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Abstract

In this paper, principally supplemented (§-supplemented), and principally lifting
(6-lifting) semimodules are defined as generalizations of principally supplemented
(5-supplemented), and principally lifting (&-lifting) modules. Let R be a semiring. An
R-semimodule A is called a principally supplemented (5-supplemented) semimodule,
if for all a € A there exists a subsemimodule N of A with A = Ra + N and (Ra) N N
small (&-small) in N. In this paper, we examine properties of principally 6-
supplemented semimodules and generalize results on principally §-supplemented
modules to semimodules. Besides, we characterize §-semiperfect semimodules as a
generalization of §-semiperfect modules.

Keywords: Supplemented (§-supplemented) semimodules, Principally supplemented
(8-supplemented) semimodules, Principally lifting (&-lifting) semimodules,
Semiperfect semimodules.
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1. Introduction

Firstly, let us point that, R will indicate a commutative semiring with identity and A with
indicate an unitary left R-semimodule throughout this article. A (left) R-semimodule A (denoted
by rA) is a commutative additive semigroup which has a zero element 0,4, together with a
mapping from R X A into A (sending (r,a) to ra) such that (r + s)a =ra + sa, r(a+ b) =
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ra+rb,r(sa) = (rs)aand 0a =r0, =0 forall a,b € Aand r,s € R. Let N be a subset of
A. We say that N is an R-subsemimodule of A denoted by N < A, precisely when N is itself an
R-semimodule with respect to the operations for A [1-3]. L < A is said to be essential in A,
denoted by L <, A, if L n N # 0 for each nonzero subsemimodule N < A [4]. A semimodule

A is said to be singular if A = n for some semimodule N and an essential subsemimodule

L <. N. Also, we call A singular if A = Z(A), where Z(A) = {x € A : lz(x) is essential in
rRR}, and [z (x) = {a € R |ax = 0}. For a semimodule A, Z(A), and Z,(A) are the singular
subsemimodule and the Goldie torsion subsemimodule of A, respectively. Z,(A) is defined by
Z(A/Z(A)) = Z,(A)/Z(A). If A= Z,(A), we say that A is Goldie torsion. If Z(A) =0, A is
called non-singular [5].

The subsemimodule N of A is called small in A (we write N « A), if for every
subsemimodule X < A, with N +X = A involves that X = A [6]. The radical of an R-
semimodule A, symbolized by Rad(A), is the sum of all small subsemimodules of A [6]. A is
called hollow, if every proper subsemimodule of A is small in A. And, A is called local, if it has
a unique maximal subsemimodule, i.e., a proper subsemimodule which contains all other
subsemimodules. If A has no proper subsemimodule then A is named simple, and if A is a direct
sum of its simple subsemimodules then A is semisimple[4]. The socle of A, symbolized by
Soc(A), is the sum of all simple subsemimodules of A [4]. Let L, K < A. K is called a
supplement of L in A if it is minimal with respect to A = L + K. A subsemimodule K of A is a
supplement (weak supplement) of Lin Aifandonlyif A=L+KandLNK KK (LNK K
A) [7]. A is supplemented (weakly supplemented) if each subsemimodule L of A has a
supplement in A. Openly, supplemented semimodules are weakly supplemented. L < A has
ample supplements in A if each subsemimodule K of A such that A =L + K contains a
supplement of L in A. A semimodule A is named amply supplemented if every subsemimodule
of A has ample supplements in A. Hollow semimodules are ample supplemented. L < A is
named a §-supplementof Nin AifA=N+Land NnLisd&-smallinL, and A is named 6-
supplemented in case every subsemimodule of A has a §-supplement in A [5]. A is named lifting
(6-lifting) if, for all N < A, there exists a decomposition A = X @ Y such that X < N besides
N nYissmall (§-small) in A [5]. N < A is a subtractive subsemimodule of A ifa,a+b € N
then b € N [3]. If every N < A is subtractive, then A is named subtractive. If C is a subtractive

subsemimodule, then % is an R-semimodule [3, p.165].

In this work, principally supplemented and lifting semimodules are introduced. In addition,
we explore their properties. Besides, we define principally semiperfect (§-semiperfect)
semimodules. A is called principally semiperfect (5-semiperfect) if, for each a € A, A/Ra has
a projective cover (&-cover). Original descriptions of principally §-semiperfect semimodules
are obtained via principally §-supplemented semimodules. In addition, we introduce the notion
of @-supplemented semimodules.

In whatever follows, by N, N, Z, Q, Z, besides Z/nZ we indicate, respectively, natural
numbers, non-negative integers, integers, rational numbers, the semiring of integers modulo n
besides the Z-semimodule of integers modulo n.

2. 6-Small and §-supplement subsemimodules

In this section, we revision and state some points of §-supplement subsemimodules which
are vital later. In [8], &-small submodules are introduced. Small (resp., &-small)
subsemimodules are considered in [6 and 5].
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Definition 2.1: Let N < A. N is said to be §-small in A if N+ K + A for any proper
subsemimodule K of A with A/K singular. We use N < A to indicate that N is a §-small
subsemimodule of A.

Let f:A— B be an epimorphism of left semimodules; f is called &-small if
Ker(f) <s A.
All small subsemimodule or non-singular semisimple subsemimodule of A4 is §-small in A.
The §-small subsemimodules of a singular semimodule are small subsemimodules.

Lemma 2.2 [5]: Let A be a subtractive R-semimodule and N < A. The next are equivalent:
(1) N Ls A;

(2) If A= X+ N, then A = X@®Y for a projective semisimple subsemimodule Y with Y < N;
(3) If X + N = A with A/X Goldie torsion, then X = A.

Lemma 2.3 [5]: Let A be an R-semimodule.
(1) For subsemimodules N, K, L of A with K < N, we have

I.N &g Aifandonly if K K5 Aand N/K <5 A/K.

LN+ L <Lsg Aifandonly if N K5 Aand L < A.
(2) K <KsAand f: A — N isahomomorphism, then f(K) < N. In particular, if K <5 A <
N, then K «<s N.
(3) LetL; <A <A L,<A,<Aand A= A;®A,. Then L;BL, <Ks A;DA, if and only if
L1 Ls A1 and LZ <Ls AZ'

Definition 2.4 [5]: Let p be the class of all singular simple semimodules. For a semimodule A,
let 5(A) = Rejr(p) =N {N < A|A/N € p} bethe rejectin Aof p .

Lemma 2.5: Let A and B be semimodules.

(1) 6(A) = X{L < A|L is a §-small subsemimodule of A}.

(2) If f:A — N is an R-homomorphism, then f(6(A4)) < §(B). Therefore, §(A) is a fully
invariant subsemimodule of A and §(rRR)A < §(A4).

(3) IfA =4 then §(4) = Bie6(4)).

(4) If every proper subsemimodule of A is contained in a maximal subsemimodule of A, at that
time §(A) is the unique largest §-small subsemimodule of A.

Proof: See [5]. o
Next, we give some descriptions of &(rR), and certain properties of R related to §(rR).
From now on, let §(R) = §(rR) and Soc(R) = Soc(rR).

Theorem 2.6 [5]: Given a semiring R, both of the next sets are equal to 6 (R):
1. R, =theintersection of all essential maximal left ideals of R.
2. R, = the unique largest §-small left ideal of R.
We mean by J(R) and J(R/Soc(R)) to be the Jacobson radical of R and R/Soc(R)),
respectively.

Proposition 2.7 [5]: For a subtractive semiring R, §(R)/Soc(R) = J(R/Soc(R)). In particular,

R = 6(R) if and only if R is a semisimple semiring.
Similar to [9, Lemma 2.2], we provide the next lemma.
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Lemma 2.8: The next are equivalent for a subtractive semimodule A and m € A.
(1) Rm isnot §-small in A4;
(2) There is a maximal subsemimodule N of A such that m ¢ N and A/N singular.

Proof: (1) = (2) Assume I' ={B < A| B # A,Rm+ B = A, A/B singular}. Because Rm is
not 6-small in A, there exists a proper subsemimodule B = A such that Rm + B = Aand A/B
singular. Thus I" is non-empty. Assume Q be a nonempty totally ordered subset of I and B, =
Ugeq B. If m is in B, then there is a B € Q with m € B. At that moment B=Rm+ B =A
which is a contradiction. So, we have m ¢ B, and B, # A. Since Rm+ B, = A and A/B,
singular, B, is upper bound in I". By Zorn’s Lemma, I" has a maximal element, say N. If N isa
maximal subsemimodule of A there is not anything to do. Suppose that there exists a
subsemimodule K containing N properly. Since N is maximal in I', K is not in I'. Since A =
Rm+Nand N < K,s0A =Rm+ K. A/K as a homomorphic image of singular semimodule
A/N is singular. From now K must belong to I". This is the vital contradiction.

(2) = (1) Let N be a maximal submodule with m € A\N and A/N singular. We assume
A=Rm+ N.Then N # A4, thus Rm is not §-small in A. o

Lemma 2.9: Let A be asemimodule and K, L, H < A. If L <5 K, then L <5 K + H.

Proof: Assume that L <5 K. LetU < AwithK + H =L+ U and (K + H)/U singular. Then
K/(UNnK) = (K+U)/U=(K+ H)/U is singular. On the other hand, weget K = L + (K n
U).SinceLisd-smallinK,K=KnNnU<U.SoK+H=U.o

Lemma 2.10: Let L < A. If L is §-supplement and U «<s Awith U < L, then U < L.

Proof: Let A = K + L with K N L < L besides L = U + V with L/V singular. We prove that
L=V.Then A=K+U+V and A/(K+V)=(K+L)/(K+V)=((K+V)+L)/(K+
V)yY=L/(Ln(K+V)) which is a homomorphic image of singular semimodule L/V. By
suggestion A=K+ V. ThenL=(LNnK)+VandthusL =V. o

Lemma 2.11: Let C < B and K be subsemimodulesof Aand A = C + K. If BN K K A, then
B/C <5 AJC.

Proof: Let A/C = B/C + L/C with A/L singular. We have A=B+Land B=C+BnNK.
Then A=C+BNK+L=BNK+L. Hence A= 1L since BNK s A besides A/L is
singular. O

Lemma 2.12: Assume A is an R-semimodule besides K, L, F < A. At that time, we get the
next.

a) IfKisad-supplement of F in A besides T < A, then K is a §-supplement of F + T in A.
b) Let f:A — F be an epimorphism such that Kerf «<s A. If L < A is a §-supplement in A4,
then (L) is a §-supplement in F. The reverse holds if Ker(f) <s L.

Proof: (a) If K is a §-supplement of F in A. Atthattime A=F+ K and FNK <5 K. We
verify (F+T)NK <5 K.Forif,letL < KwithK =L+ (F+T) n K and K/L singular, then
A=L+F+T and A/(L+F)=(K+F)/(L+F)=K/(K+ (LnF)) is singular as an
homomorphic image of the singular semimodule K /L. AST <5 A,A =L+ F.HenceK =L +
KNF.SinceKNF <s Kand K/L is singular we get K = L.
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(b) If L is a §-supplement of K in A. At that time L is a §-supplement of K + Kerf by (1). By
Lemma 2.10, f(L) = f(L + Kerf) is also a §-supplement of f(K) = f(K + Kerf) in F.
Conversely, let F = f(L) + U with f(L) n U is §-small in f(L) and K = f~1(U). Then A =
L + K. To end the proof, we show that L N K «<g L. For if L =V + L n K with L/V singular,
then f(L)Y=fWM)+fL)NFE)=fWV)+ f(L)nUsince Kerf <K, f(LNK) = f(L)N
f(K). f(L)/f(V) is singular as a homomorphic image of singular semimodule L/V. Thus,
f(L)=fWV).SoL=V+Kerf.SoL=V. o

3. Principally supplemented and principally lifting semimodules
Now we introduce two definitions, principally supplemented and principally lifting
semimodules as generalization of principally supplemented and principally lifting modules.
Similar to [10], we introduce the following definition in semimodules.

Definition 3.1: A semimodule A is called principally lifting (or has (PD;) for short) if for all
a € A, A has a decomposition A = N @ Swith N < Raand Ran S < A.

Definition 3.2: A non-zero semimodule A is called a principally hollow (briefly, P-hollow) if
every proper cyclic subsemimodule is small in A. Observe that every P-hollow semimodule
satisfies the condition (PD,).

Proposition 3.3: The condition (PD,) is inherited by summands.

Proof: Let A have the condition (PD;) and K a direct summand of A, if k € K, then A has a
decomposition A =N @ S with N < Rk and Rk NS < A. It follows that K = N @ (K n S),
and RkN(KNS)<RkNS KA, s0RkN(K NS) <K K (due to K a direct summand of A).
Thus, K has (PD,). o

It is known that an indecomposable semimodule is lifting if and only if it is a hollow
semimodule [14], the next Lemma gives a similarity to this point.

Lemma 3.4: The following are equivalent for an indecomposable semimodule A:
(1)A has (PD,).
(2)A is a P-hollow semimodule.

Proof: Follows in a straight line from the defining condition of (PD;). o

Lemma 3.5: The next are equivalent for a semimodule A.

(1)A has (PDy);

(2)Every cyclic subsemimodule C of A can be written as C = N @ S with N is a direct
summand in 4 and S < A4;

(3)For each a € A, there exist principal ideals I and J of R such that Ra = Ia @ Ja, where Ia
is a direct summand in A and Ja < A.

Proof: (1)= (2) Itis clear.

(2)= (1) Let C be a cyclic subsemimodule of A, then by (2) C = N @ S with N is a direct
summand in A and S < A. Write A = N @ N’, it follows that C =N @ C n N’ . Now let
m: N @ N’ — N’ be the natural projection, we get CN N’ = n(C) =n(N @ S) = n(S) K A4,
[7, Lemma 2.4]. Thus A has (PD,).

(2) © (3) Clear. O
Similar to [11, Lemma 2], we give the following lemma.
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Lemma 3.6: Let N and L be subsemimodules of A. Then the next are equivalent:
(DA=N+Land Nn LissmallinL;
(2)A = N + L and for any proper subsemimodule K of L, A # N + K.

Proof: Clear. o
Similar to [11], we give the following definition in semimodule theory.

Definition 3.7: Let N be a cyclic subsemimodule of A. A subsemimodule L is called a
principally supplement of N in A if N and L satisfy the conditions in Lemma 3.6 and the
semimodule A is called principally supplemented if every cyclic subsemimodule of A has a
principally supplement in A.

Clearly, every supplemented semimodule and every lifting semimodule, and so every
principally lifting semimodule is principally supplemented. Also, there is principally
supplemented semimodules but neither supplemented nor principally lifting.

Examples 3.8: The Z-semimodule Q of rational numbers has no maximal subsemimodules. At
that point Q is not supplemented. Every cyclic subsemimodule of Q is small. However, Q is
principally supplemented Z-semimodule.

Lemma 3.9: Consider the next conditions for an indecomposable semimodule A:
(1)A is a principally lifting semimodule.

(2)A is a principally supplemented semimodule.

(3)A is a principally hollow semimodule.

Then (1) & (3) and (3) = (2).

Proof: (1) (3) By Lemma 3.4.

(3)= (2) Let a € A. By (2) all cyclic subsemimodule is hollow. Then A = Ra + A and
(RA)NA KA. o

Reminder that (3) = (2) in Lemma 3.9 does not hold in general as in modules see [10].

4. Principally §-supplemented and principally é-lifting semimodules

Here, we present the notion of principally §-supplemented semimodules. We verify that
certain marks of supplemented besides &-supplemented semimodules can be lengthy toward
principally §-supplemented semimodules.

Similar to [12, Lemma 3.1], we give the next lemma.

Lemma4.1: Leta € A and L a subsemimodule of A. Then the following are equivalent.
(1)A=Ra+LandRanNL K4 L;
(2)A = Ra + L and for any proper subsemimodule K of L with L/K singular, A # Ra + K.

Proof: (1) = (2) Let K <L and A = Ra + K where L/K singular. Then L = (L N Ra) + K.
Since LN Raisé-smallinL, L = K.

2)=> @) IfL=(Ranl)+ K where K <L and L/K singular, then A = Ra+ L = Ra + K.
By (2),K =L.SoRanLisé-smallinL. o

Lemma 4.2: Suppose L is a §-supplement of K in A and K is a §-supplement of H in A, then
K is a §-supplement of L in A.

Proof: Let A=K+L=K+H, KNL<KsLand KNH Ks K. Toshow K NL <5 K. Let
X < Asuchthat KN L+ X =K besides K/X is singular. Now A = (K NnL)+ X + H. Since
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K NL Kg A, using Lemma 2.2, there exists a projective semisimple subsemimodule Y in K N
LwithA=Y @ (X + H). Henceforth K = (Y @ X) + (K n H). Since K/(X + Y) is singular
and K N H <5 K, againby Lemma 2.2, K =X @ Y.HenceY = 0 as K/X is singular besides
Y is semisimple projective. O

Definition 4.3: Let A be a semimodule and a € A. A subsemimodule L is named a principally
d-supplement of Ra in A, if Ra and L satisfy Lemma 4.1 besides the semimodule A is named
principally §-supplemented if every cyclic subsemimodule of A has a principally é-supplement
in A, equivalently, for all a € A there exists a subsemimodule C of A with A = Ra + C and
RanC < C.

Similar to [12], we give the following definition.

Definition 4.4: A semimodule A is defined to be principally §-lifting if, for all a € A, there
exists a decomposition A =M @ N such that M < Ra and RanN is ¢-small in N
(equivalently, in A).

Obviously, supplemented semimodules besides principally §-lifting semimodule is
principally §-supplemented. All singular §-supplemented semimodule is supplemented, since
every factor semimodule of a singular semimodule is singular. There are semimodules which
are not supplemented besides not §-supplemented but principally §-supplemented.

Example 4.5: Let N, and Q symbolize the semiring of non-negative integers and rational
numbers respectively. Q is not supplemented, besides Q is not §-supplemented as it is singular
N,-semimodule. But the N,-semimodule @ has no maximal subsemimodules. Any cyclic
subsemimodule of Q is small, so Q is §-supplemented as form principally.

Lemma 4.6: If f: A - A’ is a homomorphism besides N is a §-supplement in A with Kerf <
N, at that point f(N) is a §-supplement in f(A).

Proof: Let A= N + K with NN K §-small in N. Then f(M) = f(N + K) = f(N) + f(K).
Since Kerf < N, we have f(N)Nn f(K)=f(NnK). By Lemma 23 (2), f(NNK) =
f(N) N f(K)is é-small in f(N). Hence f(N) is a §-supplement of f(K) in f(M). o

Lemma 4.7: Let A be a subtractive principally §-supplemented semimodule and N < A. If
every cyclic subsemimodule Rx has a §-supplement B with N < B, then A/N is principally §-
supplemented.

Proof: Since A is a subtractive semimodule, so we have A/N is an R-semimodule. Let K/N be
a cyclic subsemimodule of A/N. Then K = Ra + N for some x € A. There exists L < A such
that N <L, A= Rx+ L with RxnL §-small in L. Let m: A - A/N natural epimorphism.
Using Lemma 4.6, (L) is 6-supplement of m(Rx) = K/N, indeed A/N =L/N + (Rx +
N)/N =L/N + K/N besides (N + (L N Rx))/N <s L/N as it is a homomorphic image of
LN RxwhereLNRx KgL. O

Lemma 4.8: Assume A is a semimodule, N a §-supplemented subsemimodule of A and F a
cyclic subsemimodule of A. If N 4+ F has a §-supplement T in A, then N n (T + F) has a §-
supplement U in N. Specific, T + U is a §-supplement of F in A.

Proof: ClearlyA=(N+F)+Tand(N+ F)NnTisé-smallinT, Nn(F+T)+U =N and
(F+T)nUisdé-smallinU.ThenA=N+F+T=F+NNF+T)+U=F+T+U.As
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finite sum of §-small subsemimodules is §-small using part (3) of Lemma 2.3, FN (T + U) <
TN(F+U)+UNF+T)<TN(F+N)+UNF+T), andso FN(T+U) Ks T+ U.
O

Recall that [5] a semimodule A is named distributive, if for K, L, N < A, we have N N
(K+L)=NnK+NnLorN+(KNnL)=(N+K)n(N+L).

Lemma4.9:LetA = A,®A, =K+ Nand K < A;. If Aisdistributiveand K N N <s N, then
KNN «<5A;NN.

Proof: LetA; N N = (K N N) + L with (A; n N)/L singular. Since A is distributive, N = 4; N
N@A,NN.WegetA=K+N=K+A, NN+A,NN=K+L+ (A, nN)andN =K n
N+ L+ (A, N N). Now

N/(LE A, NN)=(NNA) DB (NNAy))/(LP (A, nN)) = (NnA;)/L is singular.
Hence N = L@ (A, NN). Thus N = (N N4A)) DB (N nAy) and L<A; NN imply L =
AiNN.SOKNN <5 A;NN. O

Theorem 4.10: In principally §-supplemented distributive semimodule each direct summand
is principally §-supplemented.

Proof: Assume A = A;®A,, x € A;. There exists N < A with A = Rx + N besides Rx N
N «s N.Then A; = Rx + (A; n N) and by Lemma 4.9, Rx n (A; N N) is §-small in A; N N.
O

Proposition 4.11: Let A, and A, be principally §-supplemented semimodulesand A = A, ®A,.
If A is a distributive semimodule, then A is principally §-supplemented.

Proof: Let A = A;®A, be a distributive semimodule besides Rx < A. Then Rx = (Rx N
A)) @ (RxNn Ay). Since Rx N A; and Rx N A, are cyclic subsemimodules of A; and A,
respectively, there exists M < A; such that A, = (RxNA))+Mand MN(RxNA) =Mn
Rx is §-small in M, and N < A,suchthat A, = (RxNA;)+ N, NN (RxNA;) =NNRxIs
6-smallin N. ThenA =Rx+ M + N.

We now claim that Rx N (M + N) = (Rx n M) + (Rx n N). The inclusion (Rx N M) +
(RxNN) < Rxn (M + N) always holds. For the inverse inclusion,Rx N (M + N) <M n
(Rx+N)+ Nn(Rx+M)=Mn ((RxNnA;)+A,)+Nn(4; + (Rx n A,)). On the other
hand MN((RxNA)+A4) < (RxNA)NM+A4,)+A,N((RxNA)+M)=RxnNM.
Similarly Nn (4, +(RxNA;)) <RxNnN. Hence (RxN(M+N)<RxNnM+RxnN.
Therefore, the claim (Rx N (M + N) = Rx N M + Rx n N is defensible. Since Rx N M «Ks M
and Rx NN <5 N, by Lemma 2.3(3), we have Rx N (M + N) <s M + N. Hence, A is
principally §-supplemented. O

Similar to that of module theory in [13], if every cyclic subsemimodule is a direct summand
of A, we say that a semimodule A is principally semisimple. However, in semimodules, one can
say that (semisimple semimodule — principally semisimple). Any principally semisimple
semimodule is principally §-lifting, besides as a result principally §-supplemented.

Lemma 4.12: Assume a subtractive semimodule A is principally &-supplemented besides
distributive. At that time A/8 (A) is a principally semisimple semimodule.
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Proof: Leta € A/6(A). Thereexistsa N < AwithA=Ra+ N and Ran N <5 N, so Ran
N «s A. Using the distributivity of A we get Ran (N +6(A)) =(RanA)+Rand(A) =
6(A). Now

A/6(A) = (Ra+8(A4))/6(A) + ((N +6(A))/6(A) = (Ra/5(A)S ((N + 8(A4))/5(A).

O

Theorem 4.13: Assume a subtractive semimodule A is principally §-supplemented. Then A has
a subsemimodule A; wherever A, has an essential socle as well as § (A)®A; is an essential in
A.

Proof: We may find a subsemimodule A, of A such that §(A)®A, is essential in A by Zorn’s
Lemma. Toward prove Soc(4,) <. A;, we prove that any cyclic subsemimodule of A; has a
simple subsemimodule. Let a € A;. There exists a subsemimodule N of 4 such that A = Ra +
N besides Ra N N <5 N since A is principally §-supplemented. Then Ra N N = 0. Suppose K
be a maximal subsemimodule of Ra. If K is unique maximal subsemimodule in Ra, then K «
Ra, thus K «<s Raand so K «g A. This is not likely since Ra N §(A) = 0. So, there exists x €
Ra with Ra = K + Rx. We claim that K N Rx = 0.

Otherwise, let 0 # x; € K N Rx. By hypothesis there exists B, such that Rx; N B; < K n
6(A) = 0. Hence Ra = Rx; @ (Ran By) and K = Rx;®(K N B,). If K n By is nonzero, let
0 # x, € K N B;. By hypothesis there exists B, such that A = Rx, + B, with Rx, N B, is ¢-
small in A. So = Rx,®B,, since Rx, N B, < K N §(A) = 0 and A is subtractive semimodule.
Then K N B; = Rx,®(K N B; N B,). Hence Ra = Rx;®Rx,®&(RanB;NB,) and K =
Rx;®Rx,®(K N B; N By), by using subtractive condition of A [4]. If K N By N B, is honzero,
similarly there exists 0 # x3 € K N B; N B, and B3 < A such that A = Rx;@®B;. Then Ra =
Rx;®Rx,®Rx3®(Ra N B; N B, N By)and K = Rx; ®Rx,®Rx;®(K N B; N B, N By). This
process must terminate at a finite step, give or take t. At this step Ra =
Rx;®Rx,®Rx:® --- ®Rx, and so Ra = K since at t*" step we musthave K N B; N B, N ---N
B <RanByNB,Nn--NB;=0.This is a illogicality. There exists x € Ra such that Ra =
K@®Rx. At that point Rx is a simple semimodule. O

Now, under some conditions direct summands are principally §-supplemented.

Lemma 4.14: Assume A = A; DA, be a decomposition of a subtractive semimodule A. Then
A, is principally §-supplemented iff for every cyclic subsemimodule N /A, of A/A;, there exists
a subsemimodule K of A, suchthat A=K+ Nand N N K <5 K.

Proof: Assume A, is principally-supplemented. Lease N/A; be a cyclic subsemimodule of
AJA;.Let N/A; = (Rx + A;)/A;and x = m; + m, where m; € A, m, € A,. Then N/A; =
(Rm, + A;)/A,. By supposition there exists a K < A, such that A, = (Rm,) + K with
(Rmy)n K isé-small in K. Then N = Rm, + A;and A = N + K. Now, NN K = ((Rm;,) +
ADNK < (Rmy)N(A; +K)+ A4, n(K+ (Rmy)) < Kn(A+(Rmy)) + 4, n(Rm, +
K).A; N (Rm, + K) = 0implies (4; + Rm,) N K = (Rmy) N ((Rmy) + K).Asaresult N n
K < Rm,. Since (Rm;) NK K5 K, N NK <5 K.

In opposition, let N < A, be a cyclic subsemimodule. Assume the cyclic subsemimodule
(N + Ay)/A; of A/A;. By hypothesis, there exists K < A, such that A = (N + 4;) + K and
KN (N + A;) s K. Then A, = N + K. We need to whole the proof to show that K n (4, +
N)=Nn(AA;+K)=NnK. Now NNA+K)<A NK+N)+ Kn (N+4, =
KN(N+A)SNNA, +K)+A, n(K+N)=Nn (4, +K)since A, n(K+N)=0.
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Then NN (41 +K)=KnNn(N+A4,). But (44 +K)NN=Kn(N+A4;)=NnK is clear
now. SO N N K Ks K. O

Proposition 4.15: Let A; and A, be principally §-supplemented semimodules with A =
A1®A,. Then A is principally §-supplemented if and only if any cyclic subsemimodule N of A
such that A = N + K for any proper subsemimodule K of A has a supplement in A.

Proof: One side is evident. Conversely, assume that for each cyclic subsemimodule N of A
with A = N + K for any proper direct summand K of A has a supplement in A. Let N = Rn be
a cyclic subsemimodule. If A = N + A; or N < A; we have done. Otherwise, we may take up
n = ny + n, and n,; and n, are nonzero. By supposition there are K; < A, and K, < A, such
that A, = (Rny) + Ky, A, = (Rny) + K, and (Rny) NK; K5 K; and (Rny) N K, Ks5 K.
Rny+Rn,=N+Rn,=N+Rn;and=N+Rn; +K; + K, =N+ A; + K,. Similarly A =
N+ A, + K;. Assume A = A; + K,. Then A, = K,andson, = 0and N < A;. Itleads us to a
contradiction. Hence A, + K, is a proper subsemimodule of A. Similarly, A, + K; is proper.
Hence N has a supplement in A. o

Definition 4.16: Recall [14] A non-zero semimodule A is named &-hollow if any proper
subsemimodule is §-small in A.

In [9] principally §-lifting (and principally §-hollow) modules are defined we now give the
following definition similar to [9].

Definition 4.17: A non-zero semimodule A is named principally §-hollow if every proper cyclic
subsemimodule is §-small in A.

Remark 4.18: A finite direct sum of §-small subsemimodules is §-small [5], A is finitely &-
hollow if and only if A is principally §-hollow. There are principally §-hollow semimodules
nonetheless not §-hollow. Consider N, and Q symbolize the semiring of non-negative integers
and rational numbers, respectively. At that time the Ny-semimodule Q is principally §-hollow
because any finitely generated N-subsemimodule of Q is small, so §-small in Q. Assume Q; =
{% € Q| 2 does not divide b} and Q, = {% € Q| 2 divides b}. Thus Q = Q; + Q,. Since Q/Q,
and Q/Q, are singular N,-semimodules, @, and @, are not 5-small subsemimodules in Q.

Definition 4.19: A non-zero semimodule A is named principally §-lifting if for each one cyclic
subsemimodule has the 3-lifting property, i.e., for each a € A, A has a decomposition A = M @
N with M < Ra besides Ran N < N.

Remark 4.20: If A is a principally §-lifting semimodule then A is principally §-supplemented.
Note there are semimodules not principally §-lifting but principally §-supplemented. By way
of a design, we record here Example 4.21.

Example 4.21: Consider A, = Z/27Z and A, = Z/8Z as a Z-semimodules. As A,, A, are
principally &-hollow, so principally &-supplemented semimodules. Let A = A; @ A,. It is
stated in [9] that A is not a principally §-lifting Z-module and so is not principally §-lifting Z-
semimodule. M; = (1,2)Z, M, = (1,1)Z, M5 = (0,4)Z and M, = (0,2)Z are the alone
proper subsemimodules of A and all of them are cyclic. M; <5 Aand M, s A besides A =
M;+M,. Now M; N M, = M is §-small in both M, as well as M,. Henceforth, A is principally
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&-supplemented. For any prime integer p, by the same reasoning, the Z-semimodule A =
(Z/pZ) @® (Z/p3T) is not principally §-lifting but it is principally §-supplemented.

Example 4.22: Assume N, is the semiring of non-negative integer numbers and assume the
No-semimodules 4, = N,/pN, and 4, = N,/p3N,, for any prime integer p, by the same
reasoning in Example 4.21, the Z-semimodule A = A; @ A, is not principally §-lifting but is
principally §-supplemented.

Lemma 4.23: Consider the following conditions for an indecomposable semimodule A.
(1)A is a principally &-lifting semimodule.

(2)A is a principally §-supplemented semimodule.

(3)A is a principally §-hollow semimodule.

Then (1) & (3) and (3) = (2).

Proof: (3) & (1) The proof similar to those for modules in [9]. (3) = (2) Let x € A. Any cyclic
subsemimodule is §-hollow by (3). Then A = Rx + Aand Rx N A K5 A. Thus A is principally
6-supplemented. o

Reminder that (3) = (2) in Lemma 4.23 does not hold in general.

We now give the following definition similar to [14, p. 95].

Definition 4.24: Let R be a semiring. An R-semimodule A is called &-supplemented if for all
subsemimodule N of A there is a direct summand K of AwithA=N+K and NNK < K.
Clearly é@-supplemented semimodules are supplemented.

Definition 4.25: An R-semimodule A is called é@-6-supplemented semimodule if for all
subsemimodule N of A there exists a direct summand K withA =N+ Kand N N K <5 K.

Remark 4.26: In the similar method &-@-supplemented semimodule means for each
subsemimodule N of A there is a direct summand K withA = N+ Aand N N A <4 K. Itisthe
same as @-5-supplemented semimodule.

Now we give the following definitions similar to [12].

Definition 4.27: A semimodule A is called principally @-supplemented if for all a € A there
exists a direct summand B of A such that A = Ra + B and Ra N B < B.

Definition 4.28: A semimodule A is called principally @-5-supplemented semimodule if for
all a € A there exists a direct summand B of A such that A = Ra + B and Ra N B < B.

Definition 4.29: A semimodule A is called a weak principally @-&-supplemented if for all a €
A there exists a direct summand B such that A = Ra + B and Ra N B Kz A.

Weakly supplemented semimodule = weak principally §-supplemented. @-supplemented
semimodule = principally @-5-supplemented. As well as it is obvious that principally &-
supplemented = weak principally &-supplemented. In a succeeding article, the author
examines the interconnections among principally &-supplemented, weakly principally §-
supplemented besides principally @-§-supplemented semimodules in feature.

Similar to modules in [15], we say a semimodule A is said to have the summand intersection
property if the intersection of any two direct summands of A is again a direct summand of A.
Similar to [16], a semimodule A is named refinable if for any subsemimodule U, VV of A with
A = U+ V thereis adirect summand U’ of AsuchthatU' < Uand A=U"'+V.
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Theorem 4.30: Consider the following conditions for a refinable semimodule A.

(1)A is principally §-lifting.

(2)A is principally @-8-supplemented.

(3)A is principally §-supplemented.

(4)A is weak principally §-supplemented.

Then (1) = (2) and (2) & (3) & (4). If A has the summand intersection property then (4) =

(1).

Proof: (1) = (2) = (3) = (4) By definitions continuously hold.

(4) = (2) Assume A is weakly principally §-supplemented besides a € A. ThereexistsaB < A
such that A = Ra + B besides Ra N B <5 A by (4). By assumption, there exists a direct
summand U of A with U < B and A= Ra+ U =U' @ U for some U’ < A. We claim that
RanU «Kg U. Assume that RanU + L =U for some L < U with U/L singular. Since
A/(U" + L) is singular as it is isomorphic to the singular U/L. Then A =U"+ (RanU) + L
impliesA=U"@ LasRanU s A. Thus L = U. Hence A4 is principally @©-5§-supplemented.
(4) = (1) Let a € A besides A has the summand intersection property. Using (4) there exists a
subsemimodule B with A = Ra + B besides Ra N B <5 A. Using assumption, there exists a
direct summand U’ of A with U, is contained in A besides A = Ra + U; = U, @ U;.

Since U, is direct summand besides Ra N B <5 A, Rm N U; K5 U; by Lemma 2.3 (3). Yet
again via assumption, there is a direct summand U, of A such that U, is contained in Ra and
A=1U,+ U; = U, @ U, By the summand intersection property U, n U, is a direct summand
of A, A = (U, N U,) @ K for some subsemimodule K of A. ThenU; = (U, N U,) @ (K N U;)
and A=U, @ (KnU,). By Lemma 2.3 (1), Ran (K NU;) Kg Uy since Ran (KNU;) <
RanU; <U;and RanU; Ks U;. By Lemma 2.3 (3), Ran (K nU;) isd-small in K N U; as
K n Uy is direct summand of U;. o

Definition 4.31 [6]: A homomorphism f:A — B of left R-semimodules is called k-
quasiregular if whenever K < A, a € A\K, a' € K, and f(a) = f(a") there exists s € Ker(f)
suchthata = a’ +s.

Definition 4.32 [6]: Let A be a semimodule. A semimodule P together with an R-
homomorphism f: P — A is named a projective cover of A if:

(1) P is projective,

(2) f issmall, epimorphism and k-quasiregular.

Definition 4.33 [5]: Let A be a left R-semimodule. A left R-semimodule P together with an R-
homomorphism f: P — A (A pair (P, p)) is named a projective §-cover of A if:

(1) P is projective,

(2) f is 8-small, epimorphism and k-quasiregular.

Definition 4.34: A semimodule A is called semiperfect if every factor sesmimodule of A has a
projective cover. Also, A is called &-semiperfect if every factor semimodule of A has a
projective §-cover.

Definition 4.35: A semimodule A is called principally semiperfect if every factor semimodule
of A by a cyclic subsemimodule has a projective cover. Also, A is named principally &-
semiperfect if every factor semimodule of A by a cyclic subsemimodule has a projective §-
cover.

Now, similar to [9, Theorem 4.3], we give the following theorem.
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Theorem 4.36: Let A be a principally §-semiperfect semimodule. Then

(1)A is principally §-supplemented.

(2)All factor semimodule of A is principally &§-semiperfect, henceforth any homomorphic
image besides any direct summand of A is principally §-semiperfect.

Proof: Similar to the proof in the case of modules in [9, Theorem 4.3]. o
Similar to [12, Theorem 3.20], we have the following theorem.

Theorem 4.37: The next conditions are equivalent for a subtractive projective semimodule A.
(1)A is principally §-supplemented.

(2)A is principally §-lifting.

(3)A is principally §-semiperfect.

Proof: (3) = (1) By Theorem 4.36.

(1) = (3) Let a € A. Using (1) there exists a subsemimodule B with A = Ra + B besides
RanB K5 B.Letf:A— A/Radefinedby f(y) = b + Ra,wherey =ra+ b € Awithra €
Ra, b € B, and m: A —» A/Ra the natural epimorphism, (since A is a subtractive semimodule
we can say that A/Ra is an R-semimodule [3, p. 165]). There exists g: A — A such that fg =
m. Then A = g(A) + Ran B.Since RanN B Ks B, RaN B K5 A. By Lemma 2.2, there exists
a semisimple projective subsemimodule Y of Ra N B suchthat A = g(A) @ Y and so that g(A)
is projective. Hence g(A) = A/Ker(g) implies A = Ker(g) @ C for some subsemimodule C
of A and C is projective. Let (fg)c indicate the restriction of fg on C. Then Ker(fg)c <
Ran B. So, Ker(fg)c <s C and hence (fg)|c : C > A/Ra is a projective 5-cover of A.

(2) & (3) Similar to [9, Theorem 4.1]. O

4. Conclusions

In this paper, we have defined and studied principally supplemented (5-supplemented), and
principally lifting (5-lifting) semimodules as generalizations of principally supplemented (6-
supplemented), and principally lifting (8-lifting) modules. We studied principally
supplemented and principally lifting semimodules. We proved that if A is an indecomposable
semimodule, then A is principally lifting if and only if A is principally supplemented if and only
if A is a principally hollow semimodule. Also, we proved that if A is a subtractive projective
semimodule, then A is principally 3-supplemented if and only if 4 is principally -lifting if and
only if A is principally §-semiperfect.
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