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Abstract

In this paper, we will show that the Modified SP iteration can be used to
approximate fixed point of contraction mappings under certain condition. Also, we
show that this iteration method is faster than Mann, Ishikawa, Noor, SP, CR,
Karahan iteration methods. Furthermore, by using the same condition, we shown
that the Picard S- iteration method converges faster than Modified SP iteration and
hence also faster than all Mann, Ishikawa, Noor, SP, CR, Karahan iteration
methods. Finally, a data dependence result is proven for fixed point of contraction
mappings with the help of the Modified SP iteration process.
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1. Introduction

In Agarwal et al [1] showed that by using certain condition, S-iteration method converges at a same
rate as Picard iteration and faster than Mann iterative method. After, Khan [2] showed that normal S-
iteration faster than all of Picard. Mann and Ishikawa Iterative methods for contractions. Recently in
[3] Kadioglu and Yildirim introduce a new iterative without name, both of Kadioglu and Yildirim are
used different condition to show that this iterative converges faster than S-iteration iterative and the
normal S-Iteration. Celiker in [4] give a name to this process, she called it Modified SP iterative.
In a paper of Soltuz [5] establish the data dependence result of Ishikawa method for contraction
mappings. In [6] Soltuz and Grosan used contractive-like operators to establish a data dependence
result of Ishikawa iterative process. Recently [7] Asaduzzaman and Zulfikar  established a data
dependence result of Noor iterative for contractives like operoters.

This paper consists of three sections: In section 1, we used the same condition in [3] to study rate of
converge of Modified SP iteration with various iterations schemas. In section 2, we give an example
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explain the rate of convergence. Finally in section 3, we prove the data dependence result of Modified
SP iterative scheme using contraction operator and certain condition.
Throughout this paper, N is the set of all non-negative numbers, and Fr is the set of all fixed points of
an operator T.
2. Preliminaries:

In this section we will recall definitions that we need them in the rest of our paper.
Definition2.1: [8]

Let E be a normed space and C be a nonempty closed convex subset of E, and T:C — C be a

mapping, T is called contraction mapping if their exist L € (0,1) such that
ITx —Tyll<Lllx—yll Forallx,y €C (1.1)
Definition 2.2: [8] Let E be a normed space T, T:E — E be two operators, we say that 7 is an
approximate operator of T if for all x € E and for fixed € > 0 we have
|Tx — Tx| <« (1.2)
Now we introduce some iteration methods that we will used them in our paper:
Definition 2.3:

Let {a,}o ,{Bn}o, {yn}o be real sequences in € (0,1) . The following iteration processes are
referred to as Picard [9], Mann [10], Ishikawa [11], Noor [12], SP [13], S-iteration [14], normal S-
iteration [15], CR [16], Picard-S iteration [17], Modified SP iteration [3, 4], Karahan iteration [18],
respectively

{V in € C, (1.3)
aps1 = Td,, n € N

th€C,
1 =1 —ay)t,+a,Tt,,n € N

f
{ a, €C,
(

(1.4)

ans1 = (1 —ay)a, + a, Thy, (1.5)
b,=Q0-pBa, +PrTa, neN

wo €EC,

{ Whi1 = (1 —ap)wy, + ap Tuy,, (L6)
Uy = (1= Bplwy, + B Tvy, '
kvn =1 -y IWp +y, Tw, n€N
Yf ay €C,
j Ant1=(1— an)Bn + an TBn, (1.7)
Bn =1~ .Bn)én + BuTCy, '
lén =1 -y +yaTdn €nN
dg € C,
{ Gns1 = (1 —ap)d, + ay TBn ), (1.8)
b, =1 —Ba, + pnTd, ,nEN
{ to € C, (L.9)
tner = T((1 —ap )ty + a, Tt, ) ,nEN '
( wy € C,
{ Wnyp = (1 - a )iy, + anTl,, (1.10)
i, = (1- ﬁn)TWn + Bn TPy, '

kﬁn =1 —-y)W, + Yy, TWy,n €N
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. €C,
£n+1 = Tyn ,
o= (1 — a)TRy +anT2y, (1.11)
Zn == pp)xn+ Py Ty nEN
Xy € C,
Xn+1 = Tyn,
Vo =1 —ap)z, + a, Tz,
kzn =1 —-B)xp+ Py Txy,nEN
Wy € C,
{ Wpe1 = (1 — a,)TW, + ay, T, ,
Uy = (1- .Bn)wn + B Ty,
Uy =1 -y )W, +y, TW,,nEN
If we want to compare speeds of above iteration methods we need the following definition about
the rate of convergence which is due to Brind [19].

Definition 2.4 [19] Let{a,};, {bn}s be two sequences of real numbers that converge to a and b,
respectively, and assume that there exists

lan- al

| bn— b|

(@) If 1 =0, thenitcan be said that {a,}7’ converges to a faster than {b,}7’ to b.

(b) If 0 < I < o0, then it can be said that {a,,}5” and {b,}; have the same rate of convergence.

3. Rate of convergence

In this section, we will show that Modified SP-iteration process is faster than all of Mann (1.4),
Ishikawa (1.5), Noor (1.6), Karahan (1.13), SP-iteration (1.7), CR (1.10) processes. Also we show
that Picard- S iteration (1.11) converges faster than Modified SP- iteration and thus Picard S -iteration
converges faster than all above process.

The following theorem shows that the three-step iterative Method Modified SP-iteration (1.12)
faster than two-step iterative method Mann (1.4) and three-step iterative method Ishikawa (1.5).
Theorem 3.1 Let C be a nonempty closed convex subset of normed space E , and T be a contraction of
C into itself. Suppose that each of iterative processes of Mann (1.4) iterative and Ishikawa (1.5)
iterative and Modified SP-iteration (1.12) converge to the same fixed point p of T where
{an, },{Bn }, {yn } be sequences such that for some X, 0 < A < y,, @, B < 1 for all n € N then the
Modified SP-iteration (1.12) converges faster than Mann(1.4) and Ishikawa(1.5) iterative.

Proof. For Modified SP-iteration (1.12), we obtain
lxps1 — 2l = Ty, — Pl
< Ly, —pll
= L1 —ap)zy + a, Tz, — p |
= L”(l - an)(zn - P) + an(TZn - p) ”
< L[(l - an) ”Zn - p” + Lan”Zn - p”]
=L[1-a, +Lay]llz, —npll
=L[1- an (1— L)] Il (1- ﬂn) Xn+ Bn Txy —P||
< L[(1 = an A= L)(( = B) G = DI+ L Bollxn — plI)]
=L[1 - an 1 =1) (1= B (1= 1)) ] llxn —pl
< L(1-20-1) llx, - pll

(1.12)

_J\_\\ /——-J\__\

(1.13)

l=1lim e

2 n
<|L(1-20-0)] llx —pl (1.14)
2 n
Let M= L(1— 21 = 1))*| llxo — pll (1.15)
From Mann iteration (1.4), and by induction, we obtain that
”t’\n+1 - p” = ”(1 - an) tAn + a, TtAn - p”

=1 - an) (tAn - p) + a, (TtAn - p)”
< (A —ap) Ity —pll + a, ITt, —pll
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(1 —an) Ity —pll + L an It —pll
[1—-2(1 - DIt —pll

IAIA

<[1-20-D]™ I to-pl
Let MA, =[1—-A2A—=L)]™ Il t5—pll
From Ishikawa (1.5), process, we obtain that
lan+s —pll =11 — an) a, + a, Th, — pl|
= ”(1 - an) (an - p) + an (Tbn - p)”
(1 - an) ”an - p” + an ”Tbn - p”
(1 - an) ”an - p” + anL ”bn - p”
(1 - an) ”an - p” + Lan”(l - .Bn) (an _p) + .Bn(Tan _p) ”
< (1 - an) ”an - p” + Lan(l - .Bn)”an _p” + Lzan .Bn ”an _p”
< (1 — an) ”an - p|| + Lan(l - .Bn)”an _p” + Lzan .Bn ”an _p”
= [1 - an(l -L) - Lanﬁn(l - L)] ”an - p”
= [1- 2001 -L) -LA*(1 - L)] lla, — pll

A IA

=[1- 21 -1) - LA*(1 = L)]" llag — pll
Put I, = [1— A(1—L) = LA*(1 = L)] " llag — pll
Now after simple compute we get

My _ [La-20-0%" i@l

h = oG D-LEG-DI™ Jay py V@M
and

My [L (1-A(1-LY)* 1" |l (xo—p) I

= — 0 as n—o oo
MA, [1-a,(1-L)]* It -PI

Hence {x,,} converges to p faster than {t",}, {a,}.

The following theorem shows that the three-step iterative methods Modified SP iterative (1.12)
faster than Karahan (1.13), Noor (1.6) .
Theorem 3.2 Let C be a nonempty closed convex subset of normed space E, and T be a contraction of
C into itself. Suppose that each of iterative processes Karahan iterative (1.13) and Noor iterative
(1.6)and Modified SP-iteration (1.12) converge to the same fixed point p of T where
{an}, {Bn}, {yn} be sequencese such that for some A, 0 < A < y,, an, B < 1 for all n € N then the
Modified SP-iteration (1.12) converge faster than Karhan (1.13) and Noor iterative(1.6).
Proof:
From Karahan iterative (1.13), we obtain that
||W~n+1 - P” =[|(1 - an) Twy, + a,Tuy — P||

< L(]- - an) ||W~n - p” + Lan ”u~n _p”
=L[(1 - an) ”W~n - 29” + ap II(1 - ﬁn) Twy + B TV, —P” ]
< L[(l - an) ”W~n - P” + Un (L (1 - ﬁn) ”W~n - p” + L Bnllv~n - p” )]
= L1 —ap) Wy — pll+ an (LA = Bp) Wy — pll+ L Bull(1 =y )Wy + ¥ TWy —pll) ]
< L[(l - an) ”W~n - p” + Un (L(l - ﬂn) ||W~n - p” + Lﬁn(l _Yn)||W~n - p” +
L ﬂnYn ||TW~n - p” )]
< L[(l - an) ”W~n - p”"'an (L(l - ﬂn) ||W~n - p” + L Bn(l - Yn)||W~n - p”
+ LZ ﬁnYn ”W~n - p” )]

L[1 - an(l -L)-L ﬁnYnan(l —L)] lw> — pll
[

<
< L[1-21-1) = LA3(1 - D] w7, — pll
< [L(1-20-1) -3 -1)]" Ilw; — pll
Let Ko=[L(1—2(1 - L) —L23(1 = ))]" v, — pll

From Noor iterative (1.6), we obtain that
||Wn+1 - p” =[|(1 - an) wy + ap Tu, — p”

< (1 —a)llwy -pll + Lagllu, -pll

<@1- an)”Wn'p” + Lan”(l - ﬂn) wy + Bp Ty _p”
<A -a)lw,-pll +Lay, ((1 — B) llwn -pll + L By ”Un_p”)

3233



Jamil and Abed Iragi Journal of Science, 2015, Vol 56, No.4B, pp: 3230-3239

< (1 - an)”Wn_p” + Lan(l - ﬁn) ”Wn_p” + Lzan ﬁn ”vn _p”
< (1 - an) ”Wn_p” + Lan(l _ﬁn) ”Wn_p” +L2an ﬁn ”(1 _Yn) Wn + Yn TWn _p”
=1- an)”Wn_p” + La,(1— ﬁn) ”Wn_p” + Lzan Bn II(1 _Yn) (wy, — p) + Yn (Twy _p)”
<@1- an)”Wn_p” + La,(1— ﬁn) ”Wn_p” + Lzan Bn ¢} _Yn) lwy, — p”

+L3an .Bn ¥n ”Wn_p”
=< [1 —ap t Lan(l - .Bn) + Lzan .Bn (1 - Yn) + L3an ﬁn ¥n ]”Wn_p”
<[1-20-10) - L2 (A -L1) - L* 231 = L)] llw, -pll

< -2A(1—1)— L2 (1—L1) — 12 22(1 - D)]" lwo-pll
LetN,=[1—-2(1—L)— LA? (1 —L) = 2 23(1 — L)]" ||wo-p||

n
by (1.15) we have M,= [L(l -1(1- L))Z] llxo — plI
Now note that:

Mp  _ [L(1-AQ-L)? ] 120=P1 0 2 s oo
Ny, [ 1-A(1—L) — L A2(1-L) — L2 23 (1-L) ™ llwg-p |

and

My [L (1-A(1-L))* " B

Kn  [L(1=A(1—-L)-LA3 (1= L)|™ lwp-P I —0asn—o

Hence {x,} converges to p faster than {w,}, {w n}.
]

The following theorems show that the following three-step iterative methods Modified SP-iteration
(1.12) faster than SP (1.7), CR (1.10).
Theorem 3.3 Let C be a nonempty closed convex subset of normed space E, and T be a contraction of
C into itself. Suppose that each of iterative processes CR iterative(1.10), SP- iteration (1.7) and
Modified SP-iteration (1.12) converges to the same fixed point P of T where {a,},{B.}, {yn} be
sequences such that for some A, 0< A < a,, fnyn <1 for all n € N then the Modified SP-
iteration(1.12) converges faster than CR (1.10)and SP-iteration (1.7).

Proof:
From CR (1.10) iterative, we obtain that
”WAn+1 - P” = ”(1 - an) uAn + a, TuAn - P”

= (1-a,(1-0L) A= BITWy + B TV, — pll
< (1 - an(l - L) ) [L (1 - ﬁn)”WAn - p” + .Bn” TUAn - p”]
= (1-a,(1-L))[LA =) Wy — pll +L By (A =y )Wy + ynTW, — pll]
< (1 - an(l - L)) [L(l - ﬁn)”WAn - p”
+ L Br((1 =y )Wy —pll + Ly, W'y — pll )]
= (1 - an(l - L) )(L - LﬁnYn(l - L) ) ”WAn - p”
< LA-20-1))A-22(1-1)) llwy — pll
<[LA-20-10))A =221 -L)) " v — pll
Let CR,=[L(1 —2(1 - L))(1 =22(1 = L)) ]* lIw" — pll
From SP-iteration (1.7), we obtain that
s — 2l =11 —ap) @y + a, Tay, — pll
”(1 - an)(aAn — p) + an(TaAn - p) I
(1-ay(1=D)llay —pl
(1 - an(l - L))”(]- - ﬂn)(bAn - P) + ﬁn(TbAn -p )”
(1-ean(-0)(1-40-D) I —pl
(1 - an(l - L)) (1 - ﬂn(l - L)) ”(1 - Yn) aAn + ¥n TaAn - P”
(1-an(1-1)) (1= 8,1 -D)(1 - yp(1 = 1) llay — pll
(1-20-1)° lai-pl

A A IA A

< [(1 -1 - L))3]n I @ —pll
Let sP.=[(1 — A1 = 1))°] I @ pl
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by (1.15) we have M= [L(1— 21 —L1))*] lIxo — pl

Finally we get
21

1-A(1-L -
To_ [( ( ))]n ll)fo p"—)OaSn—>oo.
SPy [(1—/1(1—L))3] lla’g =PI
and
My, [L(1—2(1-L)2]" Il xo—p
CR,  [L(1-A(1-L)(1— A2(1-L)]™ I -P I —0asn—ow
Hence {x, } converges faster than {w3 },{ aq} top. [

The following theorem explain that the three-step iterative methods Picard S-iteration (1.11) faster

than Modified SP-iteration (1.12).
Theorem 3.4 Let C be a nonempty closed convex subset of normed space E, and T be a contraction of
C into itself. Suppose that each of iterative processes Picard S-iteration (1.11) and Modified SP-
iteration (1.12) converges to the same fixed point p of T where {a,}, {B,},{v»} be sequences such
that for some A, 0 <A< a,,B, <1 forall n €N,Then the Picard S-iteration (1.11) converges
faster than modified SP-iteration (1.12).

Proof.

For Picard S-iteration (1.11) we obtain that

X' e —2ll = ITY —pll

<Ly —opll

<L ”(1 - an)(TxAn - P) + an (TZAn - p)”

< L[(1 = ap) [|Txn - p|| + a0 [|TZn - 2]
< L [(1 - an) ”xAn - P” +a, ”ZAn - p”]

< LZ [(1 - an) ”x,\n - P” + Un ”(1 - ﬁn)x,\n + ﬁn TxAn —P”]
< L [(1 - an) ”xAn - P” +a, (1 - ﬁn)llx,\n - p” +L anﬁn ”xAn - p”]
= I (11— ap) +a, (1= By) +Layfyllxy — pll

S LP-20-D]1lx, = pll

< [2(1— 22(1— L] — Pl
Let p, = [L2(1— 22(1— L))]™lxy — pll

n
For Modified SP-iteration and by (1.15) we have an[ L(1-2(- L))Z] llxo — pll

Now
PL _ [Lz(l— 12(1_ L) )] n I on -p I
My N [L(1-A(1-L)2]" lixg-pl — 0as n— o

Thus {x"} converges to p faster than {x, }.

[ ]
4. Application

We use the following example to backup our above analytical proof. This example shows that All
the iterative methods converge to the same fixed point 2 . Also Modified Sp iteration converges faster
than all Mann, Ishikawa, SP, Noor, CR, Karahan and Picard-S iteration method converge faster than
Modified Sp iteration, so Picard-S iteration still faster iterative.
Example 4.1. Let E = R and C = [0, ). Let T: C — C be a mapping defined by Tx = ¥2x + 4 for
all x € C. itis easily seen that the mapping T is contraction mapping with the unique fixed point

P =2 ,take {a,} = % ABn} = 73 Ayt = Z A =% with initial value 10.
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Table 1- Compare the speed of above processes

No of it | Picard | Modify SP CR Karahan SP Noor | Ishikawa | Mann
1 10 10 10 10 10 10 10 10
2 2.1142 2.3518 24196 | 2.7168 | 3.4278 | 6.2746 | 6.2827 6.4422
3 2.0025 2.0196 2.0313 | 2.0881 | 2.2754 | 43012 | 4.3119 | 4.5038
4 2.0001 2.0011 2.0024 | 2.0113 | 2.0543 | 3.2455 | 3.2557 | 3.4278
5 2.0000 2.0001 2.0002 2.0015 | 2.0108 | 2.6764 | 2.6848 2.821
6 2.0000 2.0000 2.0000 | 2.0002 | 2.0021 | 2.3681 | 2.3744 | 2.4747
7 2.0000 2.0000 2.0000 | 2.0000 | 2.0004 | 2.2006 2.205 2.2754
8 2.0000 2.0000 | 2.0000 | 2.0001 | 2.1094 | 2.1123 2.1602
9 2.0000 2.0000 | 2.0000 | 2.0000 | 2.0597 | 2.0616 2.0933
10 2.0000 | 2.0000 | 2.0325 | 2.0338 2.0543
11 2.0000 | 2.0000 | 2.0178 | 2.0185 2.0317
12 2.0000 | 2.0097 | 2.0102 2.0185
13 2.0000 | 2.0053 | 2.0056 2.0108
14 2.0000 | 2.0029 | 2.0031 2.0063
15 2.0016 | 2.0017 2.0037
16 2.0009 | 2.0009 2.0021
17 2.0005 | 2.0005 2.0012
18 2.0003 | 2.0003 2.0007
19 2.0001 | 2.0002 2.0004
20 2.0001 | 2.0001 2.0002
21 2.0000 | 2.0000 2.0001
22 2.0000 | 2.0000 2.0001
23 2.0000 | 2.0000 2.0000

compare the speeds of the above
Processes
©
5 Picard - 5 g
]
5 Modify SP _
Cr ®
0 Karahan
sp o) .
Moar i S
@ Ishikawa @
i@ Mann . @ @
209 |06
©00000000000008000008"° =
242322 2120191817 1615141312 1110 9 8 7 6 5 4 3 2 1 O©

Figure 1- The above figure declares the different of speeds of the iterative methodes.

3236



Jamil and Abed Iragi Journal of Science, 2015, Vol 56, No.4B, pp: 3230-3239

5. A Data Dependence Result

In this section we show that, if T is contraction mapping and Fr # @ and Modified SP iterative
method converges to some fixed point p € Fr, then we can computing p by using T satisfying (1.2),
p the fixed point of the approximatet T .
But first we give need the following results:
Lemma5.1 Let { a, } nonnegative sequence suppose that there exist n, € N such that
an+1 < (1-96) a, + 60, foralln = nywhere § €(0,1) and g,, = 0 for all n € N then
0<lim, e SUp an <lim, ., sup o,
Proof:
It is clear that, There existn, € N suchthat o, < lim,_« sup o, foralln =n,
Weclaimthat a,4 < (1—6) "™* a, + limy,o sup o, foralln > nyg
By mathematical induction:
Ifn=ny,thenay, < (1 —8ay, + limy,, sup o,
Suppose that the statement true when n = k
i apy < (1—06) F™m* q, + limy,e sup oy,
If n = k + 1, then by our hypothesis we get
g2 < (1—=06) agyr + S0y,
1-8[ 1=8) kmt An, + limy_e sup on] + 8 0pn

(1-6) ¥™m*2q, + (1-6) nliroré sup o + 6 Ox4q
< (1-6) *¥™m*2q, + limsup o, —6 lim sup g, + & lim sup oy,

n—-oo n—oo n—oo

< (-6 kFMm*2q, + lim sup o,

n—-oo

By Taking limit sup for both sides we get:
lim,, sup a, < lim,,, sup o,
]

From Picard-Banach theorem and by taking n — oo to the inequality (1.14) we get the following
proposition.
Proposition 5.1 Let C be a nonempty closed convex subset of normed space E , let T be a contraction
of C into itself, let {x,} be an iterative sequence generated by (1.12) with real sequence
{an}, {Bn}, {yn} for som L where 0 <A1 <a,B, <1forall n € N then {x,} converges to a
unique fixed point of T say P.
Now we can establish the following data dependence result.
Theorem 5.1 let T be an approximate of T satisfying (1.1). Let {x,} be an iterative sequence
generated by Modified SP iteration for T and define an iterative sequence
{x,} as follow:

If X €C

4 Xny1 = Tyn _

| Vo= 1 —an)z, + ~anTZn
Z, = 01 =BT, + BuTHm € N
Where {Bn}, { o, }be real sequence in [0,1] satisfying 0 < A < 8, a, <1 for some 1if p € F and

p €Fj suchthat %X, —p as n— oo thenfor e>0and L € (0,1) we have
3¢

(5.1)

lp—pI< 10-0)
Proof:
Il Xne1 = Zner 1= Ty TP + TF — T, |
< Ty T | +1l T9, — T, |l
S LI Yu-Yu ll +e (5.2)
On the other hand
”yn_)”/n” = ||(1 —ay) zy + ayTz, — (1 —a,) Z, — anTZn”

< A—a)ll zy — 2, | +ay||Tz, — T2,
< A—a)ll 2z — 2.l +ay,(L | z,_ 2, Il +&)
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< A-a)ll z, — Z, Il +L ay | z,_Z, I + a,e
< [1—a, +L aplll z,_2Z, | + ane
= [1_an(1_L)] W' z,_Z, I +ane
<[M1-20-L)]I z,_Z, Il + ane (5.3)
But,
”Zn—Zn“ = “(1 - .Bn) Xn t+ .BnTxn - (1 - .Bn) J?n - .Bn’fin”
(1 _,Bn)”xn - in” + Bn”Txn - Tfn”
(1 _.Bn)” Xn — in” + L.Bn”xn - fn” + PBne
[(1 = Bn) + LBalllxn — Znll + Bne
[(1 = Bn) + LBalllxn — Znll + € (5.4)

Combining (4,2), (4,3), (4,4) and using the facts that L and L* € (0,1)
I Xp41 = Xpar I < LII=AA=L) Pl — Zpll + 26 + ¢

L[1 =201 = L) PPllx, — %l + 3¢

[1 - A(l - L)] ”xn_ in” + 3¢

3
[1—201 = L) [llxp - Znll + 2(1 = L) A(l—iL)

IANINIA A

A

PUt @y =1l X _ %y Il (1= L) € (0,1) , 0. = —=

T A(-1)
In Lemma 5.1 we get:
' B . 3¢
0<limyseosup Il x,_%, I <lim,_ sup 10D

From proposition (5.1) we know that lim x,, = p. Thus, using this fact together with the assumption
n—oo

lim X,=p we obtain that
n—oo
3¢

R

]
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