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Abstract
Let M be an R — module, (F,A) be a fuzzy soft module over M, and (R, 4) be

a fuzzy soft ring over R, then (F,R,A ) is called FSFS module if and only if
(F,A) is an (R, A) — module. In this paper, we introduce the concept of FSFS
Noetherian and FSF5 Artinian modules and finally we investigate some basic
properties of FSFS Noetherian and FSF5 Artinian modules.
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1. Introduction

Molodtsov [1] initiated the theory of soft sets as a new mathematical tool for dealing with
uncertainties. Later other authors Maji et al. [2-4] have further studied the theory of soft sets and also
introduced the concept of fuzzy soft set, which is a combination of fuzzy set [5] and soft set.
Thereafter, Aktas and Cagman [6] have introduced the notion of soft groups. Aygunoglu and Aygun
[7] have generalized the concept of Aktas and Cagman [6] and introduce fuzzy soft group. F.Feng et
al. [8] gave soft semirings and U.Acar et al. [9] introduced initial concepts of soft rings. Ghosh et al.
[10] gave the notion of fuzzy soft rings. The definition of fuzzy modules is given by some authors.
[11-13] Qiu- Mei Sun et al. [14] defined soft modules and investigated their basic properties. Gunduz
and Bayramov [15] introduced a basic version of fuzzy soft module theory. Alhusiny A. [16] gave the
concept of F5F5 modules. In this paper the main purpose is to introduce a basic concept of F5F5

Noetherian and FSF5 Artinian. and finally some of their basic properties.
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2. Preliminaries:
Definition (2.1) [1] Let U be an initial universe set and E be the set of parameters. Let P(U) denotes

the power set of U. A pair (F,E) is called a soft set over U, where F is a mapping given by
F:E = P(U).
Definition (2.2) [2] Let U be an initial universe set and E be the set of parameters. Let A € E. A pair
(F,A) is called fuzzy soft set over U, where F is a mapping given by F: 4 — IV, where IV denotes the
collection of all fuzzy subsets of U.
Definition (2.3) [17] A binary operation *: [0,1] % [0,1] — [0,1] is continuous t-norm if * satisfies
the following conditions:
(i) * is commutative and associative,
(ii) * is continuous,
(i) ax*1=aforalla € [01],
(iv) a*b =c«dwhenevera =c,b =d,anda,b,c,d € [01].
Definition (2.4) [17] A binary operation e: [0,1] x [0,1] = [0,1] is continuous t-conorm if e
satisfies the following conditions:
(i) = is commutative and associative,
(ii) ¢ is continuous,
(iii) av 0 =aforall a € [0,1],
(iv) aeb=coedwhenevera =c,b =danda,b,c,d € [01].
Definition (2.5) [6] Let X be a group and (F, A ) be a soft set over X. Then (F,A ) is said to be a soft
group over X if and only if F{a) is a subgroup of X for each a € A.
Definition (2.6) [7] Let X be a group and (F,4) be a fuzzy soft set over X. Then (F.A) is said to be a
fuzzy soft group over X if and only if foreacha € Aand x, ¥ € X,
Q) Folx-y) = Folx) » Fuly)
) Folx™) = Fo(x)
Where F; is the fuzzy subset of X corresponding to the parameter a € A.
Remark (2.7) F,(x~1) = F, (x).
Proof: Let x,¥ € X, such that x~* =y which means that ¥y~ = x , since F,{x~1) = F,(x) then
F.(y™) =F.(),andso Folx) = F(y) = Fulx™), and thus F(x~1) = F.(x).
Definition (2.8) [10] Let £ and g be any two fuzzy subset of a ring R. Then f g is a fuzzy subset of
R defined by
(feg)z) = {mpz=x-y{min{f (x), (3}
0 otherwise
Definition (2.9) [10] The intersection of two fuzzy soft sets (F,4) and (G, B) over the same
Universe U is denoted by (F, 4)71(gG, B) and defined by a fuzzy soft set (7, C) where
C=AnNEand H: C = [0,1]Y such that for each € € C,
He) = {(x, H(x)):x €U}
Where H,(x) = F.(x) G, (x) and H.(x), F.(x), G, (x) are the fuzzy subset of U corresponding to
the parameter e € C,
Definition (2.10) [10] The union of two fuzzy soft sets(F,A) and (G, B) over the same universe U is
denoted by (F,A)U(G,B) and defined by a fuzzy soft set (H,C) where C=AUE and
H: € — [0,1]Y%such that for each € € C,
Hie) = {(x,F(x)):x €U},ifecA—B
={{x,G.(x)):x EU}ifecB—A4
={{x,H.(x)):x €U}, ife EANBE.

,ifZisexpressedas z=x -y, wherex, ¥z €R.
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Where H,(x) = Fo(x) ¢ G,(x) and H,(x), F,(x),G.(x) are the fuzzy subset of U corresponding to
the parameter & € C.
Definition (2.11) [4] If (f,4) and (g, B)are two soft sets, then { f,4) AND (g, B) is denoted as
(f,A) A (g,B) defined as (h, A x B), where h{a, b) = hop = fo A gp, ¥(a,b) € A X B.
Definition (2.12) [10] Let (R, +,-) bearingand E be a parameter set and 4 = E. Let R be a mapping
given by R : A — P(R). Then (R, A) is called a soft ring over R if and only if for each a € A, R{a) is
a subring of R i.e.
(i)x,y eR(a) = x+v ER(a),
(ii)x e Rla) = —x e R(a),
(iiit)x,y ER(a) =2x-y ER(a) .
Definition (2.13) [10] Let (R, +,-) bearingand E be a parameter set and 4 = E. Let R be a mapping
given by R : 4 = [0,1]%, where [0,1]% denotes the collection of all fuzzy subsets of R. Then (R, 4 is
called a fuzzy soft ring over R if and only if for each a € A the corresponding fuzzy subset R, of R is
a fuzzy subring of R i.e. ¥x,v ER,
(D) Rplx+y) = Ry(x) + Ry (5)
(ii} RE (—.'X.'} = :er (X}
(i) Ralx-y) = Rp(x) R (y).
Definition (2.14) [16]: Let M be an R — module, (F,A) be a fuzzy soft module over M, and (R, 4) be
a fuzzy soft ring over R, then (F,® ,A ) is called fuzzy soft module over fuzzy soft ring if and only if
(F,A) is an (R, A) — module.
Remark (2.15) [16]: 1) We shall denote the category of fuzzy soft modules over fuzzy soft rings by
FSFS modules.
2) For convenience we denote the fuzzy soft module over fuzzy soft ring (F,®,4) by (F,A)
wherever there is no risk of confusion.
Definition (2.16) [16]: Let (F,R,A) and (H,R,B) be two R — F5F5 modules over M. Then
(F,R, A)is called FSFS submodule of (H, R, B) if
(i)A cB
(i) For all @ € A, F; is a fuzzy submodule of H,.
Theorem (2.17) [16]: Let (F, R, 4) and (H, R,B) be two R — FSFS modules over M. If F, = H, for
alla € A then (F,R, A)is an FSF5 submodule of (H, R, B).
Theorem (2.18) [16]: Let (F,A) and (H, B) be two FSFS modules over M. Then their intersection
(F,A)N(H,B) isan F5FS module over M .
Theorem (2.19) [16]: Let (F,A) and (H, B) be two FSFS modules over . Then (F,A) A (H,B) is an
F5F5 module over M .
Definition (2.20) [16]: Let (F,Ry.4) and (H, Ry B) be two R —F5FS modules over M and N
respectively, and let f: M = N be a homomorphism of modules, and let g: A — E be a mapping of
sets. Then we say that (f, g): (F, Ry, A) = (H,Ry B) is an FSFS homomorphism of FSF5 modules,
if the following condition is satisfied:

f(F)=H(g(a)) = Hy(a) .
We say that (F,A) is an FSFS homomorphic to (H, B).
Note that for Ya € A4, f: (M,F,) — (N,H,4) ) is a fuzzy homomorphism of fuzzy modules.
To introduce the kernel and image of FSF5 homomorphism of FSF5 modules, let M= kerf .
Define F: A — PF(M) by E, = F,lz.Then (F,A)is an FSFS module over M. It is clear that this
module is an F5F5 submodule of {F,A).
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Definition (2.21) [16]: (F, 4) is said to be kernel of { f,g) and denoted by ker( f,g).
And, let B = g(A). Then for all b € B, there existsa € Asuchthat g(a) =b . Let N=Im f < N .
We define the mapping H: B — PF(N) as H(b) = E{g(a}ﬂﬁ . Since (f.g) is an FSFS
homomorphism, f(F,) = H, ) is satisfied for all a € A. Then the pair (H,5) is an FSFS module
over NV and (H,B) is an FSES submodule of (H, B).
Definition (2.22) [16]: (H,B) is said to be image of { f,g) and denoted by Im( f, g).
Proposition (2.23): Let (F,A) be an FSF5 module over M and N be an R —module and f: M —= N
be a homomorphism of R — modules. Then { f (F),A) is an FSFS module over N.
Proposition (2.24) [16]: If M is an R — module, (H, 4) is an FSF5 module over NV and
f+M — N is ahomomorphism of R — modules, then (f~* (H), A) is an F5F5 module over M .
Definition (2.25) [16]: (F,A) is said to be direct sum of {(F;, 4;)};es, and denoted by ;S(F;, 4;).
The mapping :
@il — 1_[:1:-

el
is defined as @;(a;) = {a;} = {SD" :}}:11 i’; .
Also for embedding mapping q;: M; = ;SM;, (g;.¢;):(F.A;) = (F,A) is an FSFS homomorphism
of F5F5 modules.
Theorem (2.26) [16]: If {(F,A;)}ic; is a family of FSFS modules over {M;}i;, then
et (Fiu A
, is an F5F5 module over
oM
Corallary (2.25) [16]: If (F,4) is a FSF5 module over M and N is a submodule of M, i: N = M is
an embedding mapping, then (i ~1(F), 4) is an FSF5 module over N.
Corallary (3.27) [16]: If (F,A) is an FSFS module over M and p: M — M/ is a canonical
projection, then (p(F), A) is an F5FS5 module over quotient module M /",
If {(F;, A;)};ic; is a family of F5FS modules over the family of modules {M;};;, then we can define
the product and coproduct of these families by :.QI (F.,A;)and f'é; (F;, A;) respectively.
Theorem (2.28) [16]: The category of FSFS modules has zero objects, sums, product, kernel and

cokernel.
Theorem (2.29) [16]: Let (F,A) and (G, B) be two F5SF5 modules over M and NV, respectively, and

FEGAx B=M &N. Then
(F @G,Ax B)isan FSF5 module over M @ N .

Noetherian and Artinian modules:

Definition (2.30) [18] An R-module M is said to satisfy the ascending chain condition (a.c.c.) on
submodules (or to be Noetherian) if for every chain Ny € N; € N3 € ---  of submodules of M, there
is an integer n such that N; = N,, foralli = n,

An R-module M is said to satisfy the descending chain condition (d.c.c.) on submodules (or to be
Artinian) if for every chain N; 2 N; 2 N3 2 --- of submodules of M, there is an integer n such that
N;= N, foralli =n,

Definition (2.31) [18] Aring R is said to be Noetherian if R is a Noetherian R- module. A ring R is
said to be Artinian if R is an Artinian R-module.

Theorem (2.32). [19]
(i) Submodules and quotient modules of Noetherian are Noetherian.
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(i) Let M be an R-module and N be its submodule such that M/ and N are Noetherian. Then M is

Noetherian.

Definition (2.33): A fuzzy ring X of R is called Noetherian (Artinian) if R is a Noetherian (Artinian)
ring.

Lemma (2.34) [19]: Any commutative Artinian ring with identity is Noetherian .

Remark (2.35) [19]: Let X be a fuzzy ring over R .If X is Artinian, then X is Noetherian.

Theorem (2.36) [19] (i) Submodules and quotient modules of Noetherian are Noetherian.

(ii) Let M be an R-module and N be its submodule such that M/N and N are Noetherian. Then M is
Noetherian.

3. FSFS Noetherian and FSFS Artinian

Definition (3.1): A fuzzy soft module (F,A)is said to be fuzzy soft Noetherian if for every chain
(F,41) € (F, A;) € (F3, A3) € - of fuzzy soft submodules of M, there is an integer n such that
(F,A; )= (EuA, ) foralli =n.

Definition (3.2): A fuzzy soft module (F,A) is said to be fuzzy soft Artinian if for every chain
(F,4; )2 (F,A; )2 (F;, A3 )2 - of fuzzy soft submodules of M, there is an integer n such that
(F,A; )= (E,,A, ) foralli =n.

Definition (3.3): A fuzzy soft ring (R, A) is said to be fuzzy soft Noetherian if (R,A) is a
fuzzy soft Noetherian (R, 4)- module.

Definition (3.4): A fuzzy soft ring (R, 4) is said to be fuzzy soft Artinian if (R, 4) is a fuzzy soft
Artinian (R, A)- module.

Definition (3.5): An FSF5 module (F,A) is said to be FSFS Noetherian if both (F,A) and (R, 4)

are fuzzy soft Noetherian.
An FSFS module (F,A) is said to be FSFS Artinian (R, A)- module if both (F,A) and (R, 4) is

fuzzy soft Artinian.
Remark(3.6): If (R, A)is a fuzzy soft Noetherian (Artinian) ring, then (R, A) is FSFS Noetherian

(Artinian).

Theorem(3.7): The following are equivalent conditions for an FSFS module (F,A):

(i) (F,A) is an FSF5 Noetherian module.

(i) Every nonempty collection of fuzzy soft submodules of (F,A) has maximal elements.

(iii) Every fuzzy soft submodule of (F,A4) is f.g..

Proof. (i) = (ii) Let 5 be a non-empty collection of fuzzy soft submodules of (F,A4). If 5 has no

maximal element, then we can construct an infinite increasing sequence of fuzzy soft submodules of
(F,A)as follows: Suppose we have constructed(F,, 4, ). Then since (F, 4,) is not a maximal

element in 5, there is a fuzzy soft submodule of (F,4), say (Fu+1,4,+1) €5 such that
(Fu,An) € (Frsq,Ans1). Therefore, S has a maximal element.

(it) = (iii) Let (H, B) be a fuzzy soft submodule of (F,A). To show that (H, B) is f.g., let 5 be the
set of all fuzzy soft submodule of (H,B) which is f.g.; then 5 is non-empty as 0 € 5. So, by
assumption, 5 has a maximal element say (Hg, By). We have to prove that (Hy, By) = (H, B).

Notice that if x € (H,B) — (Hy, By) then (Hy, By) + (xR,A) is a f.g. fuzzy soft submodule of (H, B)
which is in S, so that (H,B) is not a maximal element in S, which is impossible.Therefore
(Hq,By) = (H, B).

(iii) = (i) Let (F,A44) € (F,, A;) € (F5, A3) € -+ be an ascending chain of fuzzy soft submodules
of (F,A). Let (H, B) = |J:Z,(F,, A;); then it is easy to show that (H, B) is a fuzzy soft submodule of
(F,A), so that (H,B) is fg. Then there exist xi,%2,..,xx€ (H,B) such that
(H,B) = (x4R,A) + (x3R,A) + -+ (xR, A); then for every j there is an integer m; such that

X; € (FanAn_,-') .
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Let n = max{n;|j = 1,..,k}; then (H,B) < (F,, 4,) and therefore (F,, 4;) = (F,, 4,) for every
i =mn,

Corollary(3.9): Let (R, A) be a fuzy soft Noetherian ring and (F,4) be a f.g. FSFS module; then
(F,A) is an FSF5 Noetherian.

Proof. Directly from theorem (3.7).
Corollary(3.10): Let (R, A) be a fuzzy soft ring. Then (R, 4) is a fuzzy soft Noetherian ring if and

only if every Fuzzy soft ideal of (R, AJis f.g..

Theorem(3.11): For an FSF5 module (F, A)the following are equivalent conditions:

(i) (F,A)is an FSFS Artinian module.

(i) Every nonempty collection of fuzzy soft submodules of (F,AJhas minimal elements.

Proof. (i) = (ii) Let S be a non-empty collection of fuzzy soft submodules of (F,A4). If 5 has no

minimal element, then we can construct an infinite decreasing sequence of fuzzy soft submodules of
(F,A)as follows: Suppose we have constructed (E,,4,). Then since (F,,4,,) is not a minimal element

in 5, there is an fuzzy soft submodule of (F,4), say (F,:1,4,:1) €S such that
(FuAy) 2 (Fus1,Apeq). Therefore, S has a minimal element.

(i) = () Let (F,A; )2(F,4; )2(F,43 )2+ be an descending chain of fuzzy soft
submodules of (F,A). Let T ={(F;,4;)|i € M} be a non-empty collection which has a minimal
element, so that there is an integer i such that (F;, A;) = (F,,A,), Wi € N .

Example (3.12): Let M,...,(IR) be the set of all n % n matrices over B, and R = A = M,...(R),
define the function R: A4 =[0,1]% by R(B) = {€ - B|C € M,.,(R)} for all B € A
Then (R, A4)is a fuzzy soft ring over R, now consider M = M,..,(R) as an R — module and
F:A — FP(M), defined by F(M) = {V|M - N =N -M} for all M € M. Then (F,A4) is a fuzzy
soft module over M, and (F,A) is an (R,4) —module, which means (F,R,4) is an FSFS module.
And since (R,A4) is a field, (F,4) is finitely generated, then (F,A4) is both FSFS Noetherian and
F5F5 Artinian.

Theorem(3.13): Let 0 — (F,R A) L (H,R, B) A (G,R,C) — 0 be ashort exact sequence
of FSFS modules, then (H,R,B) is FSFS Noetherian if and only if (F,R,4) and (G,R.C) are
both FSFS Noetherian.

Proof. (=) Suppose (H, R, B) is FSF5 Noetherian. Since f{F) is an fuzzy soft submodule of H, and
every submodule of f(F) is an fuzzy soft submodule of H,and since every fuzzy soft submodule of
F(F) is isomorphic to a fuzzy soft submodule of F, and hence every fuzzy soft submodule of F is f.g..
Therefore F is FSFS Noetherian. On the other hand, if G, is an FSFS submodule of G, then the fuzzy
soft submodule g=*(G,) is f.g., so that G, is f.g. as g is surjective. Therefore & is also FSFS

Noetherian.
(=) Let(Hy, By) € (H,,B;) < (H3,B3) < -~ be an ascending chain of fuzzy soft submodules of H.

Since (F,R,A) and (G,R,C) are FSF5 Noetherian, then there is an integer n such that
FYH,) =fYH,) and g(H;) = g(H,) for every i = n, which implies that H,+1 = H,. Let
x €EH,:4; then there is an element ¥ € H, such that gi{x) = g(v), so that
x— v € kerg = Imf, it follows that there is an element z € F such that f(z) = x — ¥. However,
X—VEH,.4 NzEF,z€ fYH,sq) = fY(H,). Therefore x —y € H, as f is 1-1. And hence
x € H,.

f
Theorem(3.14): Let 0 — (F,R,A)— (H,R E) A (G,R,C)—0 be a short exact sequence of
FSF5 modules, then (H,R,E) is FSF5 Artinian if and only if (F,R,4) and (G,R,C) are both
F5F5 Artinian.
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Proof. (=) Suppose (H,R,B) is FSFS Artinian. Since f{F) is an fuzzy soft submodule of H, and
every submodule of f(F) is an fuzzy soft submodule of H,and since every fuzzy soft submodule of
F(F) is isomorphic to a fuzzy soft submodule of F, and hence every fuzzy soft submodule of F is f.g..
Therefore F is FSFS Artinian. On the other hand, if &, is an FSF5 submodule of G, then the fuzzy
soft submodule (&, ) is f.g., so that G, is f.g. as g is surjective. Therefore & is also FSFS Artinian.
(=) Let(Hy, By) 2 (H;,B5) 2 (H3,B3) 2 -~ be an ascending chain of fuzzy soft submodules of H.
Since (F,R,4) and (G,R,C) are FSF5 Artinian, then there is an integer n such that
FYH,) =f Y H,) and g(H;) = g(H,) for every i = n, which implies that H,+1 = H,. Let
X € Hyzq; then there is an element ¥ € H, such that gi(x) = g(v), so that
x— y € kerg = Imf, it follows that there is an element z € F such that f(z) = x —y. However,
x—VEH 4 NZEF,zE f Y H,2y) = fY(H,). Therefore x —y € H, as f is 1-1. And hence
x € H,,.

Corollary(3.15): Let (F,A) and (G,B) be FSFS Noetherian; then (F & G,A» B) is an FSFS
Noetherian over M&N.

Proof. Since (F,A4) and (G,E) are isomorphic to submodules of (F & &,A % B) and (F,4) and
(G,B) are both FSF5 Noetherian, then by Theorem (2.29) (F & G,A % E) is FSFS Noetherian.
Corollary(3.16): Let (F,A4) and (G,B) be FSF5 Noetherian; then (F & G,Ax B) is a F5FS
Noetherian.

Corollary(3.17): Let R be an FSFS Noetherian ring; then R™ ={R$R$'"$R

—ntimes —‘=} is an F3F3

Noetherian module.
Proof: Using mathematical induction on Corollary(3.16).
Theorem(3.18): Let (&, E) be an FSF5 submodule of (F,A), then (F,A) is FSF5 Noetherian if and

only if (&,B) and (ng,ﬂ} are both FSF5 Noetherian.

Proof. =) Let (F,A) bean FSFS Noetherian and let (G,B)  be its FSFS submodule. And  since
every submodule of (G, E) is a submodule of (F,A4). Then (G,E) is an FSF5 Noetherian. In the other
hand if

A e (M3 -,4;) ,A3]1C - is an ascending chain o submodules o
Byoa)e (4,54 i ding chain of FSFS submodules of
(FXGJAj, then (F,4;) € (F;, A5) € (F3, A3) € - is an ascending chain in (F,4) which is FSFS
Noetherian,which means that there is n € N such that

E; F )
( E{"GJAE') = ( nz'r(_;;—"ln)J Vizn.
<) Let (G,B) and (F fg,ﬂ} are  both F5F5 Noetherian, assume that
(F,A,) € (F,,A;) S (F,A5) S+ is  an  ascending chain in  (F,4), then
(Flfg,ﬂl) c (szg,ﬂg) c (FE;’GJAE) < - is an ascending chain in (F/,4), so we get that there
is € N such that
(F",JGJAE-) = (F”fg,ﬂn) Wi = n. And hence (F.,, 4;) = (E,,A,),¥i € M, which means (F,4) is an
F5FS Noetherian.
Theorem (3.19): Let (G,E) be an FSF5 submodule of (F,A), then (F,A) is FSFS Artinian if and
only if (G,E) and (ng,ﬂ} are both FSF5 Acrtinian.
Proof. =) Let (F,A) bean FSFS Artinian and let (G,B) be its FSFS submodule, since every
submodule of (&, E) is a submodule of (F,A4). Then (G, B) is an F5F5 Artinian. In the other hand if
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(Flfgjﬂl) 2 (FE,’GJAE) 2 (FE;’GJAE) 2. is an ascending chain of FSFS5 submodules of
(F,’GJA}, then (Fy, A1) 2 (Fs, A;) 2 (Fs, A3) 2 -+ is an ascending chain in (F,4) which is FSFS
Acrtinian, so that there is n € NV such that

(5/,4) = (/5. 4n), vizn.

<) Let (G,B) and (F fc:4) are both FSFS  Artinian, assume that
(F,41) 2 (F;, A;) 2 (F3, A3) 2 - is an ascending chain in (F,A), then

(Flfgjﬂl) 2 (FE,’GJAE) 2 (FEIGJAE) 2 - is an ascending chain in (F /-, 4), so we get that there
isn € N such that

(F",’GJAE-) = (F”fg,ﬂn) vi = n. And hence (F, 4;) = (F,,4,.),¥i € M, which means (F,4) is an
F5F5 Artinian.

Conclusion:

Fuzzy soft Artinian and Fuzzy soft Noetherian modules are far more similar than they appear on
the surface. While F5F5 Artinian satisfies a minimum condition and F5F5 Noetherian satisfies a
maximum condition, these conditions do coincide in several cases. And Every fuzzy soft submodule
of an FSFS Noetherian module is f.g. We proved that tensor prodect and sum prodect of F5FS

Noetherian are F5F5 Noetherian. Finely a submodule and quotient module of an F5F5 Noetherian
(F5F5 Artinian) are both FSFS5 Noetherian (F5F5 Artinian).
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