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Abstract  

    In the current paper, we define some subclasses of holomorphic functions in the 

open disk 𝑈 that are defined by the differential operator. These subclasses are defined 

in the open disk 𝑈. We make some estimates for the bounds of the Fekete-Szego 

inequality as well as the coefficients |𝒶2| and |𝒶3| for functions that belong to these 

subclasses. Also, some of the results of these subclasses have been generalized, 

particularly those that involve the majorization and quasi-subordination concepts.  

 

Keywords: Differential Operator, Majorization, Quasi-Subordination, Holomorphic 

Functions, and Fekete-Szego inequality.  

 

 مسائل الاخصية وشبه التابعية لفئات معينة من الدوال الهولومورفية باستخدام مؤثر تفاضلي  
 

 لؤي ثابت احمد*, عبدالرحمن سلمان جمعه
التربية للعلوم الصرفة, جامعة الانبار, الانبار, العراق  كلية الرياضيات,  قسم  

 
  الخلاصة 

والمعرفة بواسطة   𝑈هذه الورقة البحثية ، عرفنا بعض الفئات لدوال هولومورفية في قرص الوحدة المفتوح   في     
لهذه الدوال في هذه الفئات ،    |𝒶3|و    |𝒶2|سيزيجو ومعاملات  -مؤثر تفاضلي ، لتقدير حدود متراجحة فيكيتي

 وكذلك عممنا بعض النتائج لهذه الفئات من ضمنها مفهومي الاخصية وشبه التابعية .
 

Introduction 

    Many authors examine the bounds of Fekete-Szego coefficient for various classes see [1] [2] 

The class of holomorphic functions 𝑓(𝑧) in an open unit disk 𝑈 = {𝑧: |𝑧| < 1}, standardized 

by 𝑓(0) = 0 and 𝑓′(0) = 1 is represented by 𝒜 and given by 

                                                       𝑓(𝑧) = 𝑧 + ∑ 𝒶𝓃𝑧𝓃∞
𝓃=2 .                                                  (1) 

 

      Assume 𝑓 and 𝑔 be two holomorphic functions in 𝑈. If there exists a Schwarz function 

𝑤(𝑧) that is univalent in 𝑈 with 𝑤(0) = 0, and |𝑤(𝑧)| < |𝑧| , 𝑧 ∈ 𝑈 such  that 𝑓(𝑧) =
𝑔(𝑤(𝑧)), then we say that 𝑓 is a subordinate to 𝑔 in 𝑈 and represented as 𝑓(𝑧) ≺ 𝑔(𝑧) , (𝑧 ∈

𝑈). Moreover, if 𝑔(𝑧) is holomorphic in 𝑈, then 𝑓(𝑧) ≺ 𝑔(𝑧) is equivalent to 𝑓(0) = 𝑔(0) and 

𝑓(𝑈) ⊂ 𝑔(𝑈). In 1970, Robertson [3], introduced the notion of quasi-subordination of two 

holomorphic functions, 𝑓 is called quasi-subordinate to 𝑔 in 𝑈, written as 𝑓(𝑧) ≺𝑞 𝑔(𝑧), if 
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there exists holomorphic functions 𝜑 and 𝑤, with |𝜑(𝑧)| ≤ 1, 𝑤(0) = 0 and |𝑤(𝑧)| < 1 such 

that 𝑓(𝑧) = 𝜑(𝑧)𝑔(𝑤(𝑧)) , ( 𝑧 ∈ 𝑈 ).  Observe that if 𝜑(𝓏) = 1, then 𝑓(𝑧) ≺𝑞 𝑔(𝑧) becomes 

𝑓(𝑧) ≺ 𝑔(𝑧), also if 𝑤(𝑧) = 𝑧 , then 𝑓(𝑧) ≺𝑞 𝑔(𝑧) becomes majoraization ′ ≺≺ ′, written as 

𝑓(𝑧) ≺≺ 𝑔(𝑧) in 𝑈, the notion of majoraization is due to MacGeqr [4]. Therefore, quasi-

subordination generalizes of both usual subordination and majoraization.  

Throughout this paper, let 𝑓(𝑧) = 𝑧 + 𝒶2𝑧2 + 𝒶3𝑧3 + ⋯. Also, let the 

function 𝜑(𝑧) holomorphic in 𝑈  given by: 

 

                                                𝜑(𝑧) = 𝐶0 + 𝐶1𝑧 + 𝐶2𝑧2 + ⋯  .                                             (2) 

Where 𝐶0, 𝐶1, 𝐶2, … ∈ ℂ,  and 𝜙 be of the form: 

                                                            𝜙(𝑧) = 1 + 𝐵1𝑧 + 𝐵2𝑧2 + ⋯                                     (3) 

      Where 𝐵1, 𝐵2, … ∈ ℝ and 𝐵1 > 0.  

The purpose of this present paper is to integrate a new results by applying the Frasin differential 

operator on some subclasses. 

 

1. Preliminary Results 

Definition 1. [5].  A function  𝑓 ∈ ℜ𝑞(𝜏, ξ, ϕ) , ξ ∈ ℂ − {0} , 𝜏 ≥ 0, if  

1

ξ
(𝑓′(𝑧) + 𝜏𝑧𝑓′′(𝑧) − 1) ≺𝑞 (𝜙(𝑧) − 1) , 𝑧 ∈ 𝑈  

Definition 2. [5]. A function 𝑓 ∈ 𝔏𝑞(𝜏, ξ, ϕ) , ξ ∈ ℂ − {0} , 𝜏 ≥ 0, if  

1 +
𝜏

ξ
(

𝑧𝑓′′(𝑧)

𝑓′(𝑧)
) ≺𝑞 𝜙(𝑧) , 𝑧 ∈ 𝑈  

Definition 3. [5]. A  function 𝑓 ∈ 𝑀𝑞(𝜏, 𝜁, ξ, ϕ) , ξ ∈ ℂ − {0} , 0 ≤ 𝜁 ≤ 1 𝜏 ≥ 0, if  

1

ξ
(

𝑧𝑓′(𝑧) + 𝜏𝑧2𝑓′′(𝑧)

(1 − 𝜁)𝑧 + 𝜁𝑧𝑓′(𝑧)
− 1) ≺𝑞 (𝜙(𝑧) − 1) , 𝑧 ∈ 𝑈  

A function 𝑓 is in 𝑀𝑞(𝜏, 𝜁, ξ, ϕ) if and only if  there exists a holomorphic function 𝜙(𝑧) with 

|𝜙(𝑧)| ≤ 1 , 𝑧 ∈ 𝑈 such  that  

1
ξ

(
𝑧𝑓′(𝑧) + 𝜏𝑧2𝑓′′(𝑧)
(1 − 𝜁)𝑧 + 𝜁𝑧𝑓′(𝑧)

− 1)

𝜙(𝑧)
≺ (𝜙(𝑧) − 1) , 𝑧 ∈ 𝑈 . 

Note that  

𝑖)  𝑀𝑞(𝜏, 0, ξ, ϕ) = ℜ𝑞(𝜏, ξ, ϕ).  

𝑖𝑖)  𝑀𝑞(𝜏, 1, ξ, ϕ) = 𝔏𝑞(𝜏, ξ, ϕ).  

 𝑖𝑖𝑖)  𝑀𝑞(𝜁, 𝜁, ξ, ϕ) was investigated by Kant and Vyas [6]. 

Frasin [7] introduced the differential operator 𝒟𝓀,𝜇
𝛼 𝑓(𝑧) which defined as 

𝒟0𝑓(𝑧) = 𝑓(𝑧). 

𝒟𝓀,𝜇
1 𝑓(𝑧) = (1 − 𝜇)𝓀𝑓(𝑧) + (1 − (1 − 𝜇)𝓀)𝑧𝑓′(𝑧). 

𝒟𝓀,𝜇
𝛼 𝑓(𝑧) = 𝒟𝓀,𝜇 (𝒟𝓀,𝜇

𝛼−1𝑓(𝑧)). 

Where 𝛼 ∈ ℕ ∪ {0}, 𝑧 ∈ ℂ, 𝜇 ∈ ℝ, 𝑓 ∈ 𝒜 and  𝓀 ∈ ℕ, then we have 

𝒟𝓀,𝜇
𝛼 𝑓(𝑧) = 𝑧 + ∑ (1 + (𝓃 − 1) ∑ (

𝓂

𝒹
) (−1)𝒹+1

𝓂

𝒹=1

𝜇𝒹)

𝓀

𝒶𝓃𝑧𝓃.

∞

𝓃=2

 

Where 𝜇 > 0, 𝓂 ∈ ℕ and 𝐶𝒹
𝓂(𝜇) ≔ ∑ (𝓂

𝒹
)(−1)𝒹+1𝓂

𝒹=1 𝜇𝒹. 

Note that, when 𝓂 = 1, we get the Al-Oboudi Differential Operator [8]. Also, when 𝓂 = 𝜇 =
1, we get the Salagean Operator [9]. 

In our work, we require the next two lemmas to prove our major results.  

 



Ahmed and Juma                                      Iraqi Journal of Science, 2024, Vol. 65, No. 7, pp: 3860-3865 

 

3862 

Lemma 4. [10]. The Schwarz function 𝑤(𝑧) are given via  

                                       𝑤(𝑧) = 𝑤1𝑧 + 𝑤2𝑧2 + 𝑤3𝑧3 + ⋯,                                             (4) 

then for each 𝓉, 𝑧, 𝑤, 𝑤2, 𝑤3, …  ∈ ℂ we have  

|𝑤| ≤ 1, and  |𝑤2 − 𝓉𝑤1
2| ≤ 1 + (|𝓉| − 1)|𝑤1|2 ≤ max{1, |𝓉|}. 

For the functions 𝑤(𝑧) = 𝑧2 or 𝑤(𝑧) = 𝑧 the result is sharp.  

Lemma 5. [10]. Assume 𝜑(𝑧) be analytic function in 𝑈, with |𝜑(𝑧)| < 1 and let 

𝜑(𝑧) = 𝐶0 + 𝐶1𝑧 + 𝐶2𝑧2 + ⋯ . 

Then |𝐶0| ≤ 1 and for 𝓃 > 0, |𝐶𝓃| ≤ 1 − |𝐶0|2 ≤ 1. 

2. Main Results 

Theorem 1. If  ∈ 𝑀𝑞(𝜏, 𝜁, ξ, ϕ), then   

                                                       |𝒶2| ≤
|ξ|𝐵1

2(1+𝜏−𝜁)(1+𝐶𝒹
𝓂(𝜇))

𝓀.                                               (5) 

                                              |𝒶3| ≤
|ξ|𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 𝑚𝑎𝑥 {1, |−
𝜁ξ𝐵1

(1+𝜏−𝜁)
−

𝐵2

𝐵1
|},              

and for any complex number 𝓉 ∈ ℂ, 

                                  |𝒶3 − 𝓉𝒶2
2| ≤

|ξ|𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 𝑚𝑎𝑥 {1, |𝒥𝐵1 −
𝐵2

𝐵1
|},                    (6) 

where 

                                           𝒥 = ξ (
3𝓉(1+2𝜏−𝜁)(1+2𝐶𝒹

𝓂(𝜇))
𝓀

4(1+𝜏−𝜁)2(1+𝐶𝒹
𝓂(𝜇))

2𝓀 −
𝜁

(1+𝜏−𝜁)
).                                   (7) 

 

Proof: If 𝒜 ∈ 𝑀𝑞(𝜏, 𝜁, ξ, ϕ), then there is a holomorphic functions 𝜑 and 𝑤 with |𝜑(𝑧)| ≤

1, 𝑤(0) = 0 and |𝑤 (𝑧)| < 1 such that 

           
1

ξ
(

𝑧(𝒟𝓀,𝜇
𝛼 𝑓(𝑧))

′
+𝜏𝑧2(𝒟𝓀,𝜇

𝛼 𝑓(𝑧))
′′

(1−𝜁)𝑧+𝜁𝑧(𝒟𝓀,𝜇
𝛼 𝑓(𝑧))

′ − 1) = 𝜑(𝑧)(𝜙(𝑤 (𝑧)) − 1) , 𝑧 ∈ 𝑈 .                       (8) 

Series expansions of 𝒟𝓀,𝜇
𝛼 𝑓(𝑧) and its sequential derivatives as of (1) gives 

1

ξ
(

𝑧(𝒟𝓀,𝜇
𝛼 𝑓(𝑧))

′
+𝜏𝑧2(𝒟𝓀,𝜇

𝛼 𝑓(𝑧))
′′

(1−𝜁)𝑧+𝜁𝑧(𝒟𝓀,𝜇
𝛼 𝑓(𝑧))

′ − 1) =

1

ξ
(

𝑧(1+∑ 𝓃(1+(𝓃−1)𝐶𝒹
𝓂(𝜇))

𝓀
𝒶𝓃𝓏𝓃−1∞

𝓃=2 )+𝜏𝑧2(∑ (𝓃−1)𝓃(1+(𝓃−1)𝐶𝒹
𝓂(𝜇))

𝓀
𝒶𝓃𝑧𝓃−2∞

𝓃=2 )

(1−𝜁)𝑧+𝜁𝑧(1+∑ 𝓃(1+(𝓃−1)𝐶𝒹
𝓂(𝜇))

𝓀
𝒶𝓃𝑧𝓃−1∞

𝓃=2 )
− 1) =

1

ξ
(

𝑧+2(1+𝜏)(1+𝐶𝒹
𝓂(𝜇))

𝓀
𝒶2𝑧2+3(1+2𝜏)(1+2𝐶𝒹

𝓂(𝜇))
𝓀

𝒶3𝑧3+⋯

𝑧+2𝜁(1+𝐶𝒹
𝓂(𝜇))

𝓀
𝒶2𝑧2+3𝜁(1+2𝐶𝒹

𝓂(𝜇))
𝓀

𝒶3𝑧3+⋯
− 1) =

1

ξ
(2(1 + 𝜏 − 𝜁)(1 +

𝐶𝒹
𝓂(𝜇))

𝓀
𝒶2𝑧 + 3(1 + 2𝜏 − 𝜁)(1 + 2𝐶𝒹

𝓂(𝜇))
𝓀

𝒶3𝑧2 + ⋯ ).                                                 (9) 

In the same way as of (2), (3) and (4), we get  

𝜑(𝑧)(𝜙(𝑤 (𝑧)) − 1) = 𝐵1𝒸0𝑤1𝑧 + (𝐵1𝒸1𝑤1 + 𝒸0(𝐵1𝑤2 + 𝐵2𝑤1
2))𝑧2 + ⋯ .                     (10) 

Making use of (9) and (10) in (8), we get 

                                                        𝒶2 =
ξ𝒸0𝐵1𝑤1

2(1+𝜏−𝜁)(1+𝐶𝒹
𝓂(𝜇))

𝓀,                                               (11) 

and 

                   𝒶3 =
ξ𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 [𝒸1𝑤1 + 𝒸0 {𝑤2 + (
𝜁ξ𝒸0𝐵1

1+𝜏−𝜁
+

𝐵2

𝐵1
)} 𝑤1

2].                   (12) 

Thus, for any 𝓉 ∈ ℂ, we get 
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            𝒶3 − 𝓉𝒶2
2 =

ξ𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 [𝒸1𝑤1 + 𝒸0 (𝑤2 +
𝐵2

𝐵1
𝑤1

2) − 𝒥𝐵1𝒸0
2𝑤1

2].           (13) 

Where 𝒥 is as stated in (7). 

Since 𝜙(𝑧) holomorphic and bounded via one in 𝑈. We have   

                                   |𝒸0| ≤ 1    and   𝒸1 = (1 − 𝒸0
2)𝓍         𝓍 ≤ 1.                                    (14) 

The statement (5) shadows as of (6) utilizing (7) and Lemma 5. As of (13) and (14), we get  

𝒶3 − 𝓉𝒶2
2 =

ξ𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 [𝓍𝑤1 + 𝒸0 (𝑤2 +
𝐵2

𝐵1
𝑤1

2) − 𝒸0
2(𝒥𝐵1𝑤1

2 + 𝓍𝑤1)].          (15) 

If 𝒸0 = 0, then (15) yields 

                                             |𝒶3 − 𝓉𝒶2
2| =

|ξ|𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀.                                         (16) 

In additional, if 𝒸0 ≠ 0, we define function 

                          𝐿(𝒸0) = 𝓍𝑤1 + 𝒸0 (𝑤2 +
𝐵2

𝐵1
𝑤1

2) − 𝒸0
2(𝒥𝐵1𝑤1

2 + 𝓍𝑤1).                             (17) 

The equation (17) is quadratic in 𝒸0 and thus holomorphic in |𝒸0| ≤ 1. Obviously, |𝐿(𝒸0)| 
makes its maximum value at 𝒸0 = 𝑒𝑖𝜃, 0 ≤ 𝜃 ≤ 2𝜋. Thus 

𝑚𝑎𝑥 |𝐿(𝒸0)| = max
0≤𝜃≤2𝜋

 |𝐿(𝑒𝑖𝜃)| = |𝐿(1)| = |𝑤2 − (𝒥𝐵1 −
𝐵2

𝐵1
) 𝑤1

2|. 

It follows from (15) that 

                      |𝒶3 − 𝓉𝒶2
2| ≤

|ξ|𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 |𝑤2 − (𝒥𝐵1 −
𝐵2

𝐵1
) 𝑤1

2|.                           (18) 

By virtue of Lemma 5, we obtain  

                   |𝒶3 − 𝓉𝒶2
2| ≤

|ξ|𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 𝑚𝑎𝑥 {1, |𝒥𝐵1 −
𝐵2

𝐵1
|}.                                 (19) 

This ends the proof. 

We determine the below Corollary for the class ℜ𝑞(𝜏, ξ, ϕ) by putting 𝜁 = 0 in Theorem 1 

 

Corollary 2. Assume ξ ∈ ℂ − {0} , 𝜏 ≥ 0. If  𝑓 ∈ ℜ𝑞(𝜏, ξ, ϕ), then 

|𝒶2| ≤
𝐵1|ξ|

2(1+𝜏)(1+𝐶𝒹
𝓂(𝜇))𝓀. 

|𝒶3| ≤
𝐵1|ξ|

3(1+2𝜏)(1+2𝐶𝒹
𝓂(𝜇))𝓀

(𝑚𝑎𝑥 {1,
|𝐵2|

𝐵1
}). 

And for some 𝓉 ∈ ℂ 

|𝒶3 − 𝓉𝒶2
2| ≤

𝐵1|ξ|

3(1+2𝜏)(1+2𝐶𝒹
𝓂(𝜇))𝓀 𝑚𝑎𝑥 {1, |

3𝓉|ξ|(1+2𝜏)(1+2𝐶𝒹
𝓂(𝜇))

𝓀
𝐵1

4(1+𝜏)2(1+𝐶𝒹
𝓂(𝜇))

2𝓀 −
𝐵2

𝐵1
|}. 

Remark 3. For 𝓀 = 0, Corollary 2 reduces to Corollary 2.3 of [5]. 

We determine the below Corollary for the class ℜ𝑞(𝜏, ξ, ϕ) by setting 𝜁 = 1 in Theorem 1. 

Corollary 4. Assume ξ ∈ ℂ − {0} , 𝜏 ≥ 0. If  𝑓 ∈ 𝔏𝑞(𝜏, ξ, ϕ) , then 

|𝒶2| ≤
𝐵1|ξ|

2𝜏(1+𝐶𝒹
𝓂(𝜇))𝓀. 

|𝒶3| ≤
𝐵1|ξ|

6𝜏(1+2𝐶𝒹
𝓂(𝜇))𝓀 𝑚𝑎𝑥 {1, |−

ξ𝐵1

𝜏
−

𝐵2

𝐵1
|}. 

And for some 𝓉 ∈ ℂ 

|𝒶3 − 𝓉𝒶2
2| ≤

𝐵1|ξ|

6𝜏(1+2𝐶𝒹
𝓂(𝜇))𝓀

𝑚𝑎𝑥 {1, |(
6𝓉ξ(1+2𝐶𝒹

𝓂(𝜇))
𝓀

4𝜏(1+𝐶𝒹
𝓂(𝜇))

2𝓀 −
ξ

𝜏
) 𝐵1 −

𝐵2

𝐵1
|}. 
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Remark 5. For 𝓀 = 0, Corollary 4 reduces to Corollary2.5 of [5]. 

Theorem 6. If 𝑓 ∈ 𝑀𝑞(𝜏, 𝜁, ξ, ϕ), then 

|𝒶2| ≤
|ξ|𝐵1

2(1+𝜏−𝜁)(1+𝐶𝒹
𝓂(𝜇))

𝓀. 

                                              |𝒶3| ≤
|ξ|𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 (1 +
|𝐵2|

𝐵1
+

𝜁|ξ|𝐵1

1+𝜏−𝜁
). 

And for any complex number 𝓉 ∈ ℂ, 

|𝒶3 − 𝓉𝒶2
2| ≤

|ξ|𝐵1

3(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 (1 +
|𝐵2|

𝐵1
+

𝜁|ξ|𝐵1

1+𝜏−𝜁
+ |𝓉|

3|ξ|(1+2𝜏−𝜁)(1+2𝐶𝒹
𝓂(𝜇))

𝓀
𝐵1

4(1+𝜏−𝜁)2(1+𝐶𝒹
𝓂(𝜇))

2𝓀 ). 

 

Proof. By taking 𝑤(𝑈) = 𝑧 in the proof of Theorem 1 we get this result. 

We determine the below Corollary for the class ℜ𝑞(𝜏, ξ, ϕ) by setting  𝜁 = 0 in Theorem 6. 

 

Corollary 7. If 𝑓 ∈ 𝒜 satisfies 
1

ξ
((𝒟𝓀,𝜇

𝛼 𝑓(𝑧))
′

+ 𝜏𝓏 (𝒟𝓀,𝜇
𝛼 𝑓(𝑧))

′′

− 1) ≪ (𝜙(𝑧) − 1). 

Then the next inequalities hold: 

|𝒶2| ≤
|ξ|𝐵1

2(1+𝜏)(1+𝐶𝒹
𝓂(𝜇))𝓀. 

|𝒶3| ≤
|ξ|(𝐵1+|𝐵2|)

3(1+2𝜏)(1+2𝐶𝒹
𝓂(𝜇))𝓀. 

And for any 𝓉 ∈ ℂ 

|𝒶3 − 𝓉𝒶2
2| ≤

|ξ|(𝐵1+|𝐵2|)

3(1+2𝜏)(1+2𝐶𝒹
𝓂(𝜇))

𝓀 +
𝐵1

2|𝓉||ξ|2

(2+2𝜏)2(1+𝐶𝒹
𝓂(𝜇))2𝓀. 

We determine the below Corollary for the class ℜ𝑞(𝜏, ξ, ϕ) by setting 𝜁 = 1 in Theorem 6. 

 

Corollary 8. If 𝑓 ∈ 𝒜 satisfies 

1 +
𝜏

ξ
(

𝑧(𝒟𝓀,𝜇
𝛼 𝑓(𝑧))

′′

(𝒟𝓀,𝜇
𝛼 𝑓(𝑧))

′ ) ≪ 𝜙(𝑧). 

Then the following inequalities hold: 

|𝒶2| ≤
|ξ|𝐵1

2𝜏(1+𝐶𝒹
𝓂(𝜇))𝓀

. 

|𝒶3| ≤
|ξ|𝐵1

6𝜏(1+2𝐶𝒹
𝓂(𝜇))𝓀

(1 +
|𝐵2|

𝐵1
+

|ξ|𝐵1

𝜏
). 

And for any 𝓉 ∈ ℂ 

|𝒶3 − 𝓉𝒶2
2| ≤

|ξ|𝐵1

6𝜏(1+2𝐶𝒹
𝓂(𝜇))

𝓀 (1 +
|𝐵2|

𝐵1
+

|ξ|𝐵1

𝜏
+ |𝓉|

6𝜏|ξ|(1+2𝐶𝒹
𝓂(𝜇))

𝓀
𝐵1

4𝜏2(1+𝐶𝒹
𝓂(𝜇))

2𝓀 ). 

 

3. Conclusions 

      The study of quasi-subordination of holomorphic functions  has very interesting and useful 

applications in geometric functions. Therefore, in this work, we have estimate majorization and 

quasi-subordination problems for some subclasses which is defined by differential operator. 

Furthermore, many new consequences of these problems are mentioned. We wish our results 

will be useful for the future studies in complex analysis. As a future studies, several results can 

be obtained by applying the convolution (or Hadamard product ) of our holomorphic functions. 
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