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Abstract

In the current paper, we define some subclasses of holomorphic functions in the
open disk U that are defined by the differential operator. These subclasses are defined
in the open disk U. We make some estimates for the bounds of the Fekete-Szego
inequality as well as the coefficients |a,| and |a5| for functions that belong to these
subclasses. Also, some of the results of these subclasses have been generalized,
particularly those that involve the majorization and quasi-subordination concepts.
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Introduction
Many authors examine the bounds of Fekete-Szego coefficient for various classes see [1] [2]
The class of holomorphic functions f(z) in an open unit disk U = {z: |z| < 1}, standardized
by f(0) = 0and f'(0) = 1 is represented by A and given by
f@)=z+27a,z". 1)

Assume f and g be two holomorphic functions in U. If there exists a Schwarz function
w(z) that is univalent in U with w(0) =0, and |w(z)| < |z|,z € U such that f(z) =
g(w(2)), then we say that f is a subordinate to g in U and represented as f(z) < g(z) ,(z €
U). Moreover, if g(z) is holomorphic in U, then f(z) < g(z) is equivalentto f(0) = g(0) and
f(U) c g(U). In 1970, Robertson [3], introduced the notion of quasi-subordination of two
holomorphic functions, f is called quasi-subordinate to g in U, written as f(z) <, g(2), if
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there exists holomorphic functions ¢ and w, with |¢(z)| < 1, w(0) = 0 and |w(z)| < 1 such
that £(z) = p(2)g(w(2)), (z € U). Observe that if p(z) = 1, then f(z) <, g(z) becomes
f(2) < g(2), also if w(z) =z, then f(2) <, g(z) becomes majoraization " << ', written as
f(z) << g(z) in U, the notion of majoraization is due to MacGeqr [4]. Therefore, quasi-
subordination generalizes of both usual subordination and majoraization.

Throughout  this  paper, let f(z)=z+ayz*+azz®+--. Also, let the
function ¢(z) holomorphic in U given by:

@(z) =Co+ Cyz + Cz% + -+ . (2)
Where C,, Cy, Cs, ... € C, and ¢ be of the form:
¢(z) =1+ Byz+ B,z* + - (3)

Where B;, B,, ... € Rand B; > 0.
The purpose of this present paper is to integrate a new results by applying the Frasin differential
operator on some subclasses.

1. Preliminary Results
Definition 1. [5]. A function f € R, (7,5 ¢) ,§€C—{0},7=0,if

1
g(f’(z) +12f"(2) - 1) <4 (p(2) - 1) ,z€U

Definition 2. [5]. A function f € £,(7,§,¢) ,§€ C—{0},7 =0, if
f"'(2)
1 +%<Zﬂ5 ) <, #(2),z€U
Definition 3. [5]. A function f € M,(7,{,§,¢) ,§€C—{0},0<{<17=>0,Iif
1(zf'(2) + tz*f" (2)
(M griare ) 0@ -vzeu
A function f is in M,(7,{,§ &) if and only if there exists a holomorphic function ¢(z) with
|p(z)] <1,z € Usuch that
(2L @ wz*f"(z) 1)
A -0z+32f(2)

¢(2)
Note that
) Mq(T' 0,5 ) = qu(T' & b).
i) Mg(r, 1,5,9) = £4(1, 5 b).
iit) Mq({,4,% ¢) was investigated by Kant and Vyas [6].
Frasin [7] introduced the differential operator Dy , f (z) which defined as
Df(2) = f(2).
Di.f(2) = (1—w*f(2) + (1 - 1 - wh)zf'(2).
DE,f(2) = Dy (DL (2)):

Wherea e NU{0}, z€C, u € R,f € Aand £ € N, then we have

VA
Dk#f(z)—z+2(1+(/n—1)z (— 1)‘”1#"‘) a,zm.

Where i > 0, m € N and C7* () = Y72, (7)) (— D)%+ ps.

Note that, when 7 = 1, we get the Al- Oboudl Differential Operator [8]. Also, whenm = u =
1, we get the Salagean Operator [9].

In our work, we require the next two lemmas to prove our major results.

<(p=2)—-1),z€U.

3861



Ahmed and Juma Iragi Journal of Science, 2024, Vol. 65, No. 7, pp: 3860-3865

Lemma 4. [10]. The Schwarz function w(z) are given via
w(z) = wiz + wyz? + wyz3 + -, (4)
then for each %, z, w, w,, ws, ... € C we have
lw| < 1,and |w, —tw?| <1+ (J£] — 1)|w;|? < max{1, |£]}.
For the functions w(z) = z? or w(z) = z the result is sharp.
Lemma 5. [10]. Assume ¢(z) be analytic function in U, with |¢(z)| < 1 and let
0(z) =Cy+ Ciz + Cyz% + - .
Then |Cyl < 1andforn > 0,|C,| <1—|Cy|? < 1.
2. Main Results
Theorem 1. If € M,(z,{,§, &), then
az] < ——P )
2(1+7-0)(1+C ()

1§1B1
} (6)

__¢B1 By
(1+T—<) Bl

las| < kmax{1,|

3(1+21—()(1+2c;”(u))
and for any complex number ¢ € C,

las — tad| < 1515, smax{1,|78, -2

3(1+21—()(1+zc§”(u)) By

where

3t(1+21:—{)(1+2Cm( ))/L
J=E< < - ) @)

4_(1_{_1-_()2(1_{_6*;”(”))2/& N (1+T_Z)
Proof: If A € M,(7,{,§, &), then there is a holomorphic functions ¢ and w with |@(2)| <
1,w(0) = 0and |w (2)| < 1 such that
1 Z(Dz#f(z)),+rzZ(Dz_uf(z))”

P\ a-0zos(g @)
Series expansions of Dy , f(z) and its sequential derivatives as of (1) gives

—1|=9@)(p(w(@)-1),z€U. 8)

Z(Dgluf(z))lﬁczz (Dg’ﬂf (z))”

1
2 i -1l =
S\ a-0zen(ng, 1)

1 z(1+2;'f=2/n(1+(/n—l)C{;”(u))kanz”_l)#rzz(Zj;z(fn—1)n(1+(n—l)C;”(u))kanz”_z) e
3 (1—()z+(z<1+2;’f=2n(1+(n—1)C;”(u))ﬁanz"—1)
2 £
2(1 1+c* 24+3(1+27)(1+2¢ 34
1 z+2( +1')( +CJ (u));zz +3(1+ ‘L')( + d,fﬂ)) azz3+ _1> =l(2(1+‘[—{)(1+
3 z+2((1+62”(u)) azzz+3{(1+262”(u)) azz3+-- 3
* *
M) azz +3(1 + 2t — (1 + 265 (W) “azz® + -+ ). 9)
In the same way as of (2), (3) and (4), we get
<p(z)(q,’)(w (z)) - 1) = Bicow;1Z + (Blclw1 + co(Biw, + Bzwlz))z2 + e (20)
Making use of (9) and (10) in (8), we get
a, = §coB1w1 - (11)
2(1+7-0)(1+C ()
and
£B1 ¢&oB1 |, B 2
a; = ciWy +copiwy, + (=—+ =) ws|. 12
3 3(1+21—()(1+26§”(#))k[ . 0{ ? (1”_{ Bl)} 1] 12)

Thus, for any £ € C, we get
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[ 3:
3(1+21—()(1+2€§”(u)
Where J is as stated in (7).

Since ¢ (z) holomorphic and bounded via one in U. We have

as —tas = ),L [01W1 + ¢g (WZ + ﬁ—iwf) — JBlcgwlz]. (13)

lcol <1 and ¢; = (1—cd)x x <1 (14)
The statement (5) shadows as of (6) utilizing (7) and Lemma 5. As of (13) and (14), we get
as —tas = it = [xwl + ¢g (wz + g—iwf) —c3(JBw? + xwl)]. (15)

3(1+2r—()(1+2c‘;;”(u))
If ¢, = 0, then (15) yields

I8IB
|as — ta3] = B (16)
3(1+21—()(1+2C‘;’”(u))
In additional, if ¢, # 0, we define function

L(co) = 2wy + ¢ (wz + %le) — c§(JB1wi + 2wy). 17)
1
The equation (17) is quadratic in ¢, and thus holomorphic in |¢cy| < 1. Obviously, |L(c,)|
makes its maximum value at ¢, = e!?, 0 < 6 < 2m. Thus
— 0| — —
max |L(co)| = max |L(e)| =IL(D)] =
It follows from (15) that

las — ta3| < R |w, — (9B, — ) w| (18)
3(1+21—()(1+zc§”(u))

By virtue of Lemma 5, we obtain
las — ta3| <

B
wy — (331 _B_2> W12
1

|§1By
3(1+21—{)(1+2c;”(;4))

Z max {1, |JB1 — i—i

} (19)

This ends the proof.
We determine the below Corollary for the class R, (7, §, ¢) by putting { = 0 in Theorem 1

Corollary 2. Assume § € C— {0}, = 0. If f € R,(7,§ ), then

B3|
laz| < 2(1+0) A+ (W)*

las| < 5,8 (max {1,|Z—Z|}).

3(1+27)(1+2C (W)* 1
And for some £ € C

s
3t|§|(1+2r)(1+zc;”(u)) Bi B,

2% By

42 By &
las - taz] < sa+zn+2cr )t T {1'

4(1+r)2(1+c;n(u)) }
Remark 3. For £ = 0, Corollary 2 reduces to Corollary 2.3 of [5].
We determine the below Corollary for the class R, (7, §, ¢) by setting { = 1 in Theorem 1.
Corollary 4. Assume § € C— {0} ,7 = 0. If f € £,(7,§ ), then

B1€|
la,| < 21(1+C;§|”E(|u))’f .
Bl _51_ B
|d3| = 6T(1+2C (W)* max {1' | T B }

And for some £ € C

2 B1|§|
las — ta3| < —2—— I
6t (14207 (0) sc(ecpw)” T &

max {1,

(6t§(1+26§”(u))k E) . _E:
20T W) -2

|
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Remark 5. For £ = 0, Corollary 4 reduces to Corollary2.5 of [5].
Theorem 6. If f € M, (7,{,§, §), then
|§1B1
k-
2(1+7-0)(1+C (W)
1§1B1 |B2| |, {I&IB1
las| < 1+ =242,
s 3(1+21—()(1+zcg¢(u))k( By 1”_5)

And for any complex number ¢ € C,

la,| <

|las — tad| < 1515, . (1 +%+ CIElBL g

£
318l(1+27-0)(1+2¢7" (W) By
3(1+21-0)(1+2€7 (W) 1+71-¢ .

4(1+r—c)2(1+c;n(u))m

Proof. By taking w(U) = z in the proof of Theorem 1 we get this result.
We determine the below Corollary for the class R, (7, §, ) by setting ¢ = 0 in Theorem 6.

Corollary 7. If f € A satisfies
1 a ! a n
((p5,f @) +72(DE (D) —1) < (@@ - D.
Then the next inequalities hold:

k30251
2(1+7)(1+C (W)

[§1(B1+|B31)

3(1+20)(1+2C (u)H*
And forany ¢ € C

la,| <

las| <

1§1(B1+|B2]) B12|t]|E|?
3(1+21’)(1+2C§”(u))& (2+2D)2(1+C (W)**

We determine the below Corollary for the class R, (7, §, ¢) by setting ¢ = 1 in Theorem 6.

las — ta3| <

Corollary 8. If f € A satisfies

14

: —Z(Dg”‘f(z)), < ¢(2).
\ (rg.s@)

Then the following inequalities hold:

1+

1§1B1
laz| < 27(1+C (W)*
B L3 L N 1B2| | 8By
|d3| = 6T(1+2C (W)* (1 + B, + T )
And forany ¢ € C
£
67|€|(1+2C]"(w)) B
las — tad] < — B (g Bl B8R g 28 (1426 ”)z,f .
6t(1+2¢]" () B * ar2(14CM W)

3. Conclusions

The study of quasi-subordination of holomorphic functions has very interesting and useful
applications in geometric functions. Therefore, in this work, we have estimate majorization and
quasi-subordination problems for some subclasses which is defined by differential operator.
Furthermore, many new consequences of these problems are mentioned. We wish our results
will be useful for the future studies in complex analysis. As a future studies, several results can
be obtained by applying the convolution (or Hadamard product ) of our holomorphic functions.
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