖

𝛽
, since 𝑋 is a (𝑃𝐸 − 𝜌 − 𝐴). From (3), we have that 

 𝜆𝑖
𝛽
=  𝜆𝑖

𝛽
⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
) =  𝜆𝑖

𝛽
⋕ 𝜆𝑖

𝛽
= 𝑇. 

This means that 

𝑇 ≠ (( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) 

                       = ( 𝜆𝑖
𝛽
⋕ 𝜆𝑖

𝛽
) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
)     (𝑓𝑟𝑜𝑚 (2) 𝑎𝑛𝑑  𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
=  𝜆𝑖

𝛽
)  

= 𝑇 ⋕ ( 𝜆𝑘
𝛽
⋕ 𝜆𝑗

𝛽
) = 𝑇, and this is a contradiction. 

Thus we conclude that 

 𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
= 𝑇               …………………………… . (4) 

We claim that  𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
= 𝑇. If  𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
=  𝜆𝑘

𝛽
, then 

𝑇 ≠ (( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) 

                                    = (( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ 𝑇) ⋕ 𝜆𝑘

𝛽
  (from (4) and  𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
=  𝜆𝑘

𝛽
) 

                  = ( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ 𝜆𝑘

𝛽
                       (From Lemma 3.9) 

=  𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
                                   (From (2)) 

= 𝑇 .                                             (From (4)) 

Which is a contradiction. Thus, we have that  𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
= 𝑇 and  𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇. Since 𝑋 is a 

(𝑃 − 𝜌 − 𝑇𝐴),  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇, and hence 

𝑇 ≠ (( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) = (𝑇#( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
))#( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) = 𝑇#( 𝜆𝑘

𝛽
⋕

𝜆𝑗
𝛽
) = 𝑇, a contradiction. Hence (( 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
)) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) = 𝑇. 

 

Definition 3.14: Assume that (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴) and ∅ ≠ 𝐼 ⊆ 𝑋. 𝐼 is called a 

permutation 𝜌-subalgebra (𝑃 − 𝜌 − 𝑆𝐴) of 𝑋 if  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼 whenever  𝜆𝑖

𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
∈ 𝐼. 

Also, any ∅ ≠ 𝐼 ⊆ 𝑋 is called a permutation 𝜌-ideal (𝑃 − 𝜌 − 𝐼) of 𝑋 if it satisfies 

1)  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼 and 𝜆𝑗

𝛽
∈ 𝐼 implies that  𝜆𝑖

𝛽
∈ 𝐼. 

2)  𝜆𝑖
𝛽
∈ 𝐼 and 𝜆𝑗

𝛽
∈ 𝐼 implies that  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼. 

 

Example 3.15:  

Let (𝑆12,𝜊) be a symmetric group and 𝛽 =

(
1  2 3 4 5 6 7 8 9 10 11 12
6  3 5 2 4 7 1 9 8 12 10 11

)  be a permutation  in 𝑆12. Since 𝛽 =

(
1  2 3 4 5 6 7 8 9 10 11 12
6  3 5 2 4 7 1 9 8 12 10 11

) = (1 6 7)(2 3 5 4)(8 9)(10 12 11). 

Therefore, we have 𝑋 = {𝜆𝑖
𝛽
}
𝑖=1

4

= {{10,12,11}, {2,3,5,4}, {8,9}, {1,6,7}}, and 𝑇 = {1,6,7}. 

Define ⋕∶ 𝑋 × 𝑋 ⟶ 𝑋 by  
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𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
= 

{
 
 

 
 𝑇, 𝑖𝑓 (𝜆𝑖

𝛽
= 𝑇 )𝑜𝑟 (𝜆𝑖

𝛽
= 𝜆𝑗

𝛽
),

 

𝜆𝑖
𝛽
, 𝑖𝑓(∑ 𝑡𝑠

𝑖 >
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗
)

𝛼𝑗
𝑠=1  𝑜𝑟 (∑ 𝑡𝑠

𝑖 =
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗
  𝑎𝑛𝑑 

𝛼𝑗
𝑠=1

|𝜆𝑖| > |𝜆𝑗|),

𝜆𝑗
𝛽
, 𝑖𝑓(∑ 𝑡𝑠

𝑖 <
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗𝛼𝑗
𝑠=1 )𝑜𝑟 (∑ 𝑡𝑠

𝑖 =
𝛼𝑖
𝑠=1 ∑ 𝑡𝑠

𝑗𝛼𝑗
𝑠=1  𝑎𝑛𝑑 &|𝜆𝑖| < |𝜆𝑗|),

  

where 𝜆𝑖 and 𝜆𝑗  are cycles for 𝜆𝑖
𝛽
  and 𝜆𝑗

𝛽
, respectively. Here we consider (𝑋, #, 𝑇 ) is a 

(𝑃 − 𝜌 − 𝐴). See table (2).  

 

Table 2: (𝑋, #, 𝑇 ) is a (𝑃 − 𝜌 − 𝐴). 
# {1,6,7} {2,3,5,4} {8,9} {10,12,11} 

{1,6,7} {1,6,7} {1,6,7} {1,6,7} {1,6,7} 

{2,3,5,4} {2,3,5,4} {1,6,7} {8,9} {10,12,11} 

{8,9} {8,9} {8,9} {1,6,7} {10,12,11} 

{10,12,11} {10,12,11} {10,12,11} {10,12,11} {1,6,7} 

  

     Let 𝐹 = {{1,6,7}, {8,9}}, and 𝐾 = {{1,6,7}, {2,3,5,4}} be subsets of 𝑋, then each of  𝐹 and 

K is (𝑃 − 𝜌 − 𝑆𝐴). Also, 𝐾 is (𝑃 − 𝜌 − 𝐼), but 𝐹 is not (𝑃 − 𝜌 − 𝐼) since {2,3,5,4} #{8,9} ∈
𝐾 and {8,9} ∈ 𝐾, but  {2,3,5,4} ∉ 𝐾. 

 

Proposition 3.16: Assume that (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴). If  𝜆𝑖
𝛽
≠ 𝜆𝑗

𝛽
 and  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇, then 

 𝜆𝑗
𝛽
⋕ 𝜆𝑖

𝛽
≠ 𝑇. 

 

Proof: It follows from 3 of Definition 3.1. 

 

Lemma 3.17: Assume that (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴). If 𝐼 is a (𝑃 − 𝜌 − 𝐼) of  𝑋, then 𝑇 ∈ 𝐼. 
 

Proof: Since 𝐼 ≠ ∅, there exists  𝜆𝑖
𝛽

 in 𝐼 and hence  𝑇 =  𝜆𝑖
𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐼  by Definition (3.14). 

 

Proposition 3.18: Assume that 𝐼 is a (𝑃 − 𝜌 − 𝐼) of (𝑋, ⋕, 𝑇). If  𝜆𝑖
𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
= 𝑇, 

then 𝜆𝑗
𝛽
∈ 𝐼. 

 

Proof: Assume that  𝜆𝑖
𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
= 𝑇. By Lemma 3.15 and Definition 3.14, we have 

that 𝜆𝑗
𝛽
∈ 𝐼. 

 

Definition 3.19: Let (𝑋, ⋕, 𝑇) be a (𝑃 − 𝜌 − 𝐴). A (𝑃 − 𝜌 − 𝐼) 𝐼 of 𝑋 is called a permutation 

𝜌⋕-ideal (𝑃−𝜌# − 𝐼) of 𝑋 if it satisfies the identity; 

 𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
∈ 𝐼 whenever  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕ 𝜆𝑘

𝛽
∈ 𝐼,∀ 𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
,  𝜆𝑘

𝛽
∈ 𝑋… ..( 𝜌 − 𝑖). 

  

Example 3.20: Let 𝛽 = (
1  2 3 4 5 6 7  8 9 10
4  3 2 1 6  7 9 5 10 8

)  be a permutation in 𝑆10. 

Since 𝛽 = (
1  2 3 4 5 6 7  8 9 10
4  3 2 1 6  7 9 5 10 8

) = (1 4)(2 3)(5 6 7 9 10 8). Therefore, 

we have 𝑋 = {𝜆𝑖
𝛽
}
𝑖=1

3

= {{1,4}, {2,3}, {5,6,7,9,10,8}, and 𝑇 = {1,4}. Define ⋕∶ 𝑋 × 𝑋 ⟶ 𝑋 by; 
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𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
= 

{
 
 

 
 𝑇, 𝑖𝑓 (𝜆𝑖

𝛽
= 𝑇 )𝑜𝑟 (𝜆𝑖

𝛽
= 𝜆𝑗

𝛽
),

 

𝜆𝑖
𝛽
, 𝑖𝑓 (𝜆𝑗

𝛽
= 𝑇)𝑜𝑟 (𝜆𝑖

𝛽
and 𝜆𝑗

𝛽
 are not disjoint with |𝜆𝑖| > |𝜆𝑗|),

𝜆𝑗
𝛽
, 𝑖𝑓 (𝜆𝑖

𝛽
and 𝜆𝑗

𝛽
 are not disjoint with |𝜆𝑖| < |𝜆𝑗|),

  

where 𝜆𝑖 and 𝜆𝑗  are cycles for 𝜆𝑖
𝛽
  and 𝜆𝑗

𝛽
, respectively. Here we consider (𝑋, #, 𝑇 ) is a 

(𝑃 − 𝜌 − 𝐴). See table (3).  

 

Table 3: (𝑋, #, 𝑇 ) is a (𝑃 − 𝜌 − 𝐴). 
# {1,4} {2,3} {5,6,7,9,10,8} 

{1,4} {1,4} {1,4} {1,4} 

{2,3} {2,3} {1,4} {5,6,7,9,10,8} 

{5,6,7,9,10,8} {5,6,7,9,10,8} {5,6,7,9,10,8} {1,4} 

 

Let 𝐻 = {1,4}. Then 𝐻 is a (𝑃 − 𝜌 − 𝐼) of 𝑋. Moreover, 𝐻 is a (𝑃−𝜌# − 𝐼) of 𝑋. 

 

Remark 3.21: From Definition (3.19) every (𝑃−𝜌# − 𝐼) is a (𝑃 − 𝜌 − 𝐼). However, it is not 

in general any (𝑃 − 𝜌 − 𝐼) is a (𝑃−𝜌# − 𝐼). See 𝐾 in Example 3.15, it is (𝑃 − 𝜌 − 𝐼), but not 

(𝑃−𝜌# − 𝐼) since {2,3,5,4}#{1,6,7} ∈ 𝐾 and {1,6,7}#{8,9} ∈ 𝐾, but {2,3,5,4}#{8,9} ∉ 𝐾. 
 

Definition 3.22: Let (𝑋, ⋕, 𝑇) be an arbitrary (𝑃 − 𝜌 − 𝐴) and not a  (𝑃𝐸 − 𝜌 − 𝐴). Define a 

binary operation ⊕:𝑋 × 𝑋 ⟶ 𝑋 by 

 𝜆𝑖
𝛽
⊕𝜆𝑗

𝛽
= {

 𝜆𝑖
𝛽
, 𝑖𝑓   𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
≠ 𝑇

𝑇,               𝑂.𝑊.
 

      Then we can easily see that (𝑋,⊕,𝑇) such that (1) ,(2) and (3) in Definition 3.1. Also, such 

that the condition of edge for any 𝜆𝑖
𝛽
∈ 𝑋 (i.e,  𝜆𝑖

𝛽
⊕𝑋 = { 𝜆𝑖

𝛽
, 𝑇}, ∀ 𝜆𝑖

𝛽
∈ 𝑋), but it is not 

(𝑃 − 𝜌 − 𝐴). So, we say (𝑋,⊕,𝑇) is permutation edge weakly  𝜌-algebra (𝑃𝐸 −𝑊𝜌 − 𝐴) of 

(𝑃 − 𝜌 − 𝐴) (𝑋, ⋕, 𝑇). Suppose now that  𝜆𝑖
𝛽
⊕𝑋 = 𝑇. Then  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇 for all 𝜆𝑗

𝛽
∈ 𝑋. In 

particular,  𝜆𝑖
𝛽
⋕ 𝑇 = 𝑇 = 𝑇 ⋕ 𝜆𝑖

𝛽
, so that  𝜆𝑖

𝛽
= 𝑇. Hence, if  𝜆𝑖

𝛽
≠ 𝑇, then  𝜆𝑖

𝛽
⊕𝑋 = { 𝜆𝑖

𝛽
, 𝑇}. 

Moreover, if (𝑋,⊕,𝑇) is (𝑆𝑃𝐸 −𝑊𝜌 − 𝐴), then (𝑋,⊕,𝑇) is called permutation edge weakly  

𝜌-transitive algebra (𝑆𝑃𝐸 −𝑊𝜌 − 𝑇𝐴) if  𝜆𝑖
𝛽
⊕  𝜆𝑘

𝛽
= 𝑇 and  𝜆𝑘

𝛽
⊕  𝜆𝑗

𝛽
= 𝑇 imply  𝜆𝑖

𝛽
⊕

𝜆𝑗
𝛽
= 𝑇, ∀ 𝜆𝑖

𝛽
,  𝜆𝑗

𝛽
,  𝜆𝑘

𝛽
∈ 𝑀. 

 

Proposition 3.23: Let (𝑋, ⋕, 𝑇) be (𝑃 − 𝜌 − 𝐴). Then (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝑇𝐴) if and only 

(𝑋,⊕, 𝑇) is (𝑃𝐸 −𝑊𝜌 − 𝑇𝐴)  

Proof: If (𝑋, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝑇𝐴), then  𝜆𝑖
𝛽
⊕𝜆𝑘

𝛽
= 𝑇 and  𝜆𝑘

𝛽
⊕𝜆𝑗

𝛽
= 𝑇 implies that  𝜆𝑖

𝛽
⋕

𝜆𝑘
𝛽
= 𝑇 =  𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
, so that  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇 and  𝜆𝑖

𝛽
⊕𝜆𝑗

𝛽
= 𝑇 as well. 

 Conversely, if (𝑋,⊕,𝑇) is a (𝑃𝐸 −𝑊𝜌 − 𝑇𝐴) , then  𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
= 𝑇 and  𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇 

imply  𝜆𝑖
𝛽
⊕𝜆𝑘

𝛽
= 𝑇 =  𝜆𝑘

𝛽
⊕𝜆𝑖

𝛽
, so that  𝜆𝑖

𝛽
⊕𝜆𝑗

𝛽
= 𝑇 and  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
= 𝑇 as well. 

 

Definition 3.24: Let (𝑋, ⋕, 𝑇) be a (𝑃 − 𝜌 − 𝐴). We say (𝑋, ⋕, 𝑇) is a permutation 𝜌∗-algebra 

(𝑃−𝜌∗ − 𝐴) if it satisfies the identity ( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ 𝜆𝑖

𝛽
= 𝑇, ∀ 𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
∈ 𝑋. 
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Example 3.25: Let (𝑋, #, 𝑇 ) be a (𝑃 − 𝜌 − 𝐴) in  Example 3.8, thus we get (𝑋, #, 𝑇 ) is a 
(𝑃 − 𝜌 − 𝑇𝐴), Also, we have the following: 

(1) (𝑇#𝑇)#𝑇 = 𝑇, 

(2)  ({2 ,4 ,6, 8 ,10 ,12}#{2 ,4 ,6, 8 ,10 ,12})#{2 ,4 ,6, 8 ,10 ,12} = 𝑇,  
(3) (𝑇#{2 ,4 ,6, 8 ,10 ,12})#𝑇 = 𝑇, 

(4) ({2 ,4 ,6, 8 ,10 ,12}#𝑇)#{2 ,4 ,6, 8 ,10 ,12} = 𝑇. 
Hence (𝑋, #, 𝑇 ) is a (𝑃−𝜌∗ − 𝐴). 
 

Proposition 3.26: Let (𝑋, ⋕, 𝑇) be a (𝑃−𝜌∗ − 𝐴). Then ∅ ≠ 𝐼 ⊆ 𝑋 is a  (𝑃 − 𝜌 − 𝐼) if; 
(1)-𝑇 ∈ 𝐼. 

(2)- 𝜆𝑖
𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐼 implies 𝜆𝑗

𝛽
∈ 𝐼, for all  𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
∈ 𝑋. 

 

Proof: To prove that 𝐼 is a (𝑃 − 𝜌 − 𝐼), we need only to show that  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼, for  every  𝜆𝑖

𝛽
∈

𝐼, 𝜆𝑗
𝛽
∈ 𝐼. From Definition (3.24), we have that ( 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
) ⋕ 𝜆𝑖

𝛽
= 𝑇, for all  𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
∈ 𝑋, but 

𝑇 ∈ 𝐼 and hence it follows from Proposition 3.18 that  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼. Hence 𝐼 is a (𝑃 − 𝜌 − 𝐼) 

of 𝑋. 

 

Definition 3.27: Let each of  (𝑋, ⋕, 𝑇𝑋) and (𝑌, ⋕, 𝑇𝑌) be (𝑃 − 𝜌 − 𝐴). A mapping 𝑓: 𝑋 ⟶ 𝑌 

is called a permutation 𝜌-morphism if 𝑓( 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) = 𝑓( 𝜆𝑖

𝛽
) ⋕ 𝑓(𝜆𝑗

𝛽
), ∀ 𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
∈ 𝑋. Also, 

𝑓(𝑇𝑋) = 𝑇𝑌. 

 

Definition 3.28: Let (𝑋, ⋕, 𝑇) be (𝑃 − 𝜌 − 𝐴) and 𝐼 be a (𝑃−𝜌# − 𝐼) of 𝑋. For any  𝜆𝑖
𝛽
, 𝜆𝑗
𝛽
∈

𝑋, we define  𝜆𝑖
𝛽
~𝜆𝑗

𝛽
 if and only if  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐼. We claim that ~ is an 

equivalence relation on 𝑋. Since 𝑇 ∈ 𝐼, we have that 𝜆𝑖
𝛽
⋕ 𝜆𝑖

𝛽
= 𝑇 ∈ 𝐼, 𝑖. 𝑒.   𝜆𝑖

𝛽
~𝜆𝑖

𝛽
,  

 for any  𝜆𝑖
𝛽
∈ 𝑋. If  𝜆𝑖

𝛽
~𝜆𝑗

𝛽
 and  𝜆𝑗

𝛽
~𝜆𝑘

𝛽
, then  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
,  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕ 𝜆𝑘

𝛽
,  𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
∈

𝐼. 

From the fact of the Definition 3.19, we have  𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
∈ 𝐼 whenever  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕

𝜆𝑘
𝛽
∈ 𝐼. We have that  𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
,  𝜆𝑘

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐼 and hence  𝜆𝑖

𝛽
~𝜆𝑘

𝛽
. Thus ~ is transitive. The 

symmetry of ~ is trivial. By condition (𝜌 − 𝑖𝑖), we can easily see that ~ is a congruence relation 

on 𝑋.  

 

Condition (𝝆 − 𝒊𝒊): Let (𝑋, ⋕, 𝑇) be (𝑃 − 𝜌 − 𝐴) and 𝐼 be a (𝑃−𝜌# − 𝐼) of 𝑋. If it satisfies 

 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∈ 𝐼 and  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐼 imply that ( 𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
) ⋕ ( 𝜆𝑗

𝛽
⋕ 𝜆𝑘

𝛽
) ∈ 𝐼 and ( 𝜆𝑘

𝛽
⋕ 𝜆𝑖

𝛽
) ⋕

( 𝜆𝑘
𝛽
⋕ 𝜆𝑗

𝛽
) ∈ 𝐼, for all  𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
, 𝜆𝑘
𝛽
∈ 𝑋. Then we say that 𝐼 is a permutation 𝜌∗-ideal (𝑃−𝜌∗ −

𝐼) of 𝑋. 

 

Proposition 3.29: Let 𝑓: 𝑋 ⟶ 𝑌 be a permutation 𝜌-morphism from a (𝑃 − 𝜌 − 𝐴) 𝑋 into a 

(𝑃 − 𝜌 − 𝑇𝐴)  𝑌. Then 𝐾𝑒𝑟𝑓 is a (𝑃−𝜌∗ − 𝐼)  of 𝑋. 

 

Proof: We only need to prove (𝜌 − 𝑖 ) in Definition 3.19 and (𝜌 − 𝑖𝑖). 

If  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
,  𝜆𝑗

𝛽
⋕ 𝜆𝑘

𝛽
∈ 𝐾𝑒𝑟𝑓, then 

𝑓( 𝜆𝑖
𝛽
) ⋕ 𝑓(𝜆𝑗

𝛽
) = 𝑇𝑌 = 𝑓( 𝜆𝑗

𝛽
) ⋕ 𝑓( 𝜆𝑘

𝛽
). 

Since 𝑌 is a (𝑃 − 𝜌 − 𝑇𝐴), we obtain 𝑓(𝜆𝑖
𝛽
) ⋕ 𝑓(𝜆𝑘

𝛽
) = 𝑇 and hence 
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 𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
∈ 𝐾𝑒𝑟𝑓, which shows (𝜌 − 𝑖) in Definition 3.19. 

Let  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
,  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐾𝑒𝑟𝑓. Then 

𝑓(𝜆𝑖
𝛽
) ⋕ 𝑓(𝜆𝑗

𝛽
) = 𝑇𝑌 = 𝑓(𝜆𝑗

𝛽
) ⋕ 𝑓(𝜆𝑖

𝛽
). 

By 3 of Definition 3.1, we have that 𝑓(𝜆𝑖
𝛽
) = 𝑓(𝜆𝑗

𝛽
). It follows that 

𝑓 ((𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
) ⋕ (𝜆𝑗

𝛽
⋕ 𝜆𝑘

𝛽
)) = 𝑓(𝜆𝑖

𝛽
⋕ 𝜆𝑘

𝛽
) ⋕ 𝑓(𝜆𝑗

𝛽
⋕ 𝜆𝑘

𝛽
) 

                                                                                = (𝑓( 𝜆𝑖
𝛽
) ⋕ 𝑓( 𝜆𝑘

𝛽
)) ⋕ (𝑓( 𝜆𝑖

𝛽
) ⋕ 𝑓(𝜆𝑘

𝛽
)) 

= 𝑇𝑌. 

And hence ( 𝜆𝑖
𝛽
⋕ 𝜆𝑘

𝛽
) ⋕ ( 𝜆𝑗

𝛽
⋕ 𝜆𝑘

𝛽
) ∈ 𝐾𝑒𝑟𝑓. 

Similarly, ( 𝜆𝑘
𝛽
⋕ 𝜆𝑖

𝛽
) ⋕ ( 𝜆𝑘

𝛽
⋕ 𝜆𝑗

𝛽
) ∈ 𝐾𝑒𝑟𝑓. 

Which proves (𝜌 − 𝑖𝑖). 
 

Definition 3.30: We denote the congruence class containing  𝜆𝑖
𝛽

 by [ 𝜆𝑖
𝛽
]
𝐼
, i.e. [ 𝜆𝑖

𝛽
]
𝐼
=

{𝜆𝑗
𝛽
∈ 𝑋| 𝜆𝑖

𝛽
~𝜆𝑗

𝛽
}. We say that  𝜆𝑖

𝛽
~𝜆𝑗

𝛽
 if and only if [ 𝜆𝑖

𝛽
]
𝐼
= [𝜆𝑗

𝛽
]
𝐼
. Denote the set of all 

equivalence classes of 𝑋 by 𝑋/𝐼, i.e. 𝑋/𝐼 = {[ 𝜆𝑖
𝛽
]
𝐼
| 𝜆𝑖

𝛽
∈ 𝑋}. 

 

Lemma 3.31: Let(𝑋, ⋕, 𝑇) be (𝑃 − 𝜌 − 𝐴) and 𝐼 be a (𝑃−𝜌∗ − 𝐼) of 𝑋. Then 𝐼 = [𝑇]𝐼. 
 

Proof: If  𝜆𝑖
𝛽
∈ 𝐼, then 

 𝜆𝑖
𝛽
⋕ 𝑇 ∈ 𝐼 ⋕ 𝑋 ⊆ 𝐼 

And hence  𝜆𝑖
𝛽
∈ [𝑇]𝐼, i.e. 𝐼 ⊆ [𝑇]𝐼. Since 

[𝑇]𝐼 = { 𝜆𝑖
𝛽
∈ 𝑋| 𝜆𝑖

𝛽
~𝑇}                               

         = { 𝜆𝑖
𝛽
∈ 𝑋| 𝜆𝑖

𝛽
⋕ 𝑇, 𝑇 ⋕ 𝜆𝑖

𝛽
∈ 𝐼} 

            = { 𝜆𝑖
𝛽
∈ 𝑋| 𝜆𝑖

𝛽
⋕ 𝑇 ∈ 𝐼}    (𝑇 ∈ 𝐼) 

⊆ 𝐼         (From Definition 3.30) 
It then follows that  𝐼 = [𝑇]𝐼. 
 

Proposition 3.32: Let(𝑋, ⋕, 𝑇) be (𝑃 − 𝜌 − 𝐴) and 𝐼 be a (𝑃−𝜌∗ − 𝐼) of 𝑋. If we define 

[ 𝜆𝑖
𝛽
]
𝐼
⋕ [𝜆𝑗

𝛽
]
𝐼
= [ 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
]
𝐼
     ( 𝜆𝑖

𝛽
, 𝜆𝑗
𝛽
∈ 𝑋), 

Then (𝑋/𝐼, ⋕, 𝑇) is a (𝑃 − 𝜌 − 𝐴). 
 

Proof: Since ∼ is a congruence relation on 𝑋,  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∼  𝜆𝑖

𝛽
′ ⋕ 𝜆𝑗

𝛽
′  for any  𝜆𝑖

𝛽
∼ 𝜆𝑖

𝛽
′,  𝜆𝑗

𝛽
∼

𝜆𝑗
𝛽
′. This means that 

[ 𝜆𝑖
𝛽
]
𝐼
⋕ [𝜆𝑗

𝛽
]
𝐼
= [ 𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
]
𝐼
 

is well defined. 

Let [ 𝜆𝑖
𝛽
]
𝐼
, [𝜆𝑗

𝛽
]
𝐼
∈ 𝑋/𝐼 with  [ 𝜆𝑖

𝛽
]
𝐼
⋕ [𝜆𝑗

𝛽
]
𝐼
= [𝑇]𝐼 = [𝜆𝑗

𝛽
]
𝐼
⋕ [𝜆𝑗

𝛽
]
𝐼
. 

Then [ 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
]
𝐼
= [𝑇]𝐼 = [ 𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
]
𝐼
 and  𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
,  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐼. Thus  𝜆𝑖

𝛽
∼ 𝜆𝑗

𝛽
 and 

[ 𝜆𝑖
𝛽
]
𝐼
= [𝜆𝑗

𝛽
]
𝐼
. 
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Not that (𝑋/𝐼, ⋕, 𝑇) is called the quotient permutation 𝜌 -algebra (𝑄𝑃 − 𝜌 − 𝐴). 
 

Proposition 3.33: Let(𝑋, ⋕, 𝑇) be (𝑃 − 𝜌 − 𝐴) and 𝐼 be a (𝑃−𝜌∗ − 𝐼) of 𝑋. Then the mapping 

𝜋: 𝑋 ⟶ 𝑋/𝐼 defined by 

𝜋( 𝜆𝑖
𝛽
) = [ 𝜆𝑖

𝛽
]
𝐼
 

Is a permutation 𝜌 -morphism of 𝑋 onto the (𝑄𝑃 − 𝜌 − 𝐴) 𝑋/𝐼 and the kernel of 𝜋 is just the 

set 𝐼. 
 

Proof: Since [ 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
]
𝐼
= [ 𝜆𝑖

𝛽
]
𝐼
⋕ [𝜆𝑗

𝛽
]
𝐼
, 𝜋 is a permutation 𝜌-morphism. From Lemma 

(3.31), we know that  

𝐾𝑒𝑟𝜋 = { 𝜆𝑖
𝛽
∈ 𝑋|𝜋( 𝜆𝑖

𝛽
) = [𝑇]𝐼} 

        = { 𝜆𝑖
𝛽
∈ 𝑋|[ 𝜆𝑖

𝛽
]
𝐼
= [𝑇]𝐼} 

= { 𝜆𝑖
𝛽
∈ 𝑋| 𝜆𝑖

𝛽
~𝑇} = [𝑇]𝐼 = 𝐼.                     

 

Proposition 3.34: If 𝑓: 𝑋 ⟶ 𝑌 is a permutation 𝜌 -morphism from a (𝑃 − 𝜌 − 𝐴) (𝑋, ⋕, 𝑇) 
onto a (𝑃 − 𝜌 − 𝑇𝐴) (𝑌, ⋕, 𝑇), then 𝑋/𝐾𝑒𝑟𝑓 ≅ 𝑌. 

 

Proof: Assume that 𝜇: 𝑋/𝐾𝑒𝑟𝑓 ⟶ 𝑌 such that 𝜇 ([𝜆𝑖
𝛽
]
𝐾𝑒𝑟𝑓

) = 𝑓(𝜆𝑖
𝛽
). 

If [𝜆𝑖
𝛽
]
𝐾𝑒𝑟𝑓

= [𝜆𝑗
𝛽
]
𝐾𝑒𝑟𝑓

, then  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
,  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∈ 𝐾𝑒𝑟𝑓, and so 

𝑓(𝜆𝑖
𝛽
) ⋕ 𝑓(𝜆𝑗

𝛽
) = 𝑇 = 𝑓(𝜆𝑗

𝛽
) ⋕ 𝑓( 𝜆𝑖

𝛽
). 

By (3) of Definition (3.1), we have that 𝑓(𝜆𝑖
𝛽
) = 𝑓(𝜆𝑗

𝛽
), i.e. 𝜇 ([𝜆𝑖

𝛽
]
𝐾𝑒𝑟𝑓

) = 𝜇 ([𝜆𝑗
𝛽
]
𝐾𝑒𝑟𝑓

). 

This means that 𝜇 is well-defined. For any 𝜆𝑗
𝛽
∈ 𝑌 there is an  𝜆𝑖

𝛽
∈ 𝑋 such that 𝑓(𝜆𝑖

𝛽
) = 𝜆𝑗

𝛽
 

since 𝑓 is onto. Hence 𝜇 ([ 𝜆𝑖
𝛽
]
𝐾𝑒𝑟𝑓

) = 𝑓( 𝜆𝑖
𝛽
) = 𝜆𝑗

𝛽
, which means that 𝜇 is onto. If 

𝜇 ([ 𝜆𝑖
𝛽
]
𝐾𝑒𝑟𝑓

) = 𝑓( 𝜆𝑖
𝛽
) = 𝜆𝑗

𝛽
, which means that 𝜇 is onto. If 𝜇 ([ 𝜆𝑖

𝛽
]
𝐾𝑒𝑟𝑓

) ≠ 𝜇 ([𝜆𝑗
𝛽
]
𝐾𝑒𝑟𝑓

) 

then either  𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∉ 𝐾𝑒𝑟𝑓 or  𝜆𝑗

𝛽
⋕ 𝜆𝑖

𝛽
∉ 𝐾𝑒𝑟𝑓. Without loss of generality, we may assume 

 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
∉ 𝐾𝑒𝑟𝑓. It follows that 𝑓(𝜆𝑖

𝛽
) ⋕ 𝑓(𝜆𝑗

𝛽
) = 𝑓(𝜆𝑖

𝛽
⋕ 𝜆𝑗

𝛽
) ≠ 𝑇 and hence   𝑓(𝜆𝑖

𝛽
) ≠

𝑓(𝜆𝑗
𝛽
). This means that 𝜇 is one-to-one and onto. Since 

𝜇 ([𝜆𝑖
𝛽
]
𝐾𝑒𝑟𝑓

⋕ [𝜆𝑗
𝛽
]
𝐾𝑒𝑟𝑓

) = 𝜇 ([ 𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
]
𝐾𝑒𝑟𝑓

) 

                                  = 𝑓(𝜆𝑖
𝛽
⋕ 𝜆𝑗

𝛽
) 

                                        = 𝑓(𝜆𝑖
𝛽
) ⋕ 𝑓(𝜆𝑗

𝛽
) 

                                                                 = 𝜇 ([𝜆𝑖
𝛽
]
𝐾𝑒𝑟𝑓

) ⋕ 𝜇 ([𝜆𝑗
𝛽
]
𝐾𝑒𝑟𝑓

) 

𝜇 is a permutation 𝜌 -morphism. Thus we have that 

𝑋/𝐾𝑒𝑟𝑓 ≅ 𝑌. 
Completing the proof. 
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Proposition 3.35: Let 𝑓: 𝑋 ⟶ 𝑌 be an onto permutation 𝜌-morphism from the (𝑃𝐸 − 𝜌 − 𝐴) 
(𝑋, ⋕, 𝑇𝑋) to the (𝑃 − 𝜌 − 𝐴)(𝑌, ⋕, 𝑇𝑌). Then (𝑌, ⋕, 𝑇𝑌) is also a (𝑃𝐸 − 𝜌 − 𝐴). 
 

Proof: Consider 𝑓(𝜆𝑖
𝛽
) = 𝜆𝑗

𝛽
, 𝑓(𝜆𝑛

𝛽
) = 𝜆𝑚

𝛽
. Then 

𝜆𝑗
𝛽
⋕ 𝜆𝑚

𝛽
= 𝑓(𝜆𝑖

𝛽
) ⋕ 𝑓(𝜆𝑛

𝛽
) = 𝑓(𝜆𝑖

𝛽
⋕ 𝜆𝑛

𝛽
) ∈ {𝑓(𝜆𝑖

𝛽
), 𝑓(𝜆𝑛

𝛽
)} = {𝜆𝑗

𝛽
, 𝑇}. 

 

4. Conclusions  

     This work introduces some new extensions of 𝜌 -algebras and investigates their properties 

using permutation sets, which are non-classical sets. Furthermore, non-classical sets such as 

nano sets [27] and neutrosophic sets [28-31] a result, instead of applying permutation sets in a 

future study, we will extend our conceptions and conclusions in this paper using nano and 

neutrosophic sets. 

 

References  
[1] K. Iseki and S. Tanaka, An introduction to theory of BCK-algebras, Mathematica  Japonica, vol. 

32, pp. 1-26, 1978. 
[2] K. Iseki, On BCI-algebras, Mathematics Seminar Notes, vol. 8, pp. 125-130, 1980.  

[3] J. Neggers; H. S. Kim, On d-algebras, Mathematica Slovaca, vol. 49, no. 1, pp.19-26, 1999. 

[4] S. M. Khalil and M. Abud Alradha, Characterizations of ρ-algebra and Generation Permutation 

Topological Algebra Using Permutation in Symmetric Group, American Journal of Mathematics 

and Statistics, vol. 7, no. 4, pp.152 –159, 2017.  

[5] H. T. Fakher  and S. Mahmood, The Cubic Dihedral Permutation Groups of Order 4k, ECS 

Transactions, vol. 107, no.  1, pp. 3179, 2022. doi:10.1149/10701.3179ecst 

[6] S. M. Khalil, A. Rajah, Solving Class Equation xd = β in an Alternating Group for all n ∈ θ 

&β ∈ Hn ∩ C
α, Arab Journal of Basic and Applied Sciences, vol. 16, pp. 38–45, 2014. 

[7] S. M. Khalil, Enoch Suleiman
 

and M. M. Torki, Generated New Classes of Permutation I/B-

Algebras, Journal of Discrete Mathematical Sciences and Cryptography, vol. 25, no.1, pp. 31-40, 

2022. 

[8] M. M. Torki, S. M. Khalil, New Types of Finite Groups and Generated Algorithm to Determine 

the Integer Factorization by Excel, AIP Conference Proceedings, 2290 (2020), 040020. 

[9] S. M. Khalil, F. Hameed, An algorithm for generating permutations in symmetric groups using 

soft spaces with general study and basic properties of permutations spaces, 

Journal of Theoretical and Applied Information Technology , vol. 96, pp. 2445–2457, 2018. 

[10] S. M. Khalil, N. M. Abbas, Applications on New Category of the Symmetric Groups,  AIP 

Conference Proceedings, 2290 (2020), 040004. 

[11] S.Mahmood and N. M. A. Abbas, Characteristics of the Number of Conjugacy Classes and  P-

Regular Classes in Finite Symmetric Groups, IOP Conference Series: Materials Science and 

Engineering, 571 (2019) 012007, doi:10.1088/1757-899X/571/1/012007. 

[12] S. Mahmood, E. Suleiman and N. M. Ali Abbas, "New Technical to Generate Permutation 

Measurable Spaces," 2021 1st Babylon International Conference on Information Technology and 

Science (BICITS), pp. 160-163, 2021. doi: 10.1109/BICITS51482.2021.9509892. 

[13] S. Mahmood, The Permutation Topological Spaces and their Bases, Basrah Journal of Science, 

vol. 32, no.1, pp.  28-42, 2014. 

[14] S. M. Khalil, M. Ulrazaq, S. Abdul-Ghani, Abu Firas Al-Musawi, 𝜎−Algebra and 𝜎−Baire in 

Fuzzy Soft Setting, Advances in Fuzzy Systems, 2018, 10. 

[15] S. M. Khalil, A. Hassan, Applications of fuzzy soft ρ-ideals in ρ-algebras, Fuzzy 

Information and Engineering, vol. 10, pp.  467–475, 2018.  

[16] S. A. Abdul-Ghani, S. M. Khalil, M. Abd Ulrazaq, A. F. Al-Musawi, New Branch of Intuitionistic 

Fuzzification in Algebras with Their Applications, International 

Journal of Mathematics and Mathematical Sciences, 2018, 6. 

[17] S. Mahmood, M. H. Hasab, Decision Making Using New Distances of Intuitionistic Fuzzy Sets 

and Study Their Application in The Universities, INFUS, Advances in Intellgent Systems and 

https://iopscience.iop.org/journal/1938-5862
https://iopscience.iop.org/journal/1938-5862
https://doi.org/10.1149/10701.3179ecst


Sharqi and Khalil                                    Iraqi Journal of Science, 2024, Vol. 65, No. 7, pp: 3944- 3956 
 

3956 

Computing, vol 1197, pp. 390–396, 2020. doi.org/10.1007/978-3-030-51156-2_46. 

[18] S. Khalil, A. Hassan A, H. Alaskar, W. Khan, Hussain A. Fuzzy Logical Algebra and Study of 

the Effectiveness of Medications for COVID-19, Mathematics, vol. 9, no. 22, pp. 28-38, 2021. 

[19] S. M. Khalil, and A. N. Hassan, New Class of Algebraic Fuzzy Systems Using Cubic Soft  Sets 

with their Applications, IOP Conf. Series: Materials Science and Engineering, 928 (2020) 042019 

doi:10.1088/1757-899X/928/4/042019   

[20] L. Jaber, S. Mahmood, New Category of Equivalence Classes of Intuitionistic Fuzzy Delta-

Algebras with Their Applications, Smart Innovation, Systems and Technologies, vol. 302, pp. 

651–663, 2022. https://doi.org/10.1007/978-981-19-2541-2_54 

[21] S. M. Khalil, S. A. Abdul-Ghani, Soft M-ideals and soft S-ideals in soft S-algebras, Journal of 

Physics: Conference Series,, 1234 (2019), 012100. 

[22] S. Ebrahim, On Intuitionistic Fuzzy bi- Ideal With respect To an Element of a near Ring,  Iraqi 

Journal of Science, 57(3A), 1806–1812, 2022.  

[23] S. M. Khalil, F. Hameed, Applications on cyclic soft symmetric, Journal of Physics: Conference 

Series, 1530 (2020), 012046. 

[24] A. F. Abdal, A. N. , Imran, A. A. , Najm aldin, & A. O. Elewi, Soft Bornological Group Acts on 

Soft Bornological Set. Iraqi Journal of Science, 64(2), 823–833, 2023. 

[25] B. Edward, and H. Marcel,  powers of cyclic-classes in symmetric groups. Journal of    

Combinatorial theory, Series A 94, pp.87-99, 2001.    

[26] D. Zeindler, Permutation matrices and the moments of their characteristic polynomial,    

Electronic journal of probability, vol. 15, no. 34, pp.1092-1118, 2010. 

[27] S. M. Khalil, N. M. A. Abbas, On Nano with Their Applications in Medical Field, in AIP 

Conference Proceedings, 2290 (2020), 040002. 

[28] A. R. Nivetha, M. Vigneshwaran, N. M. Ali Abbas and S. M.  Khalil, On N*gα- continuous in 

topological spaces of neutrosophy, Journal of Interdisciplinary Mathematics, vol. 24, no. 3, pp. 

677-685, 2021.  

[29] N. M. Ali Abbas, S. M. Khalil and M.Vigneshwaran, The Neutrosophic Strongly Open Maps in 

Neutrosophic Bi-Topological Spaces, Journal of Interdisciplinary Mathematics, vol. 24, no. 3, pp. 

667-675, 2021.  

[30] S. M. Khalil, On  Neurosophic Delta Generated Per-Continuous Functions in Neutrosophic 

Topological Spaces, Neutrosophic Sets and Systems, vol. 48, pp. 122-141, 2022.  

[31] Q H Imran, F Smarandache et. al, On Neutrosophic semi alpha open sets, Neutrosophic sets and 

systems, vol. 18, pp. 37-42, 2018. 

 
 

 

http://dl.acm.org/author_page.cfm?id=81100422975&coll=DL&dl=ACM&trk=0&cfid=473583056&cftoken=38310831
http://www.math.washington.edu/~ejpecp/include/getdoc.php?id=5610&article=2097&mode=pdf
http://fs.unm.edu/NSS/NeurosophicDeltaGenerated10.pdf
http://fs.unm.edu/NSS/NeurosophicDeltaGenerated10.pdf

